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PREFACE. 



This book is more than its title page proclaims il to be: it is the 
practical application of the Mathematical Sciences to MenBuratiOD, to 
Land Surveying, to Leveling, and to Navigation. 

Nor is the work merely practicai. Elementary principles are here 
and there brought before the mind in a new light ; and original investi- 
gations will be found in many parts of the work. To show the reader 
AoiD a thing is to be done, is but a small part of the object sought to ho 
obtained : the great stress is put upon the reasojis for bo doing, which 
gives true discipline to the mind, and adds greatly to the educational 
value of any book. 

We have illustrated the subject of logarithms, and their practical 
uses, the same in this book as is common to be found In other books, and 
this is sufficient for the common pupil, or the ordinary practical man, 
whether surveyor or navigator , but m addition to this, we have carried 
logarithms much further in this work than in any I have seen I do 
not mean by this that we have more voluminous tables than othero 
Such is not the fact 

Voluminous tallies are not neiessary for those who really underofanii 
the nature of logarithms, and au(.h are mainly intended for those »h 
are not expected to understand principles To give a more practical 
illustration of logarithms, and to suggest artihces in using logarithin^ 
generally, we have given Table III and its amilliaries, on page 10 t 
tables, showing logarithms to twdiie places ol decimals, a degree cji 
a nay which practice never demands By the help of thit. table 
con b ned with a true knowledge ol the subject, the logarithm of unii 
nu nbe may be readily found true to ten jiacei of decimals, or, converaelj 
the nu ber corresponding to any given logarithm may be found to 
aim Bt any degree of accuracy. 

Ou T averse Table ia not so full as in some other books, but it 
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is full enough to answer every purpose ; and latitude and departure, 
corresponding to any course and distance, can be found by it, provided 
the operator's good judgment is awake. Indeed a contracted table, in 
an educational point of view, is better than a fuH one ; for the former 
calls forth and cultivates tact in tlie student, but the latter is best for 
the unanimated plodder. 

In running lines, and computing the areas of surveys, we have 
endeavored to present the subject in euch a manner tliat the reader must 
constantly keep Elementary Geometry in view, and the whole is so 
clear and simple, that many will think it unworthy of the rank that it 
seems to hold in the public estimation, but there are other reasons for 
this. 

The chapter on surveys Bnd suiveyors will be found to be a little 
peculiar, but the information there given, will be highly useful to all 
those who are inclined to look upon a survey us a mathematical problem 
only. 

On the compass, and the declination of the needle, we have been 
very full : the subject embraces meridians and astronomical lines drawn 
on the earth. 

The manner in which we should proceed to make a survey, provided 
no such instrument as the compass existed, and there were no such 
thing as a magnetic needle, is taken up and illustrated in this work. 

The subject of dividing lands is fully discussed and illustrated, and 
if any one has occasion to complain of mathematical abstrusity in this 
work, it will be found in this connection ; yet there is nothing here 
above elementary algebra and geometry. 

The method of taking levels and making a profile of the vertical 
section of a line for rail roads, is aet forth in this work. The profile 
shows the necessary excavation or embankment, which it is necessary 
to cut down or build up at any particular point, to conform to any 
proposed grade that may be contemplated. 

To determine the elevation of any place above the level of the sea, 
by means of the barometer, has been, and now is, a very interesting pro- 
blem to all philosophical students, yet very few of them have been able 
to comprehend it beyond its first great principle, the variation of atmos- 
pheric pressure. To trace, or rather to discover the mathematical law 
wh h onnects the elevation of any locality with the mean bight of the 
ba me e a the same place, has been an obscure problem, and we have 
aken hold of it with a determination to break open some avenue of 
1 h ( f Bu h were possible) by which the simplicity of the problem 
n gl be b ought to the comprehension of the every-day mathematical 
s uden and we believe that we have succeeded in the undertaking. 
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FREFACE. T 

The part on Navigation, might be regarded, at first view, an abridg- 
ment of that subject, and in one sense it is, lor we have studied to be 
as brief as possible, but we would never let brevity stand in the place of 
perspicuity ; and however it may appear, we have given all the 
mathematical essentials of the subject, and whoever acquires what is 
here giveo, will find very little necessity of looking elsewhere for the 
continuation of the study, unless it is for sea terms and seamanship ; 
but these have nothing to do with Navigation as a science. Our method 
of working luTiars is more brief than any other, where ausilliary tables 
and methods of approximation are not resorted to, but to attain this 
brevity, we have been compelled to use Natural Sines in part of the 
operation ; but on the other hand, this should be bo objection, for it 
gives us a clearer view of the unity and harmony of the mathematical 
sciences. 
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INTEODUCTION. 



CHAPTEE, I. 

MEKauRATioN.ScBVETiNO, and Navigation, are but branches o£lhe 
same science, and should be regarded as the appHcalion of g 
and trigonometrj', and in this liglit we shall present thei 
readers. 

In this Tolnnie yre shall not demonalrate geometrical truths unless 
■H-e wish to present them ia some new form, or unless the demon- 
stration is not readily to be found in the proper places, in the elemen- 
tary books. 

It is expected that all readers of a work of this kind, have 
preTioasly made themselves more or less acquainted with Algebra 
and Geometry, and where this is the case the reader will have no 
difficulty ; and readers who are not thus prepared should be careful 
not to charge imaginary defects to the book : in no work of this 
kind would it be proper to demonstrate every elementary principle. 
These remarks apply only to the edticaiional charader of the book. 

Preparatory to a course of practical mathematics, it is proper to 
give such descriptions of the instruments to be used as will enable 
the operator to understand their use. But some of these instru- 
ments can never be understood from a book, it must be from the 
instrument itself ; we might as well attempt to give a person an idea 
of color by the means of language, as to give a persoa a correct idea 
of the sextant and theodolite by a mere book description. It is true 
we can do something by drawings and descriptions, and that some- 
thing we intend to do. 

To represent plane surfaces and tracts of land on paper, no other 
instruments are necessary than the scale, and dividers, and a pro- 
(8J 
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tractor to measure angles. In fact, every thing can be done with 
the scale and dividers only — other instruments, as tlie protractor, 
seetor, and parallel rulers,only add to our convenience ; at the same 
time they could be dispensed with. 



The plane scale, or tte plane diagonal scale of equal parts, as here 
i the most common and useful of all the instrumenta 
11 drawing. It is also a ruler, and if wide and well made will 
as a square also, by which right angles may be drawn. 




The very appearance of this scale will show its constructjon, the 
side of the square a b may be of any length whatever, it is gener- 
ally taken an inch, but this is not imperative. 

By means of the 10 parallel lines running along the length of the 
scale, and the 10 diagonal lines parallel to each other in the square 
abed, we have 100 intersedions in the square, by which we are 
enabled to find any and every hundredth part of the division of a b. 

For example, I wish to find 27 hundredths of the line al>. I go 
to the division 2 on a 5, and then run up that diagonal line to the 7th 
parallel, and from that intersection to the Jine a rf is 27 hundredths 
of oS. 

The distances ab, ag, g k, &ca., may be taken to represent 1, 10, 
100, or in fact any number we please. Suppose we taie any one 
of the equal divisions a 6, ag, &c., to represent 100, and then require 
234. From i to e represents that distance. 

If the base a b were 10, from I to ewould be 23.4 ; if 1, then from 
I to e woidd be 2.34 ; and so on proportionally for any other change 
of base, or change of the unit. 

To transfer distances from the scale (nsl e,p q, &c.) to paper, 
wo require 
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Dividers are nothing more than a delicate pair of compasses — 
two bars turning on a joint. They are too well known to require 
representation by a figure. 

They are also used for describing circles and parta of circles. 

THE PROTRACTOR. 

The following diagram accurately represents this instrument. It 




The degrees are numbered both ways, from AtoS and from 21 
to A. There is a small notch in the middle of AB, to indicate the 
center. 

To lay off -an angle. Place the diameter AB on the line, so that 
the center shall fall on the angular point. 

Then at the degree required, at the edge of the semicircle make 
a point with a pin. Then remove the protractor and draw a line 
through the point so marked and the angular pcant ; this Une, with 
the given line, will make the required angle. 

The reader will observe a great similarity between this instrument 
and the circumferentor, which is described in a subsequent portion 
of this work. 

Tliis instnmient is designed merely to draw angles on paper, that 
to draw lines marking given angles, with other lines, in the field. 
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In additjon to this, both the protractor and circumferentor may be 
used in tating levels, and measuring angles of altitude, when no 
betler instrwnents for such purposes are at hand. 

For instance, if a delicate plumb should be suspended from lie 
center of the protractor, and the thread rest at the point C, while the 
instrument is held in a frame, then A and B would be as a leyel, 
and as many degrees as the plumb line rested from C so 
many degrees would be the inclination of A aud B ijom a horizontal 

Levels and angles of altitudes were formerly taken ia this way. 

With the instruments previously described, solve the following 
problems. The references are to Eobinson's Geometry. Thus, 
(th. J6, b. 1, cor. 1,) indicates theorem 15, book I, corrolary 1, 
where the demonstrations of the problem referred to will be found. 



PROBLEM I . 

To bisect a given finite straight line. 

Let AB be the ^ven line, and from its 
extremities, A and B, with any radius 
greater than the half of AB (Post. 3), de- 
scribe arcs, cutting each other in n and m. 
Join n and m; and C, where it cuts AB 
will be the middle of the line required. 

Proof, (th. 15, b, 1, cor. 1 ). 




PROBLEM 2. 
To bisect a given angle. 
Let ABC be the given angle, With any 
radius, from fie center B, describe the arc 
AG. From A and C, as centers, with a 
radius greater than the half of AC, de- 
scribe arcs, intersecting in n; and join Bn, 
it will bisect the given angle. 
Proof, {th. 19, b. 1), 
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PEOBLEM 3. 
From, a given point, in a given line, to draw a perpendicular to that 

Let AB he the given line, and C 
the given point. Take n and m equal 
distances on opposite sides of C; and 
from the points m and n, as centers, 
with any radius greater than nC or 
or m 0, describe arcs cutting each other 
in S. Join SO, and it will be the per- 
pendicular required. Proof, (th. 16, b. 1, 

Tlie following is another method, which 
is preferable, when the given point, C, is at 
or near tlie end of the line. 

Take any point, 0, which is manifestly 
one side of tiie perpendicular, and join 00; 
and with 00, as a radius, describe an arc, 
cutting AB in m and 0. Join m 0, and produce it to meet the 
arc, again, in n; mn is then a diameterto the circle. Join On, and 
it will be the perpendicular required. Proof, (th, 9, b. 3). 




PROBLEM 4. 
From a given point without a line, to draw a perpendicidaT to that 

Let AB he the given line, and the 
given point. From 0, draw any oblique 
line, as On. Find the middle point of 
Cn by {problem 1), and front that point, 
as a center, describe a semicircle, having 
On as a diameter. From the point m, 
where this semicircle cuts AB, draw Cm, 
and it will be the perpendicular required. Proof, (th, 9, b. 3). 
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PROBLEM 5- 
AC a given paint in a line, to •make an angle equal 

Let A be the given point in the lino AB, 
and I) cm tlie given angle. 

From (7 as a center, witli any radius, 
CE, draw the arc £J}. 

From A, as a center, with the radius 
AF—CE, describe an indefinite arc; and 
from F, as a center, with F& as a radius, 
equal to ED, describe an arc, cutting the other arc 
AG; GAF will be the angle required. Proof, (tli 




PROB LEM 6. 

Frotii a given point, to draw a line parallel to a given, line. 

Let A be the given point, and CB the 
given line. Draw AB, mailing an angle, 
ABC; and from the given point. A, in the 
line AB, draw the angle BAD=ABC, by 
the last problem. 

AD and CB make the same angle with AB; they are, therefore, 
parallel, (Definition of parallel lines), 

PROBLEM 7. 

To divide a given line into any numlcr of equal parts. 
Let AB represent the given line, and 
let it be required to divide it into any 
number of equal parts, say five. From 
one end of the line A, draw AD, inde- 
finite in both length and position. Tskt 
any convenient distance in the dividers, 
as Aa, and set it off on the line AD; 
thus making the parts Aa, ah, 6c, &c,, equal. Through the last 
point, e, draw EB, and through the points a, h, c, and d, draw 
parallels to eB (problem 6.); these parallels will divide the line as 
required Proof (th. 17. b. 2), 
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PROBLEM 8. 
To find a third proportional to two given lines. 

Let ji5 and -4C be any two lines. Place A 

them at any angle, and join CB. On the 
greater line, AB, take AJ)='A C, and through 
A<3i-awi?.EparalleUo J5C; ^Sisthethird 
proportional required. 

Proof, (fh. 17, b. 2). 




PROBLEM 9. 

To find a fovrth prtporlional to three given lines. 

Let AB, AC, AD, represent the A 
three ^ven lines. Place the first two 
together, at a point forming any angle, 
as BAG, and join BC. On AB place 
AB, and from the point I), draw 
(problem 6) DH parallel to BC; AS 
will bfe the fourth proportional required. 

Proof, (th. 17, b. 2). 




PROBLEM 10. 

To find the middle, or mean proportional, between ttoo ffiven liii' 

Place AB and BC in one right line, 
and, on AC, as a diameter, describe a 
semicircle (postulate 3), and from the 
point £, draw BB at right angles to ^C 
(problem 3); BD is the mean propor- 
tional required. 

Proof, (scholium to th. 17, b. 3). 
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PROBLEM n. 

To find the center of a given circle. 

Draw any two chords ia tie given circle, 
as AB and CD; and from the middle point, 
n, of AB, draw a perpendicular to AE; 
and from the middle point, m, draw a per- 
pendicular to CD; and where these two 
perpendiculars intersect will be the center 
of the circle. Proof, (th. 1, b. 3). 




PROBLEM 12. 

To draw a lanffeni to a given circle, from a fflven point, either h 
or vAthout the circvjmference of the circle. 

When tte given point is in the circum- 
ference, as A, draw AC the radius, and 
from the point A, draw AB perpendicular 
to AC; AB is the tangent required. 

Proof, (th. 4, b. 3). 



When A ia without the circle, draw 
AC to the center of the circle ; and on 
AC, as a diameter, describe a semi- 
circle ; and from the point £, where 
this semicircle intersects the given 
circle, draw AB, and it will he tangent 
to the circle. 

Proof, (th. 9, b. 3), and (th, 4, b. 3). 




PROBLEM 13. 

On a given line, to deserve a segment of a circle, thai shall contain 
■,n angle equal to a given angle. 
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Let AB be the given line, and G 
the given angle. At the ends of the 
given line, make angles DAB, DBA, 
each equal to the given angle, O. 
Then draw AH, BE, perpendiculars to 
AD, BD; and from the center, ^,-witli 
radius, EA or EB, describe a circle ; 
then AFB will be the segment required, 
it, will be equal to the given angle, Q. 

Proof, (th 11. b. 3), and {th. 8, b. 3). 




PROBLEM 14- 

ToeiU a s^taentfrom any given circle, that shall contedn a given 



Let O be lie given angle. Take 
any point, as A, in the circumference, 
and from that point draw the tangent 
AB; and from the point A, in the line 
AB, make the angle BAD=C (pro- 
blem 5), and AED is the segment 
required. 

Proof, (th. II, b. 3), and (th. 8, b. 3). 




PROBLEM 15. 

To construct an equilateral triangle on a given fi^iiie straight line. 

Let AB be the ^ven hue, and from one 
extremity, ^, as a center, witli a radius 
equal to AB, describe an arc. At the other 
eitremity, B, with the same radius, describe 
another arc. From 0, where these two 
arcs intersect, draw CA and CB; AB C will 
be the triangle required. 

Tlte construclion is a aiv^cieni demonstralion,. 
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PROBLEM 



To constnicl a tnaTigle, having ils three sides equal to three given 
lines, any turo of inhick shall he greater them the third. 

Let AB, CD, and EF represent the three H F 

lines. Take any one of ttem, as AB, to be one G 2) 

side of the triangle, From A,ass. center, with n 

a radius equal to CD, describe an arc; and 

from B, as a center, with a radius equal to EF, 

describe another arc, cutting the former in n. 

Join An and Bn, and AnB will be tbe A 

required. Proof, (as. J), 



PROBLEM 17. 

To describe a square on a given line 
Let AB be tbe given line, and from the extre 

miiies, A and B, draw A and BD perpendicular 

to AB. (Problems.) 

From A, as a, center, with AB as radius striki, 

an arc across the perpendicular at C, vaU fr im C, 

draw CD parallel to ^.B; ACDB is tbe square 

required. Proof, (th. 21, b. 1.) 



1, whose adjacent sides 



C 



PROBLEM 18 

To construct a rectangle, or a parallelogram 
are equal to two given lines. 

Let AB and AC be tbe two given Unes 

From the extremities of one line, draw per- A B 

pendiculars to that line, as in tie last problem ; and from these 
perpendiculars, cut off portions equal to tbe other line ; and by a 
parallel, complete tbe figure. 

When the figure is to be a parallelogram, with oblique angles, 
describe the angles by problem 6. Proof, (tb. 21, b. 1). 
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PROBLEM 19. 

To describe a rectangle that shall be equal to a given square, and 
have a side equal to a given line. 

Let AB be a side of the given square, and D 
CD one side of the required rectangle. A B 

Find the third proportional, EF, to CD E F 

and ^5 (problem 8). Tliea we shall have, 
CD ; AB : ', AB : EF 

Construct a rectangle with the two ^ven lines, CD and EF 
(problem 18), and it will be equal to the given square, (th. 13, b. 2). 

PROBLEM 20. 

To conslmct a square thai shall be equal to the difference of two 
ffiven squares. 

Let A represent a side of lie greater of two given squares, and 
B a side of the lesser square. 

On ^, as a diameter, describe a serai- 
circle, and from one extremity, m, as a cen- 
ter, with a radius equal to B, describe an 
arc, K, and, from the point where it cuts the 
circumference, draw mm and np; rtp is the 
side of a square, which, when constructed, 
(problem 17), will be equal to the difference 
of the two ^ven squaj-es. Proof, (th. 9, b. 3, and 36, b. I.) 

PROBLEM 21. 

To construct a square, that shall beta a given square, as a line, M, 
to a line, N. 

Place M and jV in a line, and on the sum describe a semicircle 
From the point where Ihey join, draw a perpendicular to meet the 
circumference in A. Join Am and 
An, and produce tbem indefinitely. 
On Am or An, produced, take AB= 
to the side of the given square ; and 
from B, draw BO parallel to mn; 
.40 is a side of the required square. 
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Besides tte numerical scale of equal parts, we !iave scales of 
chords, sines, and tangents, which can be constructed corresponding 
to any radius. 

Such scales of course are not scales of eqaal parts. 

Such scales are constructed JE the following manner. 

Take CA any radius, and describe a semicircle. Draw OD at 
right angles to AB, aad draw a tangent line from A. Divide the 
arc AT) into equal parts 10, 20, 30, &c,, beginning at D. and 
subdivide them as much as required. 

Draw 10 10, ~ 
20 20, — 30 30, &c., 
all parallel to CD. 

From CtolOonthe 
line CA, is the sine of 
10°. From Cio 20 is 
thesineof 20''&c.&c.| 

The line 10 10 i 
the sine of 80°, and (7J> oi CA is the sine of 90°. 

The distance from A to D is the chord of 90°, from A to 10 is 
the chord of 80°, and from A to 20 is the chord of 70°, and so on 
down. Thus we perceive that we can take off any sine or chord and 
lay it dowu on a ruler ; and chords and sines thus laid off constitute 
the scale of chords, sines, &c. 

Lines drawn from C through any division of the arc, commewinff 
at A to strike the tangent line, will mark off the tangent correspond- 
ing to that arc. Thus, if the angle A CH is 30°, ttcn the hne AB 
placed on a scale, will represent the tangent of S0° to tlie radius CA, 
and thus any other tangent can be laid down on the same scale. 

The scale of chords and sines, as well as the scale of equal parts, 
are to be found on the 




The sector is commonly made of ivory, and consists of two arms 
which open and turn round a joint at their common extremity. 

For some operations, particularly the projection of solar ecUpses, 
the sector is a very useful instrument. 
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The figure before us represents one side of a sector with the plane 
scale only upon it. More than one scale can be put on to a side, 
but we represent hut one to avoid confusion. 

The scale must be alike on hoth arms — and it must commence 
exactly at the joint — hence when near the center the different scales 
crowd each other. 

The two arms of the sector always form two sides of a triangle, 
and by opening and closing them we vary the angle, yet the distance 
across from one arm to the other is always proportional to the sides 
of the triangle. 

The advantage of the sector will appear from the following 
problem. 

A map is before me, its scale ia 20 miles to an inch ; I wish to 
find the distance in a right line between two points laid down on it. 

1st. I take one inch in the dividers and open the sector, so that 
the distance between 20 and 20 on tJie two arms, shall just corres- 
pond to the measure in the dividers, that is, shall be one inch. Let 
the sector lie on the table fius opened. 

2nd. Now take the distance you wish to measure, in the dividers ; 
place one foot on one arm of the sector, and the other foot on the 
other aim; so that the feet of the dividers shall fallen the same 
number on both arms of the sector. 

The number thus marked by the dividers will he the distance 
required. The distance between any other two points may be 
measured on the same map, without any computation whatever. 

For another illustration of the utility of the sector, let us suppose, 
that the sine of 20° is required corresponding to a radius of 6 inches. 
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Tske 6 mches in the dividers, and open the sector so that the sine 
of 90° from arm to arm shall be 6 mches. 

The sector being thus open, take the distance from 20 to 20, on 
tlie line of sines from arm to arm, in the dividers, and that is the 
distance required. 

quntkb'b scale. 

Ounter's scale is commonly two feet in length, containing the 
plane scale and the scale of sines, chords, and tangents' on one side 
of it, and the scale for the logarilkms of numbers, sines, and tangents 
on the other. 

This scale is very ingenious, but it is not so much used nor con- 
sidered so important as formerly. 



CHAP TE R II. 

LOGARITHMS. 



Aet 1> LogarUhms are exponents. 

Thus, if o==9 

and a-^=%l 

Then o'=243; by multiplying the two 

equations together t«rm by term. 

The exponent 2 of the first equation may be considered the log- 
arithm of 9 ; the exponent 3 the logarithm of 27, and the exponent 
5 the logarithm of the number 243. 

In these equations o^3 ihe hase of the system. 

By the preceding operation it is obvious that adding the exponents 
2 and 3, corresponds to multiplying the numbers 9 and 27. 

If we take the equation a' =243, and divide it by o' =9 member 
by member we shall have 

a'-''=a^=27. 

Eenee adding exponents {logarithms') eorresponds to the multiplica- 
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lion of their corresponding numbers and suhlraciinff the exponents 
(loffariihms) corresponds to the division of their numbers. 

It is this property of logaritbms that gives tbcra their utility and 
importance. 

Akt. 2> The base of our common system of logarithms is 1 0, and 
in any equation in the form l(y=:n, x is the logarithm of the num- 
ber n whatever number n may represent. If k=10, then the 
equation becomes 10'='10. Whence ai^l because lO'^lO. There- 
fore in onr common system of logarithms the logarithm of 10 must 
be 1. 

How because 10" = I 

101=10 
10" =100 
103 = 1000 
10' = 10000 

&c. &c. ; it is plain that the log- 
arithm of 1 isO, of 10 is 1, of 100 is 2, &c., every power of 10 
increasing the logarithm iy 1 . 

It is also obvious, that every number betweeu and 10 must have 
a fractional or decimal number for its logarithm, and every number 
between 10 and 100 must have one, and some decimal for its 
logarithm. 

In the equation 10^=3, x is the logarithm of 3, and if we 
multiply this by 10'=: 10, member by member, we shall have 
10' +"^=30 

Multiply this by 10' =10 

and we have 10" f '=300. 

These results show that 3, 30, 300, haie loganthms containing 
the same decimal number , x differs from each exponent only 
by whole numbers, and thu«, generally , any number multiplied or 
divided hy 10, or any pouer of 10, vnll have loganthms containing 
the same decimal part 

Art. S> For the general eompntition of logarithms we refer to 
algebra, and in a work like this we shall only attend to such portions 
of theory as to enable the student to use them understandingly and 
with as much practical facility as possible. 
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Let it be observed that the logarithm 


of 


10000 is 4,00000 


of 


1000 is 3,00000 


of 


100 is 2,00000 


of 


10 is 1,00000 


of 


1 is 0,00000 




tV is— 1,00000 


tW 


= 10-= is— 2,00000 



For every division, of the number hj 10 we subtract 1 from its 
logarithm, and wken the number comes down to 1 , and its logarithm 
of course to 0, if we again divide by 10, making it Jj- or 10-', we 
must subtract one from the logarithm, making it — 1. 

The decimal portion of a logarithm is always positive, but the index 
or whole number part of it, becomes minus wlisn the value of the 
nuniber is less than 1. 

Art. 4. The whole number belonging to any logarithm is called 
its index, a very appropriate term, because it indieoies, it points out 
where to place the decimal point between whole numbers and 
decimals. 

The index, or (as some call it) the chaToderistic, is never put in 
the tables (except from 1 to 100), because we always know what 
it is. It is always one less than, the number of digits in the whole 
number. This is obvious from Art. 3. 

Thus, the number 3754 has 3 for the iudex of its logarithm, 
because the number consists of 4 di^ts ; that is, the logarithm is 3, 
and same decimal. 

The number 34.786 has 1 for the index of its logarithm, because 
the number is between 34 and 35, and 1 is the index for all num- 
bers between I and 100. 

All numbers consisting of the same figures, whetber integral, 
fractional, or mixed, have logarithms consisting of the same decimal 
part. (Art. 2.) The logarithms differ only in their indices. 

Thus, the number 7966. has 3.900695 for its log, 

the number 795.6 has 2,900695 
the number 79.56 has 1.900696 " 
the number 7.956 has O.90069S 
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the number .7956 has— 1.900695 for its bg. 
the niimher .07956 has — 2.900695 

For every division by 10, we diminish the index by 1. When 
the index is minus it indicates a decimal number ; hut let the learner 
remember that the index only is minus ; the decimal part is alu-ay!^ 

Akt, 5t To take out the logarithm of any number from the 
tables, we only consider the di^ts ; for the logarithms of 7956, or 
of 7.956. or of .007956, have the same decimal part; and whtsn 
tiat decimal part is found we then consider the value of the number 
to prefix the index. 

To prefix the index to a decimal, count the decimal point 1, and 
each cipher 1, up to the first Kignificant figure, and this is the neg- 
ative index. 

For example, find the logarithm of the decunal .00085. To 
accomplish this we must look for the logarithm of the whole num- 
ber 86, and we find its decimal part to be .929419 ; and now, to 
determine the index, we count one for the decimal point and tliree 
ciphers, making 4 ; hence, we have Num. .00085 - log. — 4.929419. 

The smaller the decimal, the greater the negative index; and 
when the decimal becomes 0, the logarithm becomes nsgaiivdy 
infinite. 

Art. 6- The logarithm of any number consisting of /owr digits 
or less, can be taken out of the table directly and without the least 
difficulty. 

Thus, to find the logarithm of the number 3725, we find the 
number 372 at the side, and over the top we find 5, and opposite 
the former and under the latter we find .571126 for the decimal 
part of the logarithm. The 57, the first two decimal, is under 0, 
which is the same for the whole horizontal column. 

Hence, the logarithm of 3725 is 3.571126 
of 37250 is 4.571126 
of 3.725 is 0.57U26 
&c., &c. 

Find the logarithm of 1176. We find 117 at the side, and 6 at 
the top, and opposite the former and under the latter we find .407 
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The point here demanda a cipher, and is put in to arrest attention 
to make the operator look to the next horizontal line below for the 
first two decimals. Thus, we find .070407 for the decimal part 
of the logarithm required. 

Hence, the log. of 1 176 is 3.070407 

1. What is the log. of .001176 t Ans. —3.070407 

2. Wiat is the log. of 13.81? Ans. 1.140194 

3. What is the log. of 72.55? Ans. 1.860637 

4. What is the log. of .6762 1 Ans. — 1.830073 

5. Wtat is the logarithm of the number 834785 ? 

This number is so large that we cannot find it in the table, but 
we can find the mimbers 8347 and 8348. The logarithms of these 
numbers are the same as the logarithms of the numbers 834700 
and 834800, except the indices. 

834700 log. 5.921530 
834800 log. 5.921582 

Difference, 100 52 

Now, our proposed number, 834786, is between the two preced- 
ing numbers; and, of course, its logarithm lies between the two 
preceding logarithms ; and, without further comment, we may pro- 
portion to it thus, 100 : 85=52 : 44.2 

Or, 1. ; .86=62 : 44.2 

To the It^arithm 5.921530 

Add 44 



Hence, the logarithm of 834785 is 6.921574 

the logarithm of 83.4786 is 1.921674 

From this we draw the following rule to find the logarithm of 
any number consisting of more than four places of figures. 

Bulb. — Take out the logarithm of the four superior jtlaces directly 
friym. the table, and take ike difference hetineen this logarithm and the 
next greater logarithm in tlte talle. Multiply this difference hy the 
inferior places in the number as a decimal, and add the result to the 
logarithm corresponding to the superior places, the sum mil he the 
logarithm required. 

Example. Find the log. of 357.32514, 

The four superior digits are 3673 ; the logarithm of these 
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corresponds to the decimal, .5S3033, for its decimal part. The 
inferior digits, taken as a decimal, are 
.2614 
122 
6028 
6028 
_2514_ 
30.6708 
This result shows that 30, or more nearly, 31, should be added 
to the logarithm already found, thus giving .553064 for the deci- 
mal part of the logarithm 367.32614. 

Therefore, as three digits of the ^ven number are whole nuni- 
bers, the index must be 2, and the logarithm 

of 367.32514 is 2.563064 

of 3573251.4 is 6,663064 

of .036732614 is —2.553064 

The change between the place of the decimal point in a number, 

and the corresponding change of the index to its logarithm, should 

be strongly impressed on the mind of a learner. 

Example 2. What is the log. of 366,26636 ? Ans. 2.663785 

3. What is the log. of 39.37079 ? Ans. 1.695174 

4. What is the log. of 2.37681 ? Ans. 0.375BI2 
Abt. 7. We now 0.ve the converse of the last arfiele; that is, 

we give the decimal part of a logarithm to find its corresponding 

Taking the decimal in Example 1, (Art. 6,) ,553084, we demand 
its corresponding number.* 

The next less logarithm in the table, is .563033, corresponding to 
the figure 3673. The diff'erence between this given logarithm and 
the one next less ia the table, is 31 ; and the difference between two 
consecutive logarithms in this pait of the table, is 122. Now divide 
31 by 122, and write the quotient after the number 3673. 

* To lake out a number from Its logaiithi 
table betiTcen 1 end 100. Go to the main 
logarithmB, 
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129)31.{254 



488 



The figures, then, are 3573264, whicli corresponds to the decimal 
logarithm .653064; and the value of these figures will, of course, 
depend on the index to the logarithm. 

If this given logarithm contained an index, such index Ttould 
point out how many of these figures must be taken for whole num- 
bers, the others will be decimals ; thus, if the index had been 4, the 
number would be 35732.54 

If the given decimal had been .553063.67, which is the exact 
converse of example 1, then we should have found that number, 
35732514 ; but we did not give that decimal logarithm, because the 
table contains only six decimal places. From this obvious operation 
we derive the following rule to find the number corresponding to a 
^ven logarithm. 

Uttle. — 1/ the given logarithm is not in the table, Jind the one Jiej^l 
lees, and take oui the four figures corresponding ; and if more Chan 
faarjigurea are rehired, fake the diferenee between the given logariOim 
and the next less in the (able, and divide thai difference by the difference 
of the two consecutive logarithms in the table, the one less, the other 
greaier than the given logarithm ; and the figures arising in the guotient, 
ai many as mag be required, must he annexed to the former figures 
taken from the iohle. 



1. Given, the logarithm 3.743210, to find its corresponding num- 
ber true to three places of decimals. Ans. S536.182 

2. Given, the logarithm 2,633356, to find its corresponding 
number true to two places of decimals. Ans. 429. B9 

3. Given, the logarithm — 3.291742, to find its corresponding 
number. Ans. .0019577 
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MULTIPLICATION. BY LOGARITHMS. 
Art. G If the principle first laid down in {Aht. 1} is true, the 
suDi of the exponents will he the exponent of the product of any 
numher of lactors In otlier words, 

Th£ sum. of ike hi/arUJans of any numher of factors will he the 
logarithm of tlieproduct of those factors. 

N. B. The logarithmic table corresponds to this principle, and we 
may see by the following 

The log. of 3 (taken from the table,) is 0,477121 
The log. of 4 " " " " is 0.602060 

Therefore the log. of 12 must he 1,079181 

Given, the log. of 7 and the log. of 9, to find the logarithm of 63. 
Because 7X9=63, therefore, 

To log. 7=0.845098 
Add log. 9=0.964243 
Sum 1.799341 

By inspecting the table, we shall find this logarithm stands 
opposite 63, and hy this process the logarithms of all the composite 
numbers have been found. In this we may consider that the log- 
arithm pointed out the product 63. 

Hence we have the following rule for obtaining the product of any 
number of factors. 

Kple. — Find the logarithm of each factor, add those logarithm's 
together and the sum will he the logarithm of ilte product. The numher 
corresponding to this last logarithm taken, from, the table, will he the 
product itself. 



1. To multiply 23.14 by 5.062, 

23.14 1.364363 

6.062 0,704322 

Product 117.1347 2.068686 



2. To multiply 2.681926 hy 
3.457291. 

2.681926 0.411944 

3.457291 0.538736 

Product. 8.92648 0.950G80 
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3. To mult. 3,902 and 597.16 
and .0314728 aO togetlier. 



Nim 






3.902 0.691287 

697.16 2.776091 

.0314723 —2.497935 

Prod. 73.3333 1.866313 

Here the— 2 cancels the 2, and 
the one to carry from the decimals 



4. To rriult. 3,686, and 2.1046, 
and 0.8372, and 0,0294 aU 
together. 

3,5BG 0.564610 

2.1046 0.323170 

0.8372 —1.922629 

0.0294 —2.468347 

Prod. 0.1067618 —1.268956 

Here the 2 to carry cancels the 
-2, and there remains the — 1 to 
set down. 



DIVISION Br LOGARITHMS. 

Art. 9, As division is the converse of multiplication we draw the 
following rule for division by use of logarithms. 

K. B. Addition and subtractionis to be understood in the algebraic 
sense. 

EiTLB. — From the loffariihm of the dividend sublrad Ihe logariilm. 
of the divisor, and tlie number corresponding to tlte remainder is the 
gaotient required. 



Quotient 
. Divide .054 by 1.75 
log. 



327.5 
2207 
,14839 

.054 



—2.732394 

log. 1.75 0.243038 

Quotient .030857 —2.489366 

Art. 10« The preceding examples in multiplication and division 

were adduced only to show the nature of logarithms : had our 

object been results, the common arithmetical operations would hs.vf. 

been more convenient for some of them ; but there are cases that 

demand the use of logarithms, and such cases mostly occur in 

Involution and Evolution. 
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RuLi FOR Involution. — Taie out the logarUhm of the given 
number, and iRidliply it hy the index of the pm^osed power. Find 
the number corre^onding to tlie product, and it wUi he the power 
required. 

£XAUFL£B. 



1. What is the 2d power of 
151? 

log. 351 2.545307 



2. What is the cube of 1.72 ? 
log. 1.72 0.235528 



5.0884 0.706584 



3. What is the 4th power of 
.0916 ? 

log. .0916 ~2.9<il896 
4 
Ans. .000070401 —5.347680 
Here 4 times the negative in- 
dex is — 8, adding the 3 to carry 



4. What ia the 17th power of 
1.04? 

log. 1.04 0.017033 

17 

0.119231 

0.17033 



Ans. 1.9476 0.289561 

N. B. This last example hv- 

^ns to disclose the utility of )og- 



S.'What is the 6tii power of 
1.037? 

log. 1.037 0.015779 
6 

Ans. 1.243+ 0.094674 



6. What is the 21st power of 
2.02? 

log. 2.02 0.306351 
21 

.305351 

6.10702 
Ans. 2684454.6 6.412371 

EVOLUTION. 
Art. 1I< Evolution is the converse of Involutjon; hence wu 
have the following rule for the extraction of roots : 

Take the logarithm of the given, number out of the table. Divide 
the logarithm, thus found, by the index of the required root; then the 
's the root sought. 
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1. What is the cube root of 2. What is the cube root of 

125? 200? 

log. 125 3)2.096910 log, 200 3)2.301030 

Ans. 5 0.698970 Ans. 5.848+ 0.767010 

3. What is the 4th root of 4. What is the 20tli root of 
761? 1.035? 

log. 751 4)2.875640 log. 1.035 20)0.014940 

Ans. 5.235+ 0.718910 Ans. 1.001718 0.000747 

5. What is the cube root of the decimal .00048 
log. .00048 —4.681241 

To the inexperienced here would be a difficulty, as the index is 
neffotive, and the decimal part positive. How then shall we divide 
by 3 ? Add — 2 and +2 to the index ; and this is, in. effect, 
adding nofAi'nj'; it merely changes the form of the index, thus, 
—6+2.681241 Now, we can divide by 3, and the quotient is 
— 2.893747. The corresponding number, or root, sought, is 
.07829+ Ana. 

RemsEK. — In the preceding arliclaa we have taught all the preliminary rules 
tor the use of logatithms ; "liiii theru « a wisdom beyond rules," and. he who 
does not arrive at it, attains oniy the burdens of knowledge without its bene- 
fits. Rules are necessary through the fital rudiments of any science ; but he 
who can instantly fall back on to tirst principles, and do the moat advantageous 
thing at the most advantageous point of time, lias a practical (act of the 
highest value. 

To awaken this faculty In the mind of the learner, we give what follows on 
the subject of logarithms. It may not be necessary for some, but to many it 
will be iutereating and new 

Art. 12« Persons who possess both theoretical knowledge and 
practical skill, rarely, if ever, use the first part of the logarithmic 
table of numbers, except for exact numbers, especially if they pre- 
tend to any thing like accuracy. Such persons take some artifice 
to ihrmo their logarithm into the last part of the table, where the 
variation, of the loffaritkm is slower than in the first part of the 
table. 

To illustrate these remarks let us take into consideration the 
resulting logarithm to Example, 4, Art. 1 1 , 
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It would be troublesome, and, indeed, quite impossible, to take 
out the number corresponding to tiis logarithm 0.000747 if we 
simply apply the usual rules, and go directly to the table with the 
logarithm. 

From the given log. 0.000747 

Subtract the log. of 1,01 0.004321 

This log. corresponds to .9918 — 1.996426 

Subtracting the logarithm of 1,01 was equivalent to dividing 
the number by 1.01. We must, therefore, multiply .9918 by 1.01 
to produce the number corresponding to the log. 0.000747. 
Thus, 0.9918 

9918 
1.001718 
Subt a t n the logarithm of 1.01 produced a logarithm having a 
la e d mal part, and thi'' was the object. We can, then, take it 
nto the tabl and find its number, to great accuracy, by mere 
n p We might have added the logarithm of 9, and thus 

p odu d a, la ffe decimal, and then have divided the corresponding 
n unb by 9 f r the required result. 

A^an Suppose the logarithm of the number 101248, was 
required to as great exactness as our tables will allow. The oper- 
ator who exercises no original thought, and depends only upon 
rules, will go directly to the table for the logarithm required ; but 
he cannot find it there without some trouble to proportion to it ; 
and even then Ms result will not he accurate, because the logarithms 
vary by no exact numerical ratio. 

Take the number and divide by some number that will give a 
large integer quotient. Thus, 

102)101248(992.61. 
918_ 
944 



1 find the logarithm of 992, 8^ very accurately, by 
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inspection. Not regarding the fraction { it would be very accurate ; 
but the practical man always makes a little correction for such 
fractions, without taking any proportion to do so, or using any for- 
mality about the matter. In this case, we perceive that 10 or 1 1, 
added to the last two decimal figures, will correct it ; hence, 
log. 992.G1- 2.996785 

log. log 2.t)08600 

Therefore, log. 101243 is 5.0063G5 

We give one more example. 

What number corresponds tu the log. 2.1 1 1497 

Add log. of 7 0.845093 

Kum. 904.GS log. 2.956595 

Dividing this by 7, gives 129.27 for the numbu re^untd. 

Remahk.— The foregoing commenta and llluslralions are sufiicienl for all 
practical problems, that can come befora the surveyor, navigator, or engineer. 
The common table of logaritbrns, to six decimal places, extending' from page 
two to twenty, of tables, is suffieientlj accurate for all common problems; 
but tbere are cases in Astronomy, and in very delicate acientiHc ln\ estigatlona, 
where it la important tn have the logarithms eitend to a greater number cf 
decimal places. Accordingly I have computed a table to 1'2 decimal places, 
corresponding to the conseouliva whole numbers up lo 110, and Ihs prime 
numbers from Ibenco lo 1139. These logarithms, together n ith the auxiliary 
logarithms on page 71, are sufGclent to lind the logarithm of any number 
tliat can be proposed, and to find tlie number corresponding to any given log- 
arithm containing ten decimal places- 
It is a general impression that a table of logarithms mail be practically 
useless, unless It is voluminous and complete , and for constant practical use 
it should he so ; but for occasional service, the tables here given are sufficient, 
and for educaltonal purposes they am better than they would be if they were 
more full, for now they demand proper theoretical knowledge to use them 
with success. On the contrary, whoever cannot use them with success, must 
be deficient in theoretical knowledge, or wanting in practical tact to bring 
such knowledge into Immediate use. 

To show the importance and practical ntility of these tables. Is the object of 
the following illustrations and examples. 

Am. 13< To make a table of logarithms anew n a any 

particular number of decimal places, the followin f mul ai a 
from algebra, appears to be the most practical and n n 

The investigation of the formula belongs to the sc n f al h a 
and not to a work like this. 
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log(z+l)— log. 



0.8685889638 ( ■^_L_+ .' 4-- 



123+1 3(23-f 1)^ 6(£+l)' / 

By tliis fomnila we perceive tliat the log. of (3+1) becomes 
known, when that of z is known ; but tte log. of z is known when 
«;=!, 10, 100, 1000, &c. Thenthe formula will give the logarithms 
of 2, 11, 101, 1001, &c. 

After a commencemect has been made and the logarithms of a 
few numbers obtained, the logarithms of others can be deduced 
from them — hence the formula ia used for the prime numbers only. 

When 2 is large, over 100, the series converges very rapidly and 
only two terms need he used. When z is over 2000 only one term 
is required even for twelve decimal places. 

The auxiliary logarithms marked.^,5,t7 page 71, were computed 
by this formula. For example, the log. of 1000 is 3,000000 : make 
e=1000, then (3+l) = 1001, and (2z-l-l)=2001. The formula 
now readily gives the log. of 1001; and the log. of 1.001 is the same, 
if we suppose tlie index or rather maie the index 0. Having iJie 
log. of 1001, we find that of 1002, and thus we run through A. 
In the same manaer we run through B and 0. 

The greater the number the more readily can its log. he computed. 

That the learner may fully comprehend the application of the 
auxiliary logarithms A, B, and C, he must call to mind the following 
principle. 

AsT. 14. The prodiKt of any mtmAer of factors conmting if one 
and a small fraction, is very nearly equal to one and the mm of those 

Thus the product of (1.0001) (1,00002) (1.000003) is very 
nearly equal to 1.000123. 

If this be true, we can immediately separate 1.000123 or any 
other similar quantity in the following factors. 

(1.0001) (1.00002) (1.000003) 

The number 1.00008 may be taken as the product of (1.00002) 
(1.00005) (1.00001) without any material error. 

This principle may be proved algebraically, thus : Let a, b, and c 
represent very small fractions, then the product of 
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But a and S being very small fractions their product al is still 
much less, and the material part of the whole product is l-\-a-\-li. 
Multiply this by ( 1 -j-c) making the same consideration, and we shall 
have 1+0+5+C for the essential value of (l+a) (1+5) (l+c). 

Try it by mmibers, thus i multiply 1,0001 by 1.00004, 

1.00004 

1.000 1 

100004 

1.00004 

1.000U0U04 

But the value of this is extremely near 1.00014, Ihe sum of unky 
and the fractional parts of the factors. 

Art. 15. When the difference of two quantities of the same kind, 
is very small in relation to the quantities themselves, such a differ- 
ence is called a differential. 

Thus, the difference between 1.000140004 and 1.00014 is 
.000000004, and it may be called the differential of 1.00014, and 
in reference to it may be omitted. 

The difference between 8 and 9 is I, but in this case 1 cannot be 
considered the differential of 8, it is too large. 

But the difference between 8000 and 8001 is 1, and Jiere 1 is 
sufficiently small to be considered as the differential of 8000. 

There is no exact line of demarkation where a difference may be 
taken for a differential, that depends on the nature of the case ; 
hence the prejudice in a certain class of minds against the calculus. 

Now, if we take the logarithmic formula from Art. 13, and con- 
ceive z to be very large, then the difference between (z+l) and s 
which is 1, maybe considered as the difermiial between the two 
numbers ; and in that case log. (s-i- 1) — log. z, is the same as the 
differential of the logarithm of e. 

Making this supposition, the formula in Art. 13 becomes 
(dif.) log.z =0.8685889638 X f^'^'-^ \ 

"We take only one term of the series, because the other terms are 
of no essential value, compared with the first ; moreover, as z is very 
large, Ss+l is comparatively so little greater than Sa, that for all 
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praeiicfd purposes it may be taken as 2g ; this being admitted, tlie 

preceding equation reduces to 

,,.,, , 0.4342944819 (dif.la 
(dif.) log. a= i '- 

The symbol (dif.) stands for the differenlid of the quantity, 
Observe that the decunal 0.4342944819 is the modvlus of our system 
of logarithms, 

ITow this equation put in words, is the following : 

The differential of a logarithm is equal lo the modulus, into the dif 
feTentiol of tlie nrni^er divided hy the number. 

This equation also gives 

(dif.)g= g (dif.) log- ^ 
^ ■' 0.4342944819 

Or in words. 

The differerdial of a numher is equal to the number into the differen- 
tial of the logarithm of the numher divided by the modulus. 

The practical use of these principles will be shown in the following 
articles. 

Art. 16. When the diameter of a circle is I, the circumference is 
3.14159265359. Find the log. of this mimber, true to at least ten 
decimal places. 

When the logarithm is found its index will be 0. Now, consider 
the digits as composing one whole number, and then pay no atten- 
tion to the index. 

Take the three superior digits 314. Its factors are 2.167. (Table 
commencing on page 67.) 





Lo.^. 


157 




2.196899653409 




Lo^. 


2 




0.301029995644 




Loe;. 


314 




2.496929649053 


Table B. 




1.0006 log. 




0.000217099966 


Prod. 




3141570 log. 




.497146749019 


Table C. 




1.000007 
2190099 
S14157 


log. 


3040058 {1h) 


Prod. 




314169199099— 


log. 


.497149789077 
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Remark, — Let the learner taka hold of Ihe preceding problem with great 
deliberation, iinderatand the reason of every part of the process — and make 
every neceseary consideration, and then he will undentand how to manags 
every problem of the like kind- 
Here then, we tave the exact decimal part of the logarithm to 
these digits. If the value of that superior digit 3 is simply three, 
then the index to the log. is ; if it is 30, 1, if 300, 2, &c. Know- 
ing the value to be 3, we shall in the end, put the index at 0. 

We have obtdned the exact logarithm of a certain number, but 

it is not the number required ; it is a number however, very near 

the number required. Take their difference 

From 314169266359 

Take 314169199099 



This difference, great as it may appear by itself, is so small in 
relation to 314I5926S359 that it may be taken as its differential. 

But corresponding to this differential of the number, there is a 
differential for the logarithm, which, is given by the equation in 
Art. 16. 

^ . ,,-.., (0.4342944819)(e6260) 

It would be a tedious operation to draw out the result of this 
expression arithmetically. Wc will, therefore, use the common 
table of logarithms, which will answer every purpose. 

We have the logarithm of the modulus as a constant quantity un 
page 71 of table* ; and having the logarithm of the denominator, 
we have only to look for the logarithm of 66260, the operation 



stands thus, log. 66260 


4 821251 


log. m. 


—1.637784 




4.459035 


log. .. 


11.497160 


Hum. 0.000000091596 log. 


—8.961885 


To 


0,497 149 789 077 


Add 


0.000 000 091596 


Log. of 3.14169266359 = 


0.497 149 880 673 



The factor 1.O006 was obvious enough from inspectio: 
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Other factor 1.000007 is not obvious. The question then arises, 
how did we find it ? 

Wanting a factor, which with the other factor 314167, would 
produce the given number, we represented it by x, then 
314I57a:=3I41flg26336g 

By division ^=1000007+ 

The sidereal year consists of 365.2563744 mean solar days. 
What is (he Jogarithia of this number ? 

We know that the index must be 2, therefore pay no attention to 
the index during the operation. 

Take the three superior digits 365 : its factors are 73 and 6. 
73 log. 1.863 322 860120 

5 log. 698 970 004 336 



Prod. 365 log. 2.562 292 864 456 

Table B, 1O0O7 fog. 0. OOP 303 836 798 

Prod. 36S2S6S log. 2.562 696 701264 

(1.000002 log. 868 688 (26) 

C J 1.0000003 log. 130 287 (3c1 

(1,00000009 log. 39 087 (9<;) 

Prod. = given number nearly, log.=2. 562 597 739 216 
We found these factors by taking the value of x out of the fol- 
lowing equation : 

366265as=36S2S63744 
Whence, 1=1.00000239. 

And by Art. 14, a={1.000002)(1.0000003)(].00000009) 
In plaee of these U'-t factors we might have taken the difi'erential 
equation (Art. 15), and that would have been more direct and to 
the point. The factor method but approximates to the given num- 
ber : the differentiiil method comes directly to it, but it will not be 
so generally understood as the factor method. 

The differential equation applied in place of the last three factors, 
^ves 2.562 597740 854 for the required logarithm. But, if very 
great accuracy waa required, the factor (1.000002) should be em- 
ployed and then the differential equation. 

When the radius of a circle is 1, the natural sine of 7° 30' is 
expressed by the decimal 0.1305261921 what is the logarithm 
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of this number, true to nine places of decimals, consider the deci- 
mal a whole number ? 

Take its four superior digits 1305 : the factors of these are 15 
and 87 ; therefore. 



.87 






log. —1.939 519 252 619 


.15 






log. —1.176 091259 059 


Prod. .1305 


log. —1.115610611678 


10002 






log. 0.000 086 850 213 


13052610 




Corre 


log. —1. 116697 361 891 
Ction, 306 150 


Num. .1305261921 


Jog, —1. 115697668341 


For the radius of our 


common ta 
log. sine of 


bles add, 10 


Hence, 


7° 30'= 9.116 697 668 341 


In this manner the loffarUk 


■Mcai 


e of any other arc can be foun 



The correction was found by the differential equation, Art. 16, 
thus, 

. ,.- , , ^ _ (0,4342944819) (921 ) 
' ''-^ °^' ^ 1305261000 

Having the logarithm of the modulus, and of the denominator, 
we can readily deduc* the result by logarithms, using the common 
table to find the logarithm of 921. 

921 log. 2.964260 
m. log. —1.637784 



ITumerator, log. 
Denom. log. 



Num. .000000306450 



2.G02044 

9.115697 

-7.486347 



We give one more porblem of this kind. 

The mean distance between the Sun and Earth is 1 ; the g 
distance in 1800 was 1.01685317 : what is the logarithm of this 
number ? 

Take the whole as the whole number, 101685317, and pay no 
attention to the index during the process. 

The four superior digits are 1016; the factors of tJiis number 
are 8 and 127 : hence. 
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8 


btr- 


.903 089 98G 992 




137 


lojr. 


.103 803 720 9S6 


Prod. 


1016 


Ids- 


.006 893 707 948 


Table B. 


10008 


lo.. 


.000 347 233 698 


Prod. 


10160128 


lo^. 


.007 240 941 646 


Table C. 


100004 
10168128 


log. 


n 371 430 




40672512 


los. 




Prod. 


1016853472S12 


.007 268313076 




From 1016853472512 








Take 101685317 







30.26 
Taking the given quantity as a whole mimber, our last product 
exceeds it by 30^, whicli is the differeatial of the number. The 
differential of the logarithm will therefore be . 



1. 30. 25 



By log-. 



hg.m 
log. 30. 25 



log. g* 
log. 0.0000001292 



—1. 637 784 
1, 480 725 
1. 118 509 
8. 007 257 

—7. in 252 



From .007 258 313 076 
Take .000 000 129 200 



Log. sought 0. 007 268 183 876 

From the foregoing problems, the reader will perceive that the 
logarithm of any number whatever, can be found by these tables — • 
and to any degree of accuracy within ten decimal places. We are 
now prepared to take the converse problem ; that is. 

Given a loffarithm, to find Us correspondiftff number. 

What number corresponds to the log, 4.636 747 519 487? 
Carrying this log. to the table, we find it corresponds to a number a 
little greater than 43, but the index being 4, the number must he a 
little over 43000. Let this he one factor of the number sought, and 
the reason for the following operation must be obvious. 

* 2=101685317, a nnmber now considered as a wholo number, ila 
lag. is taken approximately, and it9 index is B. 
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1st Factor, 43000 



Snd Factor, 1.007 



3rd Factor, 1.0005 



4th Factor, 1.00007 



Given log. 4.636747619487 
log. 4.633468455579 



; 0. log. 



24859 B2T3 
217099966 
31498307 
30399546 



1098761 
log. 868588 {2i) 

230173 
log. 217145 (5c J 

13028 
log. 13029 {3rf) 

The product of these factors is the number required, and that 
jroduct can be obtained with great facility. 
Prod, of 1st and Snd factors— 43301 



6th Factor, 1.000002 



6th Factor, 1.0000005 



7th Factor, 1.00000003 



This, by the 3rd 


10006 




43301 




21.6506 




43322,65050000 


rod. of 4th, 5th, 6th, Ttli 


1. 00007253 




43322.6505 




3,032585635 




866453010 




2166132525 




1299679515 


Kum. required 


43325.792691840765 



2. What number corresponds to log. 2. 563 785 183 020 ? 

Taking this decimal Jog. to the table, we find that its place is 
between 36. and 37. and as the index is 2., it must be between 360. 
and 370., nearer the latter than the former. Suppose it near 366. 
It is not 367., for the table gives a Jog. of 367., greater than our 
^Ten log. 
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i=6x61 

From givea log. 2. 663 785 131 020 

lb. log. 61 1. 785329 836011 

0. 778 466 346009 

loff. 6 0. 778 161250384 



304095 6' 
3rd Factor 1.0007 303 836 7 



258 827 
Tlie product of these three factors is 366.2562, which is very near 

the number required. 

When a logarUhm is reduced Mow Us sixth decimal place, what is 

left may le taken cm a differential of the given, logarUhm. 

This differential will give a corresponding differential, to be applied 

to the number by using the equation in Art 16. 

Ttoli8(di£)N-!Le!tl!* 
modulus 

By the common table of log. Given log. 2. 563 786 

.0000002588 log. — 7. 412 964 

—5. 976 749 

log. m —1.637 784 



0.0002182 
Add 366.2562 



Number sought 366.2564182 

In this manner, the number to any logarithm 



1. What number corresponds to the log. 2.204923] 18054? 

Ans. 160.29616 

2. What number corresponds to the log. 4.133409102 ? 

Ans. 13595.93 

3. What number coiresponds to the log. 3.278902074620 ? 

Ans. 1900-64967 



;dOvGoO»^IC 



SURVEYING. 



CHAPTER III. 

ELEMENTARY PRINCIPLES OF PLANE 
TEIGONOMETRY. 

n its literal and restricted sense, has for its object, 
3 of triangles. When the triangles are on planes, it is 
plane trigonometry, and when the triangles are on, or conceived to 
he portions of a sphere, it is spherical trigonometry. In a more 
enlarged sense, however, this science is the application of the prin- 
ciples of geometry, and numerically connect one part of a magni- 
tude with another, or numerically compares different magnitudes. 

As the sides and angles of triangles are quantities of different 
kinds, they cannot be compared with each other ; but the relalion 
may be discovered by means of otlier complete triangles, to which 
the triangle under investigation can be compared. 

Such other triangles are numerically expressed in Table II, and 
all of them are conceived to have one common point, the center of 
a circle, and as all possible angles can he formed by two straight 
lines drawn from the center of a circle, no angle of a triangle can 
exist whose measure cannot be found in the table of trigonometrical 

The measure of an angle is the arc of a circle, intercepted be- 
tween the two lines which form the angle — the center of the arc 
always being at the point where the two lines meet. 

The arc is measured hy decrees, ndnules, and seconds, there being 
360 degrees to the whole circle, 60 minutes in one degree, and 60 
seconds in one minute. Degrees, minutes, and seconds, are desig- 
nated by °, ', ". Thus 27° 14' 21", is read 27 degrees, 14 min- 
utes, and 21 seconds. 

All circles contain the same number of degrees, but the greater 
the radii the greater is the absolute length of a degree ; the cir- 
cumference of a carriage wheel, the circumference of the earth, or 
the still greater and indefinite circumference of the heavens, have 
the same number of degrees ; yet the same number of degrees in 
each and every circle is precisely the same angle in amount or 
measure. 



;dOvGoO»^IC 



PLANE TRIGONOMETRY. 45 

As triangles do not cont^n circles, we can not measure triangles 
by circular arcs ; we must measure tliem by ot/ier triangles, that is, 
by straigU lines, drawn in and about a circle. 

Siicb slraigbt lines are called trigonometrical lines, and take par- 
ticular names, as described by the following 
DEFINITIONS. 

1. The sine of an angle, or an arc, is a lino drawn from one end 
of an arc, perpendicular to a diameter drawn througb tbe other end. 
Thus, BF 'is the sine of the arc AB, and also of the arc BDE. BK 
is the sine of the arc BD, it is also the cosine of tbe arc AB, and 
BF. is the cosine of tlie arc BD. 

~S. B. The amvphmeat oi an arc is what it 
wants of 90° ; the supphmeni of an arc is 
what it what it wants of 130°. 

2. The cosine of an arc ia the perpendicu- 
lar distance from the center of the circle to 
the sine of the arc, or it is the same in mag- 
nitude as the sine of tbe complement of the 
arc. Thus, CF, is the cosine of the arc AB; but CF=KB, the 
sine of BD. 

3. The tangent of an arc is a line touching tbe circle in one 
extremity of the arc, continued from thence, to meet a line drawn 
through the center and ihe other extremity. 

Thus, AH is tbe tangent to the arc AB, and DL is the tangent 
of the arc DB, or the cotangent of the arc AB. 

N, B, The CO, is bat a contraction of the word complemeni. 

4. The secant of an arc, is a line drawn from tbe center of tbe 
circle to the extremity of its tangent. Thus, CII is the secant of 
tbe arc AB, or of its supplement BDE. 

5. The cosecant of an arc, is the secant of the complement. 
Thus, CL, the secant of BD, is tbe cosecant of AB. 

6. The versed sine of an arc is the difference between the cosine 
and the radius ; that is, AF is the versed sine of tbe arc AB, and 
DK \s the versed sine of the arc BD. 

For tbe sake of brevity these technical terms are contracted tlius : 
for sine AB, we write sin.AB, for cosine AB, we write eot.AB, 
for tangent AB, we write tcm.AB, &c. 
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From fie preceding definitions -we deduce tJie following obvious 



1st, That when the arc AB, becomes so smaJl as to call it 
nothing, its sine tangent and versed sine are also nothing, and its 
secant and cosine are each equal to radius. 

2d, The sine and versed sine of a quadrant are each equal to the 
radius ; ifs cosine is zero, and its secant and tangent are infinii*. 

3d, The chord of an arc is twice fie sine of half flie arc. Thus, 
the chord BO, is double of the sine BF. 

4th, The sine and cosine of any arc form the two sides of a 
right angled triangle, which has a radius for its hypotenuse. Thus, 
CF, and FB, are the two sides of the right angled triangle CFB. 

Also, the radins and the tangent always form the two sides of a 
right angled triangle which has the secant of the arc for its hypo- 
wnuse. This we observe from the right angled triangle CAH. 

To express these relations analytically, we write 
sin.'+cos.'=i^' (1) 

£'+tan.'=sec.' (2) 

From the two equiangular triangles CFB, CAH, we have 
OF:F£=CA:AH 



That is. 


COS. 


8in=.K:tan. tan.=- 


~ (3) 


Also. 


CF 


CB=CA:Off 




That is. 


COS : ie=-fi : sec. cos. sec. = 


E? (4) 


The two equiangular t 
GA 


iangles CAR, CDL. ^ve 
AH^3L:I)C 




That is. 


R 


tan.=cot ; H tan. cot. 


=B^ (5) 


Also, 


OF 


FB=DL:X>C 




That ia. 

By observing (4) 


and 


sin.=cot:JJ cos. iJ^ sin 
5), we find that 
Eec.=fan. cot. 


cot. (6) 
(7J 


Or, 


COS. 


tan.=cot. :sec. 




The roijos between the 
same for the same arc, w 
therefore, we may assum 
lenee ; and the preceding 


various trigonometrical lines are always tli. 
Iiatever be the length of the radius ; ana 
radius of any length to suit our conven- 
equations will be more concise, and more 



MBvGooi^le 



PLANE TRIGONOMETRY. 



47 



readily applied, by making radius equal unity. This supposition 
being made, the preceding become 

sin.=+cos.'=l (1) 

!+tan.==sec.' (2) 



(3) 



(4) 



(5) 



1. cot. (6) 



The center of the circle is considered the absolute zero point, and 
the different direclions from this point are designated by the different 
signs + and — . On the right of C, toward A, is commonly 
marked plus (+), then the other direction, toward E, is necessarily 
minus { — ). Above -4^is called (+), below that line ( — ). 

If we conceive an arc to commence at A, and increase contin- 
uously around the whole circle in the direction of ABB, then llie 
following table will show the mutations of the signs. 



1st quad 



+ + 



PROPO SITION 1. 

The chord of 60° and t/te tangent 4fi° are each egual to radius; 
ilie sine of 30° the versed sine of 60° and ike cosine of 60' are each 
equal to half the radius. 

(The first truth is proved in problem IS, book 1). 

On C^, as radius, describe a quadrant ; take AD=A5°, AB 
=60°, and AE=^0'-, then BE=Zii°. 

Join AB, CB, and draw £n, perpendicular to CA. Draw Bm, 
parallel to ^C. Make the ajigle CAH=90°, and draw CDH. 

In the A ABO, the angle JCS=60° 
by hypothesis ; therefore, the sum of the 
other two angles is { 1 80—60) ^ 1 20° . But 
(75=(M,hence the angle C5J=the angle 
CAB,{i\\. 15b. l),and as the sum of the two 
ia 120°, each one must be 60*; therefore, 
each of the angles of triangle ABC, is 60° 
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and the sides opposite lo equal angles are equal ; that is, AB, the 

chord of 60°, is equal to GA, the radius. 

In the A C4ff, the angle CjliTisaright ajigle; and by hypoth- 
esis, .4 CH is half a right angle ; therefore, j^ZTC, is also half aright 
angle;. consequently, AB=AQ, the tangent of 46°=i the radius. 

By th. 15, hook 1, cor. On--=nA; that is, the cosine and versed 
sine of 60° are each equal to tlie half of the radius. As Bn and 
£C are perpendicular to j4C, they are parallel, and £m is made 
parallel to On; therefore, Biii=^Cn, or the sine 30°, is the half of 
radius. 

PEOP OSITION 2- 
Given the sine and cosine of two arcs to find tk^ sim and cosine of 
the sum, and dijirence of tM same arcs ea^resscd hy the sines and co- 
sines of the separate arcs. 

Let G be the center of the circle, CD, the 
greater arc which we shall designate by a, 
and DF, a less arc, that we designate hy J. 

Then by the definitions of sines and co- 
sines, DO=sm.a; GO=cos.a; FIz=sm.b,- 
e/=cos.5. We are ta find FM, which is 
=sm.(a-\-6}; GM=cos.(a+l>); 
£:P^s[n.la—b); GF=cos.(a—6). 

Because IN' is parallel to i> 0, the two As GB 0, GIN, are 
equiangular and similar. Also, the A FIJI, is similar to GIN; 
for the angle FIG, is a right angle ; so is ffIN; and, from these 
two equiil'^ fake away the common angle JUL, leaying the angle 
Fm= GIN. The angles at B and If, are right angles ; therefore, 
the A Fill, is equiangular, and similar to the A GIN, and, of 
course, to the A GI> 0; and the side III, is homologous to IN, 
and J) O. 

Again, as FI=IE, and IK, parallel to FM, 
FH=IK. and HI=KE. 

By similar triangles we have 

GD:BO=QI:IN. 

That is, 7? : sin.o=cos,6 : Z.r, or IN^^^^^~ 

Also, GJ}:GO^FI:FR 
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That is. 


S:cos.a=sin.i>:FIl. c 


r FE='^ 




Also, 


GD:aO=6I:Gy 






That is, 


R : co8.a=cos.6 : ff.V, o 


r (7.V=*^ 




Also, 


6D.D0=FI-.IB 










or IH= 


in.a sin 



By adding {3ie &rst and second of these equations, we have 
m-\-FH=FM=sin.(a-Vb) 

Thati., . ^.n.(.^,)=^^'^plf'^' 

By subtracting the second from the first, we have 

,, sin .a cos .6 — COS .a an .6 

„„. (._j)= ^ 

By subtracting the fourth from the third, we have 

GX—m=: (?^=C03.(«+*) for the first meml>er. 
Hence, . coB.(.t+S)=°-^:g-g— - j""-" ^'"-^ 

By adding the third and fourth, we have 

Gy+m=G:y+yF=&p=Qos.(a—b) 

„ , ,. cos.a COS. 6-(-sin,a sin.J 

Hence, . cos. (a— 6)=-— L- — — 

Collecfing these four expressions, and considering the radius 
unity, we have 

!sin.(a+S)=sin.a cos.6+cos. 
sin. (a — 6)=sin.n cos.S — cos. 
COS.(o4-S)=oos.a COS .i— sin., 
cos.(a— 4)=cos.a coa.fi-j-sin.n sin.S { 10) 

Formula (A), accomplishes the objects of the proposition, and 
from these equations many useful and important deductions can be 
made. The following, are (te most essential : 

By adding (7) to (8), we have (11); subtracting (8) frcm (7), 
gives {12). Also, (9)+(10) ^ves (13); (9) taken from (10) 
gives (14). 

r siiii.(a+S)+sin.(a— *)=2sin.acos6 (11) 

' ' .(a-)-6J— sin,(a— 6)=2cos,asin.6 (12) 



(^) 



'a-fj)4-cos.{o — 6)=2cos.a 
i.ftt— 6) — cos.(o+i)=2sitt. a 
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If we put o+5=:j1, and a — 6=5, then (11) becomes {15), 
(12) becomes (16), 13 becomes (17). and (14) becomes (18). 



(C) 



iii~d-l-sm.5=2sin. ( 



.i..^-dn.2!=,»..(i±^)».(^-?) (,e) 
cn.A+mB.S-ic<„. ( ^±5 ) co.. ( —^ ) (17) 
C0S.J3 — cos^=Ssm. ( — i— ) - 



If we divide (16) by (16), (observing that — ^=tan. and 
-r-^=cot.=-~ 3S we learn by equations (6) and (6) Irigonome- 
try), we shall have 
. ... „ sm. I — - — J COS. 1 1 tan. ( — — ) 

cos.(^^) sm.(__) taa.(_-) 
Whence, 



or in words. TOe sum cf the sittes (f any two arcs is to ike t 
enct of the same sims, as the tangeia of the half sum of tite sam 
is to the tangent of half their difference. 

By operating in the same way with the different equations i 
mula ((7), we find, 

— Tj s=tan. ( — i- (20) 

33.-4+C0S.5 \ 2 / ^ ' 

n.^+aiii..B ^ IA—Bk ,„.. 

n..^ — sm.B ^ I A — B \ ,__. 



m 



e,oi-B—cos.A 
cos.A-^i 






(!4) 
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These equations are all true, whatever be the value of the arcs 
designated by A and Jl; we may therefore, assign any possible 
valne to either of them, and if in equations (20), (21) and (24), 
we malie JS=^ 0, we shall have. 



1+cos.wi 


=*^"2=^^ 




(26) 




sin.^ 


^A 1 

^'^'^^-f-tan.i^ 




(!6) 




1— cos.^ 




1+cos.^ 
1 — cos.^ 


cot4^ 1 
tan.^^ tan.=^^ 




(!7) 




If we now turn back (o formula {A), and divide equation 


(7) by 


(9), and (8) by (10) 


observing at tie same 


lime, that — '- = 


=tan. 


we sbaJl have. 










tan.(a- 


««ac«..J+c». 


ism.6 






'' co..» cos.S-ra. 


««..S 




. 


, ^ sin. a COS.; — cos 


asiDi 







By dividing the numerators and denominators of the second 
Members of these equations by (cos.a cos.i), we find. 



tan.(a+i)=- 



tan.(a — 5)=- 



COS.a COS.* ' cos 


a cos .6 


CM.acos,* sin 


amn.h- 


sin.acos.6 cos 


o cos.S 
a sin.i 


COS.B COS.i COS 


acos.£ 


cos.a cos.S 1 sin 


a sin .6 



l+tan.a tan.i 



(H) 



If in equation (1 1), formula (B), we make a=h, we shall baye, 

siQ.2a=2sm.a cos.o (30) 
Making the same hypothesis in equation (13), gives, 

cos.2o-i-l=2cos'.a (31) 

The same hypothesis reduces equation (14), to 

1— cos.2a=2sin'.(i (32) 

The same hypothesis reduces equation (28), to 






1— tan'.a 



(33) 
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The secants and cosecants of arcs are not given in our table, because 
they are very little used in practice ; and if any particular secant is 
required, it can be determined by subtracting the cosine from 30 ; and 
n be found fay subtracting the sine from 20. 



PROPOSITION 3. 

In any rigM angled plane triangle, ice may liave the followmj 
propmiions : 

1st. As the hypotenuse is to citlmr tide, so is ike radius to the sine 
of the angle opposite to that side. 

2d, As one side is to the other aide, so is the radius to the tangent 
of the angle a^acent to the Jirst-menlioned side. 

3d. As one side is to tite hypotenuse, so is radius to the secant of 
Ute angle adjacent to that side. 

Let CAB represent any right 
angled triangle, right angled at^. 
AB and AC are called the sides 
of the A, and CB is called the 
hypotenuse. 

(Here, and in all oaaes hereaftsr, we shsll represent the angloa of a triangle 
by the largo lettarfl A, B, C, and the aides opposite to them, by the small letlern 
«,i,<r.) 

From either acute angle, as C. take any distance, as 01), greater 
or less than CB, and describe the arc DH. This arc measures 
the angle C. Frcan I>, draw DF parallel to £A; and from £, 
draw EG, also parallel to BA or DF. 

By the definitions of sines, tangenta, and secants, DF is the sine 
of the angle C; EG is the tangent, C6 the secant, and CF the 

Wow, by proportional triaugles we have, 

CB : BA=CD : DF or, a : c^S : sln.C"} 

OA : AB=CF : EQ- or, h : c=R : tan.C V Q. E. D. 

CA : OB=CE : C& or, 6 :a=iS : secCj 

Sckdiian. If the hypotenuse of a triangle is made radius, one 

side is the sine of the angle opposite to it, and the other side is the 

cosine of the same angle. This is ohvious from the triangle CDF. 
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PROPOSITION 4. 



In any Iriangle, the sines of the angles are to one another . 


as Ih, 


tides apposite to them.. 




Let ABO be aaytri- j^^^^HMH^H^H 




From the ^^^^^^^^^^H^^SHBI 




A and £, as ^^^^^^^^^^B^H^HB 




any radius, the ^^B[|^^B^^^|H^HB 




arcs measuring these an- ■^SS|^^^^^|^^^hIB| 




gies, and drawi>a, CD, vmSSmBBSSTSSBiimim 1 1 


and mn, perpendicular to A£. 




Then, . . ^n=sin.J, mn=sm.iJ 




By the similar As, Apa and AC'D, we have. 




Jt : sin.^=6 : CD; or. i;{(IZ>)=J sin.^ 


(1) 


Bythesinular As Bmn and 5CJ, wc have. 




B : sm.B=a : CD; or, R{CD)=ami.B 


(2) 


By equating the second members of equations (1) and (2). 





Or, . . a : J=sin ^ : sin. B\ ^ 

SckolKim 1. When either angle is 90°, its sine is radius. 

Schdimi 2. When CB is less fhan-^C, and the angle B, acute, 
the triangle is represented by ACB. When the angle B hecomes 
W, it is obtuse, and the triangle is ACB' ; but tlie proportion is 
equally true with either triangle; for the angle CB'D=-CBA, 
and the sine of CB'D is the same as the sine of AEG. In prac- 
tice we can determine which of these triangles is proposed by the 
side AB, being greater or less than AC; or, by the angle at the 
vertei C, being large as ACB, or small aa ACS. 

la the solitary case in which A C, OB, and the angle A, are given, 
and CB less than j1 (7, we can determine both of the As ACB 
and ACB'; and then we surely have the right one. 

PEOPOSITI ON 5- 

If from any angle of a triangle, a perpendieular he let fall on the 
opposite side, or base, the tangents of the segments of the a-ngle are*lo 
one another as the segments of i}ie base. 
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Let ^5C be the triangle. Let fall 
perpendicular CD, on the side AB. 

Take any radius, as Cn, and describe 
the arc which measures the angle C. 
From n, draw 501^ parallel to AB. Then 
it is obvious that np is the tangent of the 
angle DCB, and 7tg la the tangent of the angle AGD. 

Now, by reason of the parallels AB and 'jp. we have, 
jm ; np^AD : JDB 

That is, tan-^CZ) : taa.DCB=AI> : DB Q. E. J). 

PROPOSITION 6- 

If a perpendictdar he let fall from, any angle of a triangle to Us op- 
posite side or base, this base is to tAe sum of the other two sides, as the 
difference of the sides ia to the difference of the segments of the base. 
(See figure to proposition 6.) 

Let AB he the base, and from C, as a center, with the shorter 
side as radius, describe the circle, cutting AB in 0,AO in F, and 
produce AC ia E. 

It is obvious that ..iff is the sum of the sides AC and GB, and 
AF 13 their difference. 

Also, AD is one segment of the base made by the perpendicular, 
and £D=I>G is the other; therefore, the difference of the seg- 
ments ia AG. 

As A is a, pointwithout a circle, by theorem 18, book 3, we have, 
AFxAF=ABxAff 

Hence, . . AB : AF=AF : AG Q.F.D. 

PROPOSITION 7. 

The sum of arty two sides of a triangle, is to their difference, as 
the iangetit of the half sum of the angles opposite to these sides, to 
the tangent of half their difference. 
Lot ABO be any plane triangle. Then, 
by proposition 4, trigonometry, we have, 

CB : A C7=sin. A : sm.B 
Hence, 
CB-i-AC: CB—AC=^a.A-{-Ein.B : sin.^— sin.S (th. 9 b. 2) 




;dOvGoO»^IC 



PLANE TRIGONOMETRY. 55 

Bui, tun. ( ^^ ) : tan. ( ^- ) =»iii. J+sta..B : «ii.^— m.i 
(eq.(l). Irig.) 

Comparing tie two latter proportions (th, 6, b. 2), we Iiave, 

C£-hAG : CB—AC= tan. ( ;^~ ) : tan. ( ^- ) Q. K B. 

PROPOSITION 8. 

Given the thTee aides of any plane tnangle, io find some relalion 
which tlmj must hear to 

Let^BCbe the 
triangle, and let the 
perpendicular iall 
either upon, or 
without the base, 
as shown in the 
figures ; and by 
recurring to theorem 38, book 1, we shall find 

2a *■ ' 

Now, by proposition 3, trigonometry, we have, 

.fl:cos.C=5: CD 
Therefore, . CJ)J^^^ (2) 

Equating these two values of OD, and reducing, we have. 

In this expression we observe that the part of the numerator 
which has the minus sign, is the side opposite to the angle ; and 
that the denominator is twice the rectangle of the sides adjacent 
to the angle. From these observations we at once draw the fol- 
lowing expressions for the cosine A, and cosine B. 
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As these eipressions are not conTenient for logaritliraio compu- 
tation, we modify ttem aa follows : 

If we put 2a=A, in equation (31), we have, 
cos.jH-I=2coa.^-|-4 

In the preceding expression (n), if we consider radius, unity, 
and add 1 to both membei-s, we shall have. 



_(i+c)^ 



Conadering (b-^-c ) as one quantity, and observing that we hare 
the difference of Ueo sgvares, therefore 
(b-{-cy^^=(b+e+a){&+o—a); but (6+c— o)=S+c-fa— 2« 

H„», . »oo..H^- <'+'+°'S+'+°- -^' 



o»..JJ_ 



By putting ~ — ^s, and extracting square root, 
result for radius unity, is 

For any other radius we must wr i te. 



..li!=/-5 



(>-*) 



Also, 



™iO- P'(— <) 

In every triangle, the sum of the three angles must equal 180°; and 
if one of the angles is smaJ], the other two mast be comparatively 
large; if two of them are amall, the third one must be large. The 
greater angle is always opposite the greater side ; hence, by merely 
inspectiag the given sides, any person can decide at once which is the 
greater angle ; and of the three preceding equations, Uiat one should 
be taken whiiA applies to the greater angle, whether that be the par- 
ticular angle required or not; because the equations bring out the 
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cosirtes to the angles; and the coeines, to very small arcs vary so slowly, 
that it maybe impossible to decide, with eutTicient numerical accuracy 
to what particular arc the cosine belongs. For instance, the cosine 
9.999999, carried to the table, applies to several arcs ; and, of course, 
we should not know which one to take ; but this difficulty does not exist 
when the angle is large ; therefore, compute the largest angle first, 
and then compute the other angles by proposition 4. 

But we can deduce an expression for the eine of any of the angles, 
as well aa the cosine. It is done as follows : 

EQUATIONS FOR THE SINES OF THE ANGLES. 
Resuming equation (m), and considering' radius, unity, we hare. 



Subtracting each member of this equation frona I, gives 

Maiing 2a=0, in equation (32), then a=^C, 

And . . 1— cos.C=2sin.'|C (2) 

Equating the right hand members of (1) and (2), 




0,, . . . ,ia.%C~- 

B.I, . 'J±=l='±iii-a and ttf^^H^+S. 

2 2 2 2 

Put . t+S+g^ ^^f^^ ^ 

2 ^_L__L 

Mn.iC-,J ^ 

By taking equation (p), and operating in the same manne 
hare 
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The preceding results are for radius iinitj; for any other 
radius, we must multiply by tte number of units in sucb radius. 
For the radius of the tables, we write M; and if we put it under 
the radical sign, we must write H'; hence, for the sines corres- 
ponding with our logarithmic tabJe, we must write the equations 

thus, . . . .i„.i^_^S^3(^I 

A large angle should not be determined by these equations, for 
the same reason that a small angle should not be determined from 
an equation expressing the cosine. 

In practice, the equations for cosine are more generally used, 
because more easily applied. 

In tile preceding pages we have gone b wh I "T und of 

theoretical plane trigonometry, although al pa ul m ght 

Lave been enlarged upon, and more equat n n la n to he 
combinations of the trigonometrical lines m 1 1 ha be n n 
but enough has been given to solve everypos hi v, that n an e 
in the practical application, of the science. 

By the application of equations (1), (31), and (32), the table 
of natural sines and cosines has been computed. 

The operation ia as follows. The sine of 30° is half mdius ; 
making the radius unity, equation (1) gives 
:^+cos." 30°= 1 : whence cos." 30°=! or cos. Z(i°=\J^ 

From (32) we have, sin.a=./ '— cos. 2a 

Making 20=30°, then sin. 15°=(^i73)*=0.25881904 

From (31) we have, cos-a=:A/ '+cos- 2a 

2 , 

Making 2(1=30° as before, cos.a=({+U^ )*=0.96592682 

Having sine and cosine of 15° the second application of these 
equations will give the sine and cosine of the half of 15°, and so 
on through as many bisections as we please. 
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Bemg desirous of giving a full exposition of tlie formation of 
table II, we give the foUowing geometrical demon atration of equa- 
tion 30, by the help of the figure in the margin. 
Let the arc JD=2a 
Then I>G=sm.2a, C(r=cos.2a, 
^/=ain.e, ^Z'=2sin.o, 
CI =cos. a, J)B'=2D 0=2 COS. a. \ 
The angle DBA being at the circum- 
ference, is measured by half the arc AJ), 
or by.. 

How, by applying proposition 4 to the triangle DBG, we have 
sin. DBff : DG=sin. 90° : BD. 

The sin. I'.SG=sin. a, and sin. 90°=1, the radius bemg unity; 
therefore, the preceding proportion becomes, 

sin.a : sin. 2a=l : 2cos. a. 
Whence 2 cos. a sin. <i=sin. Za. (Same as eq. 30.) 

PROBLEM. 

Given the sine and cosine of an arc, to Jind the sine and cosine of 
one half that arc. 

Designate the given arc by 2a, the radius by unity, and whatever 
be the value of a, equation (1) gives 

cos.= a+sin.=a=l (m) 

It is proved in proposition 1, that the sine of 30° is half the radius: 
therefore, let 2a=30°, then sin. 2a=0.5 : and equation 30, just 
demonstrated, ^ves 

8 CO.... in. .=0.5. («) 

Add (m) and (n), and extract the square root of both members. 

Then COS. a+sin. a=1.22474486 (0) 

Subtracting (n) from (ra), and extracting square root, gives 

COS. a— sin. a=0.707I0678 (;.) 

By subtracting, and adding (p) and (o), and dividing by 2, we 
find 

sia.o=sin. 15°=O.2S88I904 
COS. a=oos.l5°=0.96S925B2 
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Nowlet2a=15P. Then 

and 2cos.asin.a=!=0.25881904 

OperalJng as before, we find 

sin. a=sin. T 30'=0. 130526 1921 
coa. a=cos. 7" 30'= 0.99 14447879 

Again, put 20=7° 30' then as before, 

2cos.a sin, 0=0.1305261921 
These equations g^ve 

sin. «=Bin. 3° 45' =0.0654031 291 



COS. a=oos. 3° 45'=0.9£ 
Thus we can bisect the arc as many times as we please. After 
five more bisections, we have 

sin. a=siii. 7' 1" 52^"= 0,00204 63077 
cos. a=cos. 7' 1" 52^"'=0.99999799 
As the sines of all arcs under 10', maybe considered as coin- 
ciding with the arc, and varying with it, we can now find the sine 
of 1' by proportion. 

Thus, 7' 1" 52f" : 1' : : 0.O0204S3077 : sin. 1 

Or, 25312.5'" : 3600 : : 

Or, 10125 : 1440 : : 0.0020453077 : sin. 1' 

Whence sin. I'=:0.0002908882 

sin. 2'= 0.00058 17764 
sin, 3'=O.OO08726646 
In formula (£) equation (11), we find 

sin.(a-l-4)+sin. {a— 6)=2sin.a eos.fi 
Kow, if a=3' and 6=1' 

sin. 4'-|-sin. 2'=2 sin. 3' cos. 1' 
We have already sin. 2' and sin. 3', and cos. I' does not sensibly 
differ from unity, therefore 

sin. 4'=2 sin. 3'— sin. 2's=0.001 1635528 
sin.5'=2sin. 4'cos. 1 — sin. 3' &c, &c. to 15' 
When the sine of any arc is known, its cosine can be found by 
the following formula, which is, in substance, equation (l) trigo- 
nometry COS. a=^(14-sin.Q) (1— sin. a) 
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In formula (A) equation (7) we find that 

sin. (a-|-6)=sin. a cos. 64-cos. a sin. 6 
Now, if we make 0=30° and 5=34' Tlien 

Bin. a=0,fi COS. 0=^^=0.8660264 
sin, S=O.001163S5 cos. 6=0.999999323 
Whence 
em. (30° 4')=(0.6) (0.999999323) 4-{0.8660254) (0,00116365) 
=0.499999661 + 0.0010007620 

=0.601007231 
Equation (8) gives 

sin. {29° 56') =0.498992041 
When the sine and cosine of any arc are both knowo, the sine 
and cosine of the half or double of the arc can be determined by 
equation 30 ; — and thus, from equations (30), (7), (8), (II), and 
(1), the sines and cosines of all arcs can be determined. 

But these sines and cosines are expressed in natural numbers, to 
radius unity, hence they are called natural sines and natural eomiei, 
and they are all decimals, except the sine of 90° and the cosme of 
0°, each of which is unity. 

To form table II, we require logarithmic sines, and cosines, which 
are found by taking the logarithms of the natural sines and cosines, 
and increasing the indices by 10* to correspond to the radius of 
lOOOOOOOOOO. The radius of this table might have been greater or 
less, but custom has settled on this value. 

To find the logarithmic ane of 1', we proceed thus, 

Hat. an. I'=O.0O02908882 log. —4.463726 

To which add 10. 

The log. sine of 1', therefore is 6. 463726 

Nat. Bin. 3' =0.000 8 7266 46 log. —4. 950 847 

Add Kl; 

Log. sin. 3' therefore is 6. 940 847 

Thus the logarithmic sme and cosine of all arcs are found. After 

the logarithmic sine and cosine of any arc have been found, the 

tangent and cotangent of the same arc can be found by equations 

(3) and (5), and the secants by (4); that is, 

tan a-^^"- cot a=~— sec a~ ^' 
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For example, the logarithmic sine of 6° is 9.019235, and its 
cosine 9.997614. From these, find tan., cot., and secant. 

iSsin. 19.019236 

Cos. ... - subtract 9.997614 

Tan. is 9.021621 

_Hoos. 19.997614 

Sin. - - - subtract 9.019235 

Cotan. is - - - - 10.978379 

iS2 is 20.000000 

Cos. - - - - subtract 9.997674 

Secant is 10,002326 

Thus we find all the materials for 

TABLE II. 
This table contains logarithmic sines and tangents, and natural 
sines and cosines. We stall confine our csplanations to the loga- 
rithmic sines and cosines. 

Tlie sine of every degree and minute of the quadrant is given, 
directly, in tfie table, commencing at 0° and extending to 46°, at 
the head of the table ; and from 45° to 90", at the foot of the table, 
increasing backward. 

The same column that is marked sine at the fop, is marked cosine 
at the bottom ; and the reason for tliis is apparent to any one who 
has examined the definitions of sines. 

The difference of two consecutive logarithms is ^ven, correspond- 
ing to ten seconds. Removing the decimal point one figure will 
give the difference for one second ; and if we multiply this difference 
by any proposed number of seconds, we shall have a difi'erence 
corresponding to that number of seconds, above the logarithm, 
corresponding to the preceding degree and mmnte. 
For example, find the sine of 19° 17' 22". 
The sine of 19" 17', taken directly from the table, ia 9.518829 

The difference for 10" is 60.2 ; for I", is 6.02x22 ^33 

Hence, 19° 17' 22" sine is 9,518952 

From this it will be perceived that there is no difficulty m obtaining 
the sin. or tan., cos. or cot., of any angle greater than 30'. 
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Conversely. Given the logarithmic sine 9.982412, to find its corres- 
ponding arc. The sine next lesa in the table, is 9.932404, and gives 
the arc 13° 48', The difference between this and the given sine, is 8, 
and the difference for 1", is .61 ; Uierefore, the numher of seconds cor- 
responding to 8, must be discovered by dividing 8 by the decimal .61, 
which givHS 33. Hence, the arc sought is 73° 48' 13". 

These operations are too obvious to require a rule. When the arc 
is very email, such arcs as are sometimes required in astronomy, it is 
necessary to be very accurate ; and for that reason we omitted the 
difference for seconds for all arcs under 30'. Assuming that the sines 
and tangents of area under 30' vary in the same proportion as the arcs 
themselves, we can find the sine or tangent of any very small arc to 
great accuracy, as follows : 

The sine of 1', as expressed in the table, is . . 6.463736 
Divide this by 60 ; tbat is, subtract logarithm . . 1.778151 
The logarithmic sine of 1", therefore, is . . . 4.685675 
Now, for the sine of 17", add the logarithm of 17 . 1.230449 

Logarithipio sine of 17", is 5.916024 

In the same manner we may find the sine of any other small arc. 
For example, find the sine of 14' 21i"; that is, 861"5 

To logarithmic sine of I", ia 4.685575 

Add logarithm of 861.5 2.935255 

Logarithmic sine of 14' aij" 7.620830 

Without further preliminaries, we may now preceed to practical 



2. In a right angled triangle, ABC, given 
the base, Ait, 1214, and the angle X, 51° 40' 
30", to find the other parts. 

To find BC. 
Aa radius . . 10,000000 
: tan.A 61° 40' 30" 10.102119 
:: AB 1214 . 3.084219 



: BC 1635.8 , 3.186333 

N, B. When the first term of a logarithmic proportion is radius, 
the resulting logarithm is found by adding the second and third loga- 
rithms, rejecting 10 in the index, which ia dividing by the first term. 

In all cases we add the second and third logarithma together; which, 
in li^arithma, is multiplying these terms together; and from that roni 
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we subtract the first logarithm, whatever it may be, which 
dividing by the first term. 

To find ^C. 
As sin. G, or cos. A bV 30' 40" - - - 9.792477 
: J.B1214 - - - 3.084219 

: : Radius - - - 10.000000 



: ^CI967.7 - - - 3.291742 
To find this resulting logarithm, we suhtracted the first logarithm 
from the second, conceiving its index to be 13. 

Let j45 (7 represent any plane triangle, right angled at JS. 

1. Given J C 73.26, and tiie angle ..149° 12' 20" ; required the 
other parts. 

Aas. TJ:e ajigle (740" 47' 40", .S(7 64.46, and ^5 47,87. 

2. Givea AS 469.34, and the angle A 51° 26' 17", to find the 
other parts. 

Ans. The angle G 38° 33' 43", BC 588.5, aioA AG 752.9. 

3. Given AB 493, and the aa^e CaO" 14' ; required the remain- 
ing parts. Ana. The angled 69°46',5(7 1338, and .40 1425. 

It is not necessary to give any more examples in right angled 
plane trigonometry, for every distance in the traverse taUe is but the 
hypotenuse of a right angled triangle, and its corresponding latitude 
and departure form the sides of the triangle. 

If any oiie should suspect am error in the traverse laUe, let him lest it 
by compuliny the triangle awew. 

OBLIQ,UE ANGLED TRIGONOMETRY. 

Of the six parts of a triangle, three sides and three angles, three 
of them must be given and one of the given parts must he a side. 
The subject presents four cases. 

1. When tv>o sides o/re given, and an angle opposite one of them. 

2. When two sides are given, and tlw included angle. 
S. When on:e sMe and two angles are given. 

4. When the three sides are given. 

The principles previously demonstrated are sufficient, and indeed 
ample, to give all solutions that can come under any one of these 
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cases. The operator must use his own judgment in applying these 
principles. 

We give an example in each case, which, witli the incidental 
examples, will be sufficient to fix the principles in the mind of the 
operator. 

EXAMPLE 1. 

In any plane triangle, given one side and the two adjacent angles, to 
find the other sides and angle. 

In the triangle ABO, given ^£=376, the angle .4=48° 3', and 
the angle ^=40° 14', to find the other parts. 

As the sum of the three angles of every triangle is equal to 1 80°, 
the third angle C must be 180°— 88° ir=9r 43'. 



Take 376 from the scale, by means of the dividers, and place it 
on paper; making one extremity of the Une A, and the other 
extremity £. From A, by means of the protractor (or otherwise), 
make the angle ^=48° 3', and from £, make the angle 
^=40° 14'. The intersections of the lines AC, BC, will ^ve the 
angle C, which being measured will be found to be a little more 
than a right angle. 

Take AC'm the dividers, and apply it to the scale, and it will be 
found to be 243 ; and .5(7 wUl be found to be 279.8, if the projec- 
tion is accurately made; bui no one should expect numerical accuracy 
from this mechasiical Ttiethod. 

N. B. Out figures in the book do not pretend to accuracy, they should be 
drawn on paper on a larger scale. 



To find ^C. 




As sm. 91° 43' 


9.999805 


: AB31S 


2.576188 


:: sin.AB40°14' - 


9.810167 




12.385365 


: ^C243 ... - 


2,386550 


Observe, that the sine of 91° 43' is the same i 


IS the cosine of 1° 43'. 



MBvGooi^le 



SURVEYING. 




To find BO. 




As sin. 91° 43' - - - - 


9.999806 


: ABSIG 


- 2.575188 


: : sin. ^ 48° 3' 


9.871414 




12.446602 


: .2(7279.8 - . - - 


2.446797 


EXAMPLE 2. 




ilane triangle, given two sides, and a 


n avgle opposite 



■of 

them, to determine the other parts. 

Let .^iJ=:l751. feet, one ofthe^ren I 
sides. The angle i>=31° 17' 19", and | 
the side opposite, 1267.5. From these I 
data, we are required to find the other I 
side, and the other two angles. 

In this case we do not know whether I 
j4 (7 or -4.S represents 1267.5, because * 
A C^AE. If we take A C for the other ^ven side, t 
other required side, and DACis the vertical angle, 
for the other given side, then DS is the required side, and DAB is 
the vertical angle ; but in such cases we determine both triangles. 




Draw J)E indefinitely — from the point D make the angle 
i)=31'' 17'. .^i>=176!., but call it 176.1, which take from the 
scale. Place one foot of the dividers at D, the other foot will extend 
to A, thus finding the point A. 

Take 125.75 in the dividers, place one foot at J as a center, and 
with tte other strike an arc, cutting DE in C and E. Join A 0, 
AE, and one or the other of the triangles ^ (7i) ADE, will be the 
triangle required. D C and DE applied to the scale, will give one- 
tenth of the required side, and the angle U or DC A, measured, will 
be one of the required angles. 

We can also take one hundredth part of the sides, as well as the 
tenth ; this will mate no difference with the angles, the triangles 
thus formed will be similar. 

la that case AD= 17.51, and the side sought will be 23.64, which 
can be changed to 2364. 
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To find the angle E=C. 
(Prop. 4.J As ^C=^^= 1257.6 log. 3.099508 



: iJsririg" 


log. 


9.715460 
3.243286 




12.968746 


r=C: 46=18' 


9.859238 



From 180° take 46° 18', and the remainder is the angle DCA 

= 133=42'. 

The angle DAO=^ACE~-I>{Qi. ll,b. 1) ; that is, 

D^C=46° 18'— 31" 17' 19"=15°0'41". 

The angles D and E, taken from 180", give BAE^im" 24' 41". 

To find DC. 

As sin. i> 31' 17' 19" log. 9.715460 

: .4(71267.6 log. 3.099508 

:: sin. i).4C 15° 0' 41" log. 9.413317 



: 2) (7 626.86 

To 
A8^.2>31''17'19 

; AC 125T. 5 
: : sin. 102° 24' 41" 


findJDK 


12.512825 
2.797166 

9.716460 
3.099508 
9.989730 




13.089238 



N. B. To make the triangle possible, ACiaM%i not be less than 
AB, the sine of the angle D, when DA is made radius. 

EXAMPLE 3. 

Jn any plane triangle, given two sides and Ike included angle, to find 
ike oiker parts. 

Let ^i>=1751 (see last figure), i).ff=2364.5, and the included 
angle i>=41° 17' 19". We are required to find BB, the angle 
DAE, and angle E. Observe that the angle E must be less than 
the angle DAE, because it is opposite a less ude. 
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INSTRUMEBTALLT. 

TaVe I>U=Z36A5 from the scale (as near as possible), and from 
J) draw J)A, making the given angle 41° 17' 19". 

Take 175.1 from the scale, in the dividers, and with it mark off 
DA. SomA£!; and ^.0^ will be the triangle in question, and^^ 
applied to the scale will give the tenth part of the side sought ; and 
measuring the angle H with the protractor (or otherwise), will 
determine its value. 

From . - - . 180° 

Take I> - - ■ ■ 31" 17' 19" 



Sum of the other two angles =148° 42'41" (th. !!, b. I) 
^ sura - ■ - = 74° 21' 20" 

By proposition 7, 

I>£+J}A : DS—ZfA=ta.ji. 74° 21' 20" : tan. ^ (^DAE—E) 
That is, 

4U5.5 : 613.6=tan. 74° 21' 20" : \{DAS—S) 

Tan. 74° 91' 20" - - ■ 10.552778 
613.5 2.787815 



13.340693 
4115.5 log.(sub.) 3.614423 

\{DAE~JE)ta.-a.ZZ'' 1'36" 9.T26170 

But the half sum and half difference of any two quantities are 
equal to the greater of the two ; and the half sum, less the half 
difference, is equal the less. 

Therefore, to 74° 21' 20" 
Add 28 1 36 

1)^^=102° 22' 56" 
E= 46 19 44 
To find AE. 
As sm. .5:46'' 19' 44" - - 9.359323 

: DA 1751 , - - - 3.243286 
: : sin.i>31° 17' 19" - - 9.715460 

12.958746 
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EXAMPLE 4. 

Giv&i the three sides of a jjlane triangle to find tlie angles. 
Given ^C=1751, (7^=1257.6, ^£=2364.6 
If we take the formula for coanes, we will j 
compute the greatest angle, which is C 



Construct a triangle with the three given j 
sides 236.45, I25.7S, and 175.1, according I 
to problem 16, chapter I. The angles then measured will show 
their value. 




S' 


20.000000 


a=2686.5 


3.429187 


s—c.—ti9.9. 


2.607866 


Numerator, 


log. 25.937043 


a 1257.5 


3.099508 


S1751. 


3.243286 


minator, log. 


6.342794 6.342694 




2)19.594249 


iC= 61' I r 10" CO 


IS. 9.797124 


(7=102 22 20 





The rem^lng angles may now be found by problem 4. 
We g^ve the following examples for practical exercises : 
Let ABC represent any obUque angled triangle. 

1. Given ^£697, the angle A 81° 30' 10", and the angle £ 40° 
30' 44", to find the other parts. 

Ans. ^C534, .5(7813, and the angle C67° 69' 4". 

2. If AO=7S0.8, the angle ^=70° 5' 22", and the angle £= 
59" 36' 36", required the other parts. 

Ans. ^£643.2, BC7S5.8, and the angle CSO" 19' 6". 

3. <:Hven£(7980.1,theangle^7''26'26", and the angle £106° 
2' 23", to find the other parts. 

Ans. ^.57284, ^C7613.3, and the angle (7 66° 51' 11". 
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STJEVEIIN6. 

SnETTTOHO is the art of running definite lines on the surface of the 
earth, measuring them, and finding the contents of lands ; and the 
subject necessarily includes the measure of surfeces generally. We 
shall therefore commence with mensuration. 

Mensuration Is the application of the principles of Geomefry, to 
the measure of surfaces and solids, and when lands are measured it 
is a part of surveying. We shall be very brief on mensuration 
proper, because the rules are so simple and obvious. For the 
demonstration of the rules, we refer to (Lcgendre and Robinson's 
Geometry.) 

All surfaces are measured by the number of square units which 
they contMn. The unit may be taken at pleasure ; it may be an 
inch, foot, yard, rod, mile, ice, as convenience and propriety may 
dictate. 

The sqttare unil is always the square or the linear unit. 

PROBLEM I. 

To find the area of a square, or a parallelogram. 
BuLS. — Multiply the length by Ike perpendicular breadth, and the 
product wSl he the area. 

{Leg. b. IV, prop. V. Rob. book I, th. 99). 

1. What is the area of a square whose sides are 6 feet 3 inches ? 

Ans, SSjfj square feet. * 

2. How many square feet are in a board that is 13L feet long 
and 10 inches wide *? Ans. 1 Ij square feet. 

3. A lot of land is 80 rods Iwig, and 45 rods wide, how many 
square rods does it contain, and how many acres ? 

Ans. 3600 rods, 22^ acres, 

■ Note. — Reductiona fram one metuuie (a another har« no T«feTenca M ths 
nileiliere given, 
C70) 
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4. A man bought a farm 198 rods long, and 150 rods wide, at 
$32 per acre ; what did it come to ? Arts. $5940. 

PROBLEM II. 

To find the area of a triangle, when the base and altitude are 
^ven. 

Rum. — Multiply one of these dimensions by half the other, and 
the product mil be the area required. 

(Leg. bcwk IV, p. VI. Rob. book I, th. 30). 



se is 148 feet, and 
Ans. 370 yards, 
is 181 feet and alti- 
Ans. 23111 feet. 



1. How many yards in a triangle whose I 
perpendicular 45 feet ? 

2. What is the area of a triangle whose ha; 
tude 251 feet ? 

PROBLEM III. 

Investigate and give a rule for finding the area of a triangle when 
two sides and their included angle are given. 

Let ABC be the triangles, AB, BC the J 
given sides, and B the given angle. 

Represent the side opposite to iJie angle .^, | 
by a, oppodte C, by c, and opposite B, by b. \ 

Now a and c are the given sides, and by problem II, the area is 
la(^D) (J) 

The trigometrical value of AS can be found from the right 
angled triangle ABD. 

Thus, si^.ADB:c::^m.B:AD. 

That is, \ -.c:: sin. B : AD. 

Whence AD=c sm. B. 

This value of AD substituted in {1} ^ves 

'^ac sin. B= area A (2). 

This expression is the area of the triangle, and from it we draw 
the following rule. 

Rule. — Take half the product of ike two given sides and multiply 
ilbythe natural sine of the included angle, and the last product will be 
the area required. 



;dOvGoO»^IC 



73 SURVEYING. 

1. One side of a triangle is 82 feet, another 90 feet, and theii 
included angle is 27' 31', What is the area ? 

Ans. 1749.4 scjuare feet. 
27° 31' Nat. sine. - - - 46201 
ioc 3780 



323407 
138603 

1749.39780 Ans. 
When we use logarithms we have the following rule : 
Bdlk. — To the logaritkm& of the two sides, add the log. sine of the 
ineladed angle, and the sum r^ecting 10, in the index, is the logarithm 
of twice the area of the triangle. 

2. A certain triangle has one side 126.81, another equal 67.65, 
and their included angle 67° 25', what is its area ? Ans. 3056.7. 
125.81 log. 2.099715 

57.66 log. 1.760799 

67° 25' sine 9.926626 



2 Area, 6111.4 log. 3.786140 

3. How many square yards in a triangle, two sides of which ari 
26 and 21i feet, and their included angle 46" ? Ans.- 20.8696. 

PROBLEM IV. 

Investigate and give a rule for finding the area of a triangle whet 
the three sides are given. 

{See figure to problem III). Let A represent the area of an] 
plane triangle, then by problem III 

A=\aeAn.B. (1) 

But sin. S=2 sin. ^B cos. ^B. (Eq. 30, trigonometry). 

Therefore, A=ac, sin. \B cos. \B. (2) 

Now in proposition 8, trigonometry, wc find 

Si»-t^=V' ''~°i'" -' (S) 

and COS. i£=Av/ifc9 (4) 
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The product of (3) into (4) is 



»4^=y5 



:(._)(,_i)(,_,) 



(5) 



or ■K.i.42(oos.ii!«V»(— «)(>-»)(")■ (6) 
By comparing (2) and (6) we perceive that 

Here « represents the half sum of a, b, and c, therefore, we have 
the following rule to find the area when the three sides are ^ven. 

KuLE. — Add ihe three sides together and take half tlie sum. From 
llie half sum take each side separately, tktis diaining three remainders. 
Multiply the said half sum and the three remainders together; tlw 
■sqtiare root of this product is the area required. 

1. Find the area of a triangle whose sides are 20, 30, and 40. 
Ans, 290,47. 
I sum =45, 1st Rem. =25, 2d=15, 3d=5. 



^45. 25. IS. 6= ^225.25. 15=15.5^1 5= 75(3.873)=290.474. 

2. How many acres in a triangle whose sides are severally 60, 
50, and 40 rods ? Ans. 6^ nearly. 

3. How many square yards are there in a triangle whose sides 
are 30. 40 and SO feet? Ans. 66|. 

4. Thdre is a triangular lot of land containing 8 acres, two of 
its. sides are 84, and 46 rods respectively ; what is the angle be- 
tween these sides, eoA what is the length of the remmning side ? 

Ans. The angle is 60° 27', or is supplement 1 IS" S3'. 
The nde is 67,37 rods, or 95.535 rods ; the less angle corres- 



In short, there are two triangli 
to the conditions, the one is ABE, the otiii 
ABC. They are equal because they 
the same base and between the same parallels. 
A£!= 57.37, AC = 95.535. 
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PROBLEM V. 
To find the area of a trapezoid. 

RuiiK. — Add the two parallel sides together, and take half the sum. 
Multiply this half turn by the perpendicular distance between the sides. 
Or, The sum of the parallel wdes multiplied by their distance 
asunder will give tnice the araa. 

(Leg. book IV, prop. VII. Rob. b. I, th. 31). 
RwABZ. — The spplicBtion of this prablsm is the moat impottant of any 
in general aiitveying, ea will appear in the aequel, and if the geDmetricnf 
dieorem Is not familiar to the student bo should again review it. 

Ex. 1. In a trapezoid, the parallel sides are 750 and 1225, and 
the perpendicular distance between them 1540 links: to find the 

1225 
750 
1976X770=152075 square links =15 acr. 33 perches. 
Ex. 2. How many square feet are contained in a plank, whose 
length is t2 feet six inches, the breadth at the greater end 15 
inches, and at the less end 11 inches? Ans. 13^ j feet. 

Ex. 3. In measuring along one side A£ of a quadrangular field, 
that sidei and the two perpendiculars let fall on it from the two 
opposite comers, measured as below, requited the content. 
AP= no links 
AQ= 746 
AB=- mo 
CP=: 352 
J>Q>= 595 

Ans. 4 acres, 1 rood, 5.792 perches. 1 
Hctb we percore a trapezoid and two right angled triangles. 
K. B. A chun is 4 rods, and contains 100 links ; 10 square 
chuna make an acr«. 

PROBLEM VI. 

To find the Area of any Trapesium, 

DtviDB the trapezium into two triangles by a lEagonal ; then find 
tlte areas of these triangles, and add them t<^ther. 
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75 



Or thus, let fall two perpendiculars oa the diagonal from tlie other 
two opposite angles ; then, add these two perpendiculars together, 
and multiply that sum by the diagonal, taking kalf the product for 
the area of the trapeaium. 

Ex. I. To find the area of the trapezium, whose diagonal is 42, 
and the two perpendiculars on it 16 and 18. 
Here lfl+!8= 34, its half is 17. 
Thea 42X 17= 714 the area. 

Ex. 2. How many square yards of pavmg are in the trapezium, 
■whose diagonal is 65 feet ; and the two perpendiculars let fall on it 
28 and 33^ feet ? Ans. SSS^'j yards. 

When the sides of a trapeaium, and two of its 
given, the most convenient rule for finding its 
problem III. 

Conceive GB joined, then the whole figure 
consists of two triangles and the whole 
is found in the following expression 
i^AB X ACY. &m.A) + (CD X DB : 
CDB.) 

In the quadrilateral ACDB we have AO 16,7, CD 20.4, DB 
14.24, and BA 27.7 rods. The angle A 78° 15' and the opposite 
angle CDB 97° 30'. What is the area enclosed ? 

Ans, 366.65 square rods. 

PROBLEM VII. 

To find the area ef an irregular figure bounded by any number 
of right hues. 

KnLB. — Draw diagonala dividing the figure into tnanghs. Mnd 
the areas of the triangles so formed and add them together for the area 
of the vihole. 

Let it be required to find the I 
area of the adjoining figure 
five sides. On the supposition I 
that AC=36.21 .£'C=39.n 
Aa=i.n .ej=4andZirf=7.26 
Ans. 296,129. 
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PROBLEM VIII. 

To fiad the area of a long irregular 
figure like the one represented in the 
margin, it is necessary to divide it into I 
trapezoids. Then find the area of each ■ 
one of the trapeaoids (by problem V.) and add them together for the 
whole area. 

If however the trapezoids have equal distances between their 
parallel sides we can tate a more summary process, which we dis- 
cover by the following investigation. 

The trapezoid AEFD=^^ {a-\-b)XAE. 

GTB^ff =L (^c+d)X GI. 
TBCK ■^\{d^e)XIB. 
On tie supposition that AE, EG, GI, &c. are all equal to each 
other the sum of these is / a e\ 

which represents the area of the whole figure. 

From this we draw tJie following rule to find the area of a Jong 

a,nd narrow figure bounded by a right line on one side, and a broken 

or curve line on the other, to which off sets are made at equidistant 

points along the right line. 

EuLK. — Add ike intermediale breadths or 10 sets together, and the half 

mm of the extreme one : then multiply this sum ly one of the equal parti 

of the right line, the product mil be tke area required, very nearly.* 
1. The breadths- of an irregular figure at five equidistant places, 

bemg 6,2, 5.4, 9.2, 3.1, 4,2, and the length of the base 60, what is 

the area ? 

Mean of the Estremea S.2 

Sum of 5.4, 9.2, 3.1 rH 

Siuu 22,9 

One of the equal parts 1 5 



• In case DF, PH, &c. are right lines we shall have the area exactly, if they 
9 olhor than right lines tlio area will be iiesriy. 
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2. The length of an irregular figure being 04, and the breadths 
at six equidistant places 17.4 20.6 14.2 16.5 20,1 24.4; what 
is the area? Ans. 1560.64. 

PROBLEM IX. 
To find the area of a circle, also any sector or segmeat of a 

Rule I. — The area of a circle is found hy multipti/inff the radius 
hy half the cirmimference. 

(Leg. book V, prop. 12. Eob. book V, th. 1.) 

Rule 2. Multiply tlie square of the diameter hy the decimal .7864. 

When the radius of a circle is I, the length of one degree on the 
circumference is 0.01745 and the whole circumference is 3.1416. 

The radius and the circiimfercnce increase and decrease by the 
same ratio, therefore the length of any arc corresponding to any 
radius is easily computed. 

A sector of a circle is to the whole circle as the number of d 
it contains is to 360. 

The area of a segment of a circle as FAE, t 
may be found hy first finding the sector FOE, \ 
and from it taking the area of the triangle 
FCE. 

This same triangle added to the greater sec- 
tor will give the greater segment. 

These principles and rules are sufficient to \ 
solve the following eiamples which are g^vea merely as educational 
Exercises. 

1. What is the area of a circle whose diameter is 10 ? 

Ans. 78.54. 

2. What is the area of a circle whose diameter is 20 ? 

Ans. 4 times 78.54. 

3. What is the area of a circle whose circumference is 12 ? 

Ans. 11.4596, 

4. How many square yards are in a circle whose diameter is 3^ 
feet? Ans. 1.069. 

6. Find the length of an arc of 20°, the radius being 9 feet. 

Ans. 3.141. 
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6. Find the length of an avc of 60°, the radius being 18 feet. 

Ans, 18.846. 

7. To find the length of an arc of 30 degrees, the radius being 9 
feet. Ans. 4.7115. 

8. To find the length of an aro of 12° 10', or 12°^, the radius 
being 10 feet. Ans. 2.1231. 

9. What is the area of a circular sector whose arc is 18° ajid the 
diameter 3 feet? Ans. 0.35343. 

10. To find the area of a sector, whose radius is 10, and arc 20? 

Ans. 100. 

11. Eequired the area of a sector, whose radius is 25, and its 
t 147° 29'. Ans. 804.: 



12. What is the area of the segment, whose height is 18, and 
diameter of the circle 50 ? Ans. 636.375. 

13. Bequired the area of the segment whose chord is 16, the 
diameter being 20 ? Ans. 44.728. 

14. What is the length of a chord which cuts off one-third of 



the area from a circle whose diameter is 289 ? 


Ans. 278.6716. 


16. The radius of a certain circle is 10 ; what is 


the area of a 


segment whose chord is 1 2 ? 


Ans. 16.35. 


16. What is the area of a segment whose height 


s 2 and chord 


20? 


Ans. 26.88. 


17. What is the area of a segment whose height 


s 5, the diame- 


ter of the circle being 8 ? 


Ans. 33.0486. 



PROBLEM X. 

To find the Area of an ElUj'Se. 

Rttle. — Multiply the two semi-axes togelJier and their product hy 
3.1416. (See conic sections). 

1. Eef^uircd the area of an Ellipse whose two semi-axes are 25 
and 20. Ans. 1570.8. 

2. The two semi-ases of an Ellipse are 12 and 9, what is its area? 

Ans. 339.29. 

To find the area of any portion of a parabola we multiply the 

base by the perpendicular height, and take two-tkirda Oj 

the area required. (See conic sections). 
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Required the area of a parabola, the base bdng 20, and the alti- 
tude 30. Am. 400. 

The surfaces of prisms, cylinders, pyramids, cones, &c., are found 
by the applicatiott o( the preceding rules. 

From theorem 16, book VII, Geometry, we learn that 

2Ke convex surfaee of a sphere m egual to the product of tte diarw- 
ier into Us draanference. 

The surface of a segment ia equal to iTie circw^ereMe of the sphere, 
fotdUplied into the Oackneas of the seffnteni. 

In the same sphere, or in equal spheres. Hie surfaces ofdiffema atg- 
menls are to each other as tlieir attitudes. 

MENSTJKATION OF SOLIDS. 

Br the Mensuration of Solids are determined the spaces included 
by contiguous surfaces ; and the sum of the measures of these 
including surfaces, is the whole surface or superficies of the body. 

The measures of a solid, is called its solidity, capacity, or 
content. 

Solids are measured by cubes, whose sides are inches, or feet, or 
yards, r&c. And hence the solidity of a body is said to be so many 
cubic inches, feet, yards. Sea., as will fill its capacity or space, or 
another of an equal magnitude. 

The least solid measure is the cubic inch, other cubes being taken 
from it according to the proportion in the fc^owing table, which is 
formed by cubing the hnear proportions. 

TaNe of CuHc or Solid Measures. 

1728 cubic iBehes make 1 cubic foot 
27 cubic feet 1 cubic yard 

166^- cubic yards 1 cubic pole 

64000 cubic poles 1 cubic furlong 

512 cubic furlongs I cubic mile. 

As the mensuration of solids has little to do mth surveying or 
navigation, we shall leave this subject after simply stating the fol- 
lowing truths, which are demonstrated in soUd geometry. 

In fact, these truths may be called rules for practical opeiutions. 
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1. The solidUy of a cahe, parallelepiped, prism, or cylinder, is 
found h/ multiplying the area of its base by the altitude. 

2. Tlie solidity of a pyramid or cone is found by multtplyiny the 
base by the altitude, and lakittg one-third of the product. 

3. Tli4 solidity of the frvstwm of a pyramid or cone is found by 
calculatinff the saHdUy ^ the pyramid when complete, and aiditractiny 
from ii the solidiiy of the part removed ; or hf mtdiiplyiny the tcp 
and bottom diameters together and thai product by the altitude, and titen 
to this last prod-tuA adding a sum produced by squaring the difference 
between the top and bottom, diameters and multiplying il by one-third of 
the height, 

4. Guaging is performed by considering a cask to be made up of 
two frustums of cones placed base to base, and applying the rules for 
the measurement of suck solids. 

5. The solidity of a sphere is iv>o-thirds of the solidity of Us cir^ 
eumscribinff cylinder. 



CHAPTER I. 
MENSURATION OP LANDS. 

Lands are not only measured to find their areas, but their exact 
positions must be ascertained, the direction which eaeh line makes 
with the meridians, or leilh the north and south lines on the earth. 

The boundaries of each tract of land are referred to that meri- 
dian which runs through or by the aide of it. 

All meridian lines meet at the poles, therefore they are not 
parallel, (except at the equator,) but the poles are so far distant 
that no sensible error can arise from supposing them parallel, and 
all surveys arB made on the supposition that the surface of the earth 
is a plane and the meridians parallel. When large surveys are 
made, like a county or a state, the spherical form of the earth 
should be taken into consideration. 

Meridian Unes in surveys are usually determined by the magnetic 
needle, but the needle does not settle exactly north and south, gen- 



;dOvGoO»^IC 



MENSURATION OF LANDS. 81 

erally speaiing, and the direction which it does settle is called the 
maffnelic meridian. 

Surveys are often made by the moffnetie mefidian, as the true one, 
and this would answer every purpose, provided the difference be- 
tween the magnetic and true meridians were every ■where aJid at all 
times the same, but this is not so. 

The magnetic meridiaii is variable, and for this reason it is vRiy 
difBcult to trace old lines, unless visible monuments are left, or 
unless the record refers to the true meridian. 

Lines are generally measured by a chain of 66 feet or 4 rods in 
length, containing 100 links, each link is therefore 7.92 inches. 

The area of land is estimated in acres and hundredths, formerly 
in acres, roods, and perches, but the modern method is more simple 
and convenient ; we have a clearer conception of 35 hundreths of 
an acre than we have of I rood and 16 perches, 

An acre is equal to 10 square chains or 100,000 square links. 

We may note down the length of a lino in. chains and hundreths, 
or ia links only, for it ia nearly one and the same thing : thus, 12 
chains and 38 Enks may be written 12,3B, or 1238 links. 

The area of a field may be found by measuring with the chain 
only, and dividing it into rectangles and triangles, and computing 
each of them separately, according to the rules laid down in men- 
suration. 

The most common method for measuring a field for calculation, 
is, to take the length of all the sides of the field with the chain, and 
their bearings with the surveyor's compass. With these notes an 
accurate plan or plot of the field may be made on paper, and then 
its contents ascertained by cutting it into triangles and measuring 
their bases and perpendiculars with a scale and dividers. A very 
little instruction from a teacher will enable the student to praciica 
this method with success ; yel no initrumental measures pretend to be 
■icalii/ accurate, they are 



Provide a chain and 10 small arrows or marking pins to fix one 
uito the ground, as a mark, at the end of every chain ; two persons 
take hold of the chain, one at each end of it ; and all the 10 arrows 
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are taken by one of them who goes foremost, and is called the 
leader ; the other being called the follower, for distinction's sake. 

A picket, or station-staff being set up in the direction of the line 
to be measured, if there do not appear some marks naturally in that 
direction, they measure straight towards it, the leader fixing down 
an arrow at the end of every chain, which the follower always takes 
up, as he comes at it, till all the ten arrows are used. They are 
then all returned to the leader, to use over again. And thus the 
arrows are changed from the one to the other at every 10 chains' 
length, till the whole line is finished ; then the number of changes 
of the arrows shows the number of tens, to which the follower adds 
the arrows he holds in his hand, and the number of links of another 
chain over to the mark or end of the line. So, if there have been 
3 changes of the arrows, and the follower hold 6 arrows, and the 
end of the line cut off 45 links more, the whole length of the line is 
set down in links thus, 3645. 

In all these measures horizontal distances are required, and they 
are obtained, at least very nearly, by holding the chmn in a horizon' 
ial position, both on ascending and descending ground. If the de- 
clivity is too great to admit of measuring a whole chain at a time, 
take a part of it, and in all cases the proper position of the ulevated 
extremity should be determined by a plumb line. The reason of 
these operations b obvious by the 
adjoining figure ; we require the 
line AS, and not the line along 
the ground as AC, 

AB=ab+cd+/C. 

It is not only necessary to 
measure hnes but we must also i 
know their direction or the angles | 
which they make with the meridian. 

This is commonly determined by means of the 

eUBVEYOR's COMPASS. 

The surveyor's compass consists of a horizontal circle to which 
are attached sight-vanes and a magnetic needle delicately balanced 
on its centre. 

When the compass is set, that is, standing in a free horizontal 
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position and the needle free to move on the center, the needle will 
keep the magnetic meridian, and the circular plate may be turned 
under U to bring the aight-vanes to any line ; — the needle will then 
point out the degree of inclination which the hne makes with the 
meridian. 

It is important that this part of the subject be most clearly under- 
stood by the learner, we therefore give the following minute illus- 
tration of it. 

Let the reader noai face the north loifh the book open before him, his 
right hand is then toward the east, and his left hand toward the 

The folSowing fig- 
ure represents the 
compass set to the 
magnetic meridian, 
that is the sight-Tanes 
Vv and the needle 
lie in the same direc- 
tion. The degrees on 
the plate are num- 
bered both ways from 
Jfaiid S to .S'and W. 

At the first view 
of this subject, it has 
surprised many to , 
find TFfor west on the 
right hand toward the 
east, and jE in the 
direction toward the west. 
next figure. 

Suppose we wished to find the direction of a line from the center 
of the compass to the object B. We set tiie compass, that is 
place it horizontal on its staff or tripod, the needle will take the 
same direclJon as in the first figure, parallel to the mar^n of the 
paper. 

The sight-vanes Vv are turned toward the object £ which turns 
the whole plate, but the needle retains its position. 




by the 
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We now read tlie 
degree pointed out 
by the north, end of 
the needle, and we 
find it to be about 



50° 



the 




between iV and £!. 
showing t/ial the 

from Hie center of the I 
compatis to S is North I 
about 50° toward tlie I 
East — a Bi-esult obvi- | 
ously true. 

Turning the sight- 1 
van t ward 
north west will bring 
the a c bet veen .^''and W to the north point of the needle. For 
example f it were required to run a line North 31° West, frora a 
ert m po nt, all we have to do is to set the compass over that point, 
level the plate, see that the needle is free to move on its pivot, and 
BO turn the plate that the north end of the needle will settle at 31° 
between iV and W, the range of the sight-vanes will then show the 
required line. Proceed in the same manner to find any other line. 

Care should be taken that no iron or steel comes near the compass 
while operatmg with it. To insure a correct position of the needle 
is the principal difEcnltj, but if it settles with a free motion, descri- 
bing nearly equal arcs, slowly decreasing on each side of a given 
point and finally rests at that point, it operates well, and may be 
relied upon. 

In whatever direction we run, tlie north point of the needle should 
always lie on some part of the north side of the plate, that is, nearer 
to ^ than to S and this can always be except when we run duo east 
or west per compass. 

Lines should be tested by taking bticlc sii/hts or reverse bearings, 
which will he exactly in the opposite point of the compass, in case 
there is no local attraction to disturb the needle. If the line just 
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run over does not correspond to the exact opposite point of the com- 
pass, it shows carelessness in rimning or some local attraction of the 
needle. We shall show how to overcome this last difficulty fiu'- 
ther on. 

Compasses are usually marked to ialf degrees, some of them are 
subdivided to one fourth degrees, but by the tdd of a vernier scale 
we can theoretically read the arc to one minute of a degree. 

BKSCBIPTION OP THB VERNIER. 

The vernier to a compass is on the outer edge of the graduated 
limb. It is a slip of meted made to fit the gradttated limb of an instru' 
meni, and the equal divisions upon it are so made that u divimms on 
the vernier will cover n±l divisions on the limi. 

The vernier of the compass is on the outside of the dial plate and 
it is £rm]y attached fo the bar that holds the sight-vanes. The 
dial plate can be moved to and fro along it by means of a screw. 

The vernier is used when the needle points between two divisions 
on the limb : the dial plafe is then gently moved by the screw until 
the needle points exactly to the preceding division on the limb, this 
being done, that division on the vernier which makes a right-line, 
that is, coincides with a division on the arc is the number of small 
divisions {minutes) to be added to the division on the limb now 
pointed out by the needle. 

Practieal and experienced men, never use the vernier of Hie compass, 
because they can read the compass without it to greater accuracy 
than they can really run a line. 

But as the vernier scale is of the greatest importance attached to 
several other instruments, which will be referred to in this work, we 
now make an effort to give the learner a clear comprehension of it. 

Let AB represent 
portion of an arc and £!!> I 
the vernier whicV is c 
ceived to be attached to I 
an index bar and made | 
to revolve with it. 

In case on the vernier makes a right line with 10° on the arc 
as is represented in the figure, then the index marks 10°. But if 
on the vernier is a little beyond 10° we then look along the vernier 
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scale to see what division of it makes a right line with some division 
on the hmb, suppose the division 8 on the vernier coincided with a 
division on the Hmb then the index would mark 10° 8'. 

To understand the philosophy of this : Let x represent the value 
of a division on the vernier and n the number of them which cover 
(ra — 1 ) divisions on the limb, then 



-=3 — 3* 

&c. &a. to n, number, from which it appears that one division on 
tkc vernier beyond a division on the limb corresponds with the wth 
part of the unit of graduation, two divisions of the vernier above 
two divisions on the limb, correspond with 2nth division of the unit 
of graduation, &c. 

In our figure to=30, the graduation of the limb is to half degrees 
or 30 minutes, and tliis vernier measures minutes. Temiers on many 
instriiments measure as small as ten seconds of arc and oa scime 
very large instruments as low asfottr seconds. 
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CHAPTER II. 

Having shown ia the preceding chapter how to use a compass — 
to run lines, and to measure them ; the next step is to keep a 
proper record of all the lines run, and compute the areas they enclose. 

A line traced on the ground, is called a course, the angle that it 
makes, with the meridian passing through the point of beginning, ia 
CE^ed its bearing. 

A course written ir42° E, indicates that the line runs between 
the north and the east, and makes an angle of 42° with the meridian ; 
when between the north and west, we write I^. W., putting the 
number of degrees and minutes between. 

Lines from the south point, are also written S. E. and S. W. ; 
that is, bearings are reckoned from the north and south points, east 
and west, as the case may be. 

Hence, to make a record of a survey, all we have to do is to write 
the hearing and distance of each course, and if the last side runs to 
tJie point of beginning, it is a complete survey ; otherwise it is not. 

Of course, no area can be attached to any un-enclosed space. To 
complete a partial survey, to enclose a space, to find an area, or to 
t«st the accuracy of a complete survey ; the most satisfactory method 
of investigation, is that known as 

LATITUDX AHS DBPABTURi:. 

Latitude is the distance of the end of a line north or south of its 
beginning, measured on a meridian, and it is called either northing 
or southing, according as the line runs north or south. Departure 
is the distance of the end of a line east or west of its beginning, 
measured perpendicuiar to a meridian, and it is called easting or 
westing, according as the line runs east or west. 

For example, suppose that we have the following bearings and 
distances, which enclose a space represented by ABCD. 

Beufnga. PlsUncss, 

AB 2^.2301!. - - 17 

£0 ^~83°E. - - 11 

CD S. U° E. ' ■ 23 

X>A N.IT^W.- . - .2^66 
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Let iV5 represent the meridian 
rmming througli A, the most western 
point of the field ; make tiie angle 
iPJ5=!=23°, and A£=17 ; then Ab 
is the latitude, and £b is the depart- 
corresponding to the course 



A£. 



softi 




triangle A£b, having the hypotenii 

A£, and the angles, we can eoi 

pute Ab, and £b, 15.65, and 6.64, 1 

or we can turn to the traverse table, | 

and under 23° and opposite 17, ■m 

shall find the value of these lines t 

once ; and t/ds is the viilUy qf having the traverse talle. 

In the same manner we find Bin andmC, the latitude and depart- 
ure corresponding to the bearing and distance of the line £C. We 
find ^m=1.34, and mC=10.92. 

Thus we go round the field, taking the latitude and departure of 
each side, and arrange the whole in a table as follows : 







Dlst, 


N. S, 


E. 


w. 


An 


K 23°^- 


n 


15,65 


6 64 




no 


N. m°E- 


11 


1,34 


If) 99 




an 


S. 14," E. 


23 


22,32 


.^..-ifi 




DA 


2f. 77° TT. 


23,66 


5,33 


23^12 


23,05 
23106 






22,32 22,32 



When the several operations are performed with perfect accuracy, 
the sum of the northings will be equal to that of the southings, and 
the sum of the eastings to that of tte westings. This necessarily 
follows from the circumstance of the surveyor's returning (o the 
place from which he set out ; and it affords a means of judging of 
the correctness of the work. But it is not to be expected that the 
measurenaents and calculations in ordinaiy surveying will strictly 
bear this test. If tliere is only a small difference, as in the above 
example, between the northings and southings, or between the east- 
ings and westings, it may be imputed to slight imperfections in the 



Here the northings and southings agree, but the eastings are a 
litUe greater than the westings ; we will therefore decrease the 
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eastings by half tte error, and increase tke westings by the isame 
amoimt; the sums will then ag;ree. 

We do this without any forma! statement, but the operation is 
strictly that of proportion ; the greater the line the greater the cor- 
rection to be applied. 

When the errors are considerable, a re-survey should be made, 
and if the errors are stiU great, and in the same direction, there is 
reason to suspect that some local attraction disturbs the free action 
of the needle ; and then, if the importance demands it, a survey 
can be taken -leithout the compass, by methods we shall explain 
in some following chapter. 

We shall make use of this example and this figure to illustrate 
the 



For this, and for several other operations in practical mathematics, 
the learner must not expect a written rule : ori^nal principles are 
far more simple and reliable. 

We now require the angle ABC ; conceive the AB to be pro- 
duced, theu the angle between fiOaad the produced part, is 03° 
less 23°, or 60". Now 60° taken from 180° g^ves 120° for the 
angle ^SC 

Again the line .5(7 makes an angle with the meridian toward the 
north of 83°, therefore toward the south it must be 97° on the 
east side of it. The line BA makes an angle of 23° with the meri- 
dian on the west side of it; therefore, the angle ABO:= 97-1-23 
= 120, the same as before. 

To find the angle SC2>, we add 83° and 14°. Why? 

To find the angle CD A, we subtract 14° from 77°. Why ? 

To find the angle DAB, we add 14° to 77°. 

The sum of these 4 angles must equal 4 right angles. 

Suppose now that the surveyor runs the lines AB, BC, CD. and 
then wishes 



To close a survey is to run the last side so as \o strike the first 
pomt, when we are not able to see it. 

To accomplish this, we sum up the latitude and departure as far 
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as the point D, the result will sLow Dd and dA. Having then two 
sides of the right angled triangle, tlie angle dAD will be the bear- 
ing for dAD = nDA, because nD and jV5 are parallel. The side 
I>A can also be computed, but it should be measured also, as a test 
to the accuracy of the whole sui-vey. If, on running DA, accord- 
ing to computation, wc actually strike the point A, or very near to 
it, and there is little or no difference between actual measure and 
computation, then we may be sure that all the sides Lave been run 
correctly ; but if on running DA, we do not strike A, or the dis- 
tance does not correspond to computation, we may be sure of errors 
somewhere — either in want of skill or care in the operation, or the 
action of the compass has not been uniform at all the angular points. 
In case of material errors a re-survey should he made. 

In case that we have no means of making computations in the 
field, we may take a course as near the true oi 
will permit, and run it. This line must bring i 
be^nning, if it does not strike it, and when v 
point we must measure to it at right angl 
theu we shall have data to correct our course 



r judgment 

T the point of 

! get opposite to that 

i from the line run ; 

Running a line thus 

andom line, from which the true 



by guess work, is called running a 
hue can be found as follows : 

Suppose that when we arrive at D, we judge the course to the 
first point to be iV. 75° W,, and run that course, and after measuring 
28. C5 chsdns wo find that we are passing the first point, which is 83 
links in perpendicular distance toward the south ; what course 
should have been taken ? 

By the following invesligation we draw out a rule that 
will apply to oK suck cases. 

Let AB represent a true course, AD a random line, 
and D£ its amount of deviation. 

Also let DAE equal one degree, and take jirf=l, 
then the deviation at d will be the natural sine of one 
degree, and may be taken from the table of natural sines 
(which is .01745). 

By proportional triangle we have 

1 :.0MA5::AD:DM; 

Whence DE=0miA6{AD). 

Now J>S\s contained in DB as often as ]° is contMned in the 
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That is 



r =57.3. 



number of degrees in the angle DAB. Let a: represent the e 
ber of degrees in DAB, then 

i" .01745(^ID)' 

^(Z'i;)( 57.3) 

Hence, to correct a course, wQ have the following 

EuLB. — Multiply the deviation Sy 57.3, and divide iliat product hy 
the distance, aud the quotient will lie the number of degrees and parts 
of a degree to add to, or subtract from, tlie random course. 

This rule, applied to the present eiample, gives 
.83(57^^2„ 
23.65 

Hence, the true course is 75'^+2°=77°. 

Had the deviation of the random line been toward the south, we 
should have subtracted the correction ; but for this the operator 
must rely on his judgment. 

We now come to the 



By inspecting the figure we per- 
ceive that cODd is a trapezoid, 
from which, if we subtract the trian- 
gles ADd, ABb, and the trapezoid 
bBGc, the area of the field ABCD 
will be left 

OflsBBV* — T p eerv f in ly 

of eipreBB 



a fori 



ing 



■ 1 U Ui 
c K, g this 




trapezoids f wh I 

A trapezoid b m 1 1 gl wh 
smnllest pa tl I d 11 1 

It zero — convereely, then, a triangle 
trapezoid, whose smallest parallel side li 

We observe that C is the most northern point of the field, and D 
is the most southern. In traversing from C to D, from the north to 
the south, we pass along the oblique sides of trapezoids that we 
shall call smith areas, and in traversing from D ui A, B, and 0, 
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from the south to the north, we pass along the obUque sides of 
trapezoids, which we shall call north areas. Now it is obvious thai 
if we subtract the sum. of the north, areas from tJie sum cf the south 
areas, we shall have a remainder eqital to the area of the field. 

We now require a systematic method of finding these areas, or 
the area of these several trapezoids. In the first place, we must 
have latitudes and meridian distances. 

Latitude and departure have already been defined and explained. 



Meridian distances are the distances of the angular points of the 
field from the meridian which runs through the most westerly point 
of the field ; thus, hB, cC, dD, are meridian distances. 

Double meridian distances are the bases of triangles, or the svm of 
the parallel sides of the trapezoids. 

Thus 6S is the doiAle meridian distance of the side AB, or it is 
the double meridian distance of the middle point of the line AB. 
bS 4" cC is the double meridian distance of the line BO, or double 
the meridiaa distance of the middle point of £C. This double 
meridian distance (bB-i-cC) multiplied by bC, or Bm, the latitude 
corresponding to BC, will give the double area of the trapezoid 
bB, Cc. 

We are now prepared to give the following summary or rule for 
finding the area of any field bounded by any number of right lines ; 

RuLB, — 1. Pn^are a (able headed as in the exanwple, namely : 
Bearir^s, Dxatance, North, Soutli, East, West, Meridian distance, 
DoaUe meridian distance. North areas. South areas. 

2. Biyin at the most toeslem point of the f eld, and conceive a meri- 
dian to pass tkroKffh that point. 

Find, h/ the traverse table or ly trigonometry, the northings, southings, 
eastings, and westings of the several sides of the field, and set them in 
the tahle opposite their respective stations, under their proper letters N., 
S., B., Of W. 

3. For tJie first meridian distance take the departure of the first line ; 
for the second, take the first meridian distance and add to it the 
departure of the second line, if the departure is east, or subtract if 
west, dtc. 
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4. Add each two adjacent meridian distances, ami set their sum 
opposite the last of the two in ike odtimn of dviMe meridian distances. 

5. Mvlliplg each double meridian distance by the latitiide to which U 
is apposite, and set the product in the column of M. areas, if the latitude 
is north, and in thai of S. areas, if the latitude is south. 

6. Subtract the sum of the J^. areas from that of the S. areas, and 
take half the remainder, which mil he the area of the field in square 
ehoitis. Dividing this by 10 gives the acres; and tlie roods and 
rods arefaand hy ■m.ulUplying the decimal paiis hy 4 and by 40. 



JS 




IT^ 


15:65 


— 


E. 

-6M 
(6.63) 
10.92 

(10.90) 
5.56 
(5.55) 


w. 


M. D. 

6.63 


\S3 


10176 


?ii£^ 


BC 


N83°E 


il 


1.34 






17.53 


24.16 


33.37 




CD 


SHOE 


23 




22.32 




23.08 


40.61 




906.42 


DA 


m7°w 


23.66 


5.33 




23.05 
(23.08) 


0.00 


23.03 


123.02 
95915 


goMi 




23.0B 


Diff., 

Half, 
Dividing by 10, 


259.15 
647,27 
323.63 
32.363 



Hence the field contains 323 sqiiare chains and 63 hundredths, or 
thirty two acres and a little more than 36 hundredths of an acre. 

The numbers in parejitheses, as (6.63), and all others In parenthe- 
ses are the numbers corrected to make the eastings and westings 
agree, — the numbers above them are taken from the table. 

Before we give any more examples, it is proper to give some 
examples to show the practical utility of the 

TBAVEB8B TABLK, 

This table is computed to every half degree, but if a course is 
between two courses in the table, the operator can use his judgment 
and take out the proper intermediate numbers. 

Those who are not satisfied with this method, can use the table 
of natural sines and cosines, as we shall subsequently explain. 

The distances are consecutive to 30, then 35, 40, Ac., to 100. 
But a Uttle thought m the operator will enable him to use the table 
for any distance whatever. 
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The following examples will illustrate. 

1. A course is JV. 22° 30' K distance 62.43 ; what is the corres- 
ponding latitude and departure, as found in the table ? 

"We shall regard the distance as 6243 links, and separate it inio 



240 221.7 91.8 

3 2.77 f.15 

6243 5767.47 2388.95 

If we now return to chains and links, the latitude is 57.67 and the 
departure 23.89. 

We entered 240 in the table, as 24 chains, and took the numbers 
corresponding, 

2. A course is _V. 48° 30' W.. distance 187.61 ; what is the corres- 
ponding latitude and departure ? 

180.00 119.30 134.80 

7.60 S.036 6.692 

1 066 076 



187,61 124.3426 139.4995 

If we now take the distance as 187 chains and 61 links, the Lat. 
is 124 ch. 34 links, and the Dep. is 139 ch, and 60 links. 

3. A course is S. 81° W., distance 76.87 ; what is the corres- 
ponding latitude and departure ? 

Ni. LbI, Dep. 

75.00 1173. 7408. 

1.80 28.2 177.8 

7 1.10 6-91 

76,87 1202,3 7592.71 

If 76 ch. 87 hn,, Lat. 12 ch. 2 lin., Dep. 76 ch, 93 liaks. 
Thus we can find the latitude and departure for any distance cor- 
responding to any degree and half degree. 

We can find it to any degree and minute of a degree by the table 
of natural sines and cosines. 

The cconmcm, tcdiles containing natural cosines arid sitte* are nothing 
more than laiUude and departure corresponding to unUy of distance. 
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Therefore, a double distfince will correspond to a double distance 
in latitude aud departure, a treble distance will give a treble amount 
of latitude and departure, and so on in proportion. Lat. e^ Nat. 
cosine. Dep. = Nat. siae. 

Hence ; The natural cosine of any course taken as a decimal, mid- 
tiplied hf any distance, iiiUl give the latiiiide corresponding to that 
course and distance. Also, the natural sine taken as a decimal, multi- 
plied hy a given distance, will give tke departure corresponding to that 
course and distance. 

W. B. Nat. sines and cosines are found in table II., pages 21-65 
of tables. For common purposes, four places of decimals are suffi- 
cient. 

1. The bearing of a certain line is -V: 35° 38' I!. ; distance 12 
chains ; what is the corresponding latitude and departure ? 

Angle 35" 18' N. cos. .81614 H". sin. .57786 

Dia, (multiplier) 12 12 

Diif. Lat= 9.79368 Dep. 6,93432 

2. A certab line runs S. i° 60' U. ; distance 74,40 ; what is the 
corresponding latitude and departure '? 

Angle 4° 50' N. cos. .9964 N, sin. .0842 

Distance 74.4 74.4 

39856 3368 

39866 S368 

69748 5894 

Iiat. 74.13216 Dep. 6.26448 

3. A line makes an angle with the meridian of 76° 41', at a dis- 
tance of 89.75 chains ; what is the latitude and departure ? 

75° 47' cos. .2466 sin. .9694 

Distance 89.75 89.75 

Prod. Diff. Lat. 22.042 Dep. 87.001 

4. A line bearing iV. 7° 40' W. ; distance 31.20 chains ; required 
the difference of latitude and departure. 

7° 40' COS. .98106 sin. .13341 

MuMpIier 31.2 31.2 

Diff. Lat. 30.92 Dep. 4.16 
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6. A line running S. 80° 10' £. distance 35.26 chains ; what i: 
the difference of latitude and departure ? 



80° 10' 
Multiplier 
DifF. Lat. 
In the last three examp 
multiplications to two ph 
link, which is a degree 
purposes. 

We are now prepared to estimate the 
surveys, g^veii as 



17078 sin. .9853 

35.25 36.26 

6.02 Dep. 34.72 

es, we have given only the results of the 
ees of decimals ; that is, to the nearest 
of accuracy sufficient for all practical 



IS of the following general 



1. In May, 1845, the following measures of a field were taken. 
Beginning at the western-most point of the field ; thence -V. 20° 30' 
E. 5 chains 83 links; thence S. 79°45'.ff. 10 chains 15 links; 
thence S. 97° 30' W. 9 chains 45 links ; thence iV. 63° 15' IT. 
8 chains 28 links ; thence N. 16° 30' W. 1 chain and 4 links, to the 
place of beginning ; required the area. 



It is not absolutely necessary 
to make a plot or figure of ,. je 
field, but for the ake of per- 
spicuity, it is best to do so ; 
yet no reliance is placed on the 
accuracy of the constructed 
figure. 

We perceive by the figure, 
that there are two south areas, 
bSCc, and cCDd ; and three 
■north areas, eEdD, AeJB, and 
A£b. 

Let the reader observe that 
all the ncn-lk areas are on the 
outside of the field. 
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Bwirings, Dll. 


N. S, 




T7i4 


^nn 


fmri 




N.20OWE. 5.B3 


5.4fi 






S.790 45-B. 10.15 


i.ei 


9.93 


I'Ml'J 


Ul)7 




25.4Gli7 


en 


S.2-l°3<yW. g.45 


SM 


4.36 


7« 


ItTI! 




165,08611 


DF. 


;V.630l5'W. 8.3e 


3.73' 




0"^ 


7% 


39.6535 








1.00 ' 


0.3f 


0.01 


aas 


0.33 OC 






10.19 iai9 


ia.03 12,03 






41.0719 


190.5527 



The operatOT can rely on the 
rule used in the Jast operation, 
whatever be the tmrnb^ of Bides, 
or whatever be the aht^e of the 
figure, provided that the lines are 
right lines, from one angiUar pdat 
to another. 

la ease of re-entering angles, 
like SIA, represented in the ad- I 
joiniag figure, a poi-tion of the 
figure .il/r.isrecioned twice. But 1 
this is corrected by the subtractive I 
space Hlik, which includes not | 
only the exterior portion hSIJ., 
but also the whole additive trian- 
gle AH, belonging to the last side 
of the figure lA. 

In the f<ri]owing example are several such re-entering angles, 

2. Find the area of a lot of land, of which the following are tl: 
field notes. 

Beginning at the south west conler, the ancient land mark ; thene 

1. A' 27° 15' E. distance 9.42 chains. 

2. S. S0° 00' S. 




3 


S. 69° 00' E. 


12.73 


4 


S. 16° 45' If: 


5.00 


5 


iV, 66° 45' W. 


1.05 


6 


S. 31° 00' IK 


2.90 


7. 


iV: 70° 45' w. 


R.92 


8. 


S. 41°45'TF, 


2.08 


9 


X. 63° 00' w: 


4.18 
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We can coatract the operatioa in reference to lie space it will 
occupy, by putting the difference of latitude in one column, and all 
the departures in another column. 

Marking all flie northings by the sign +, and all the southings by 
the sign — . Also, all the eastings by the sign -j- , and all the 
westings by the sign — . 

This bemg understood, the work will appear as follows : 





BeartagB. 


Dls. 


i^t. n^. iM-i.. 


D.M.D. N. uau S. ureas j 


ff. 27° 15' E. 


\liV 


4-8.37 


-j- 4.31 4.31 




36.0747 




1 


S. BOO 00' M. 


l.lh 


—0.3(1 


4- 1.13 1 5.44 


H.Vb 






n 


S. 69° 00' E. 


la-'CH 


—4.57 


J-ll.89n.3S 


ai!.';'i 




104.0589 


A 


S. J5C 45' W. 


S.OII 


~4.H1 


- 1.36^15.91 


aaji 




160.1730 


ft 


N. 660 45' W. 


1.(15 


+(U1 


— 0.96115.01 


m.w 


12.701t 








y.iii 








9HV- 




71.0397 




N. 70O 45' W. 


HIV 




_ 8.43 






54.742! 








',*IU- 






3.7i 






33.6710 


9 


N. G30 00" IV. 


4.Lt! 


4-1.110 


— 3.72 


0.001 3.72 


7.0680 






flnm 


OJM 


<1.(1( 






350.8396 


9 


110.5873 


)240.305a 


vi)iw.\bm 






13 


acres, 


mdaam 


Mtm 


tiano 


ver. 


12.015361 



3. HaTiDg the following field notes, it is required to find tbe 
closing ^de and the area of the field. 



- 


BaulDgiL 


Va. 


^^ 


3..M 


B. 


13.?4 


S. 76° W. 


13.70 


2 


S. 20° 30' W. 


10.3C 




H.H.S 




3,f!(l 


f 


W. 


1f{.2(l 








16.2C 


1 


AT 33° 30' .ff. 


3fi.3t; 


29.S1 




19.49 




fi 


y.76° E. 


iH.ot; 


3.R7 




16.52 




6 


South 


y.oo 




9.00 




^!04 






33,311 


22.19l35.01 




?,?..! !1 


)33.04 










11.19 




■im 





This result shows, that if we commence at the first station, and 
traverse round to the sixth, we shall then be 11.19 chains to the 
north of the place of beginning, and 1.97 chains east of it. This is 
sufficient data to compute the course and distance. 

To compute the area, however, it is not necessary to find either the 
course or the distance. 

We do know, however, by merely inspecting the traverse table. 
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that the course totheplaceofbe^noing, is south about 10" 20' west, 
and distance near 12 chains. 

We are now prepared to compute the area, and as we wish to 
commence at the wesfern-most point of the field, we shall be^n at 
the 4th station, calling it the first : thus. 





BeKrings. 


Die. 


lat. 


Dep. 


M.D. 


D.M.D. 


n.srea. 


S.sna. 




JV.33D30'E. 

N. 76° E. 

South 

S. W. 

S. 75° W. 

S. 20O 30' W. 

W. 


35.30 
16.00 
9.00 


4-29.51 
4- 3.87 
— 9.00 


-1-19.49 

4-15.53 

0.0 

— 1.97 
—13.24 

— 3.60 
—16.20 


i9l9 
35.01 
35.01 
33.04 
19.80 
16.20 
0. 


19749 
54.50 
70.02 
68.05 
42.84 
36.00 
16.20 


575T499 
210.9150 


630.1800 
761.4795 
151.6536 
347.4000 




13.70 
10.30 
16.20 


-9 65 
0. 


1 


i 

■hlB result shows thai 
lie mora than 23 hun 


bBRM 
redtbs 


1 I 1 786.064311890.713] 

78G.0649 

3)1104.6482 

ontaEns 65 ncree, and 10j552.a^l 

fan acre, 55.23241 


4. What is the area 
field notes. 

StuUonB. 

1 


of a survey, of which the followmg are t 

Bearings. Wslancas, 

S. 46" 30' K 80 rods. 


2 


S. 61° 4S' W. 34.16 


3 


West. 86.00 


4 


jV". 66° W. 110.40 


5 


2V.33°-i5'K 76.20 


6 


S. 74° 30' jE. 123.80 














Ans. 104^5 acres. 



B. Bequired the contents and plot of a piece of land, of which the 
following are the field not«s. 



Ans. lOA. OR 6P. 



S. 34° W. 


3,95 


S. 


4,60 


s. se^o-ff. 


8.14 


Jf. 69i°I!. 


3.72 


JV. 2a° s. 


6.24 


2f. 16° S. 


3.60 


X: 66° w. 


8.20 



MBvGooi^le 



100 SURVEYING. 

6. Reqiiired the contents and plot of a piece of land, from the 
following field notes. 

1 S. 40° W. 70 rods. 

2 iV; 45° £. B9 

3 JK 36° £. !2S 



6 S. 8° W. 137 

7 W. 130 

Ans, 207^. 3fl, S3P. 
7. Given the following bearings and distances of the several sides 
if a field, uamely, 

1. Hr. 6S' S. 19 ch. 

2. E. 6° S. 20 

3. S. 17° W. 20 

4. IT. 20 

5. a: 42° 35' F". 16.10 



8. Given the following bearings and distances, namely, 

1. jV. 46° £. 40 ch. 

2. S. 30° TT. 26 

3. S. 6° E. 36 

4. W 29,60 
6. A": 20° ^. 31 

to find the corrected difference of latitude and departure, and the 

N. B. — In this last example, as in most others, the northings and 
southings will not exactly balance ; nor will the castings and west- 
ings balance. This arises from inaccuracies in the data. In such 
cases ( if the errors are but trifling ) we balance off the errors. 

When a course is east or west, as the 4th in this example, some 
operators have expressed doubts, whether any correction should be 
applied to latitude in that course. 

We reply, that errors do really exist, and, therefore, we cannot 
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Bay that tbe course marked west, in the example, was really west, or 
not ; the probability is, that the course was not exactly due west, 
and it is therefore proper to put a correction in the latitude column, 
as shown in the following results ; 



COKBEOTKll 



1. 


N. 


s. 


E. 


w. 


28.30 




28.30 




2. 




21.63 




12.49 


3. 




36.84 


3.16 




4 


0.02 






29.69 


6. 


29.16 




10.62 




67.47 


57.47 


42.08 


42.08 



On inspecting these latitudes and departures, we perceive station 
5 is the most westerly point of the field, therefore to find the area, 
we will arrange these results in the following order : 



6 

1 

4 


j*t. 


Dep. (1. D. 


D. m. V. 






+29.15 
+28.30 
—21.63 
—35.84 
+00.02 


+ 10.62 10.62 
+28.30 38.92 
—12.49 26.43 
+ 3.16 29.69 
-29.59 0. 


10.62 
49.54 
63.35 

66.02 
29.59 


309.5730 
1400.9820 

0.6918 


1403.5205 
2007.7668 








1711.1468 


3410.2773 
1711.1468 
) 1699. 1306 


Ana. are 


0)849.5662 


as, 84.966 



9. What is the area of a survey of which the following are the 
field notes. 

From the place of beginning, iV. 31° 30' W., distance 10 chains : 
thence JP! 62° 45' K, 9.26 chams : thence S. 36" £., 7.60 chains : 
thence S. 43° 30' W., 10.60 chains, to the place of beginning. 

Ans. 8fW acres. 

10. Do the following bearings and distances enclose a space ? 
If not, give an additional bearing and distance that will, then deter- 
mine the area so enclosed. 
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1 S. 40° 30' i;. 31.80 ch. 

2 JV. 54° 00' S. 2.08 

3 iV: 29° 16' £. 2.21 

4 iV: 28° 46' K 36.35 

5 iV: 67° 00' W. 21.10 

Ans. These bearings and distances do nol encJose a space. A 
line run from tie further extremity of the 5th to the first station 
will bear south 46° 43' W., distance 31.21 chains, and the area thus 
enclosed will contain 92.9 acres. 

11. Do the following hearings and distances enclose a space ? If 
not, detenuine the additional line that will, and the area of the space 



46.4 rods. 
48.4 " 
76.8 " 
56.0 " 
4B.0 " 



Slatioiu. BeulngK 

1 S. 86° 00' W. 

2 JV, 63° 30' W. 
*3 JV. 36° 30' £;. 

4 K 22° 00' £. 

5 S. 76° 30' a. 
Ans. These hearings and distances do not enclose a space. A 

Fine run from the last station to the first would bear S. 30° 25' W., 
distance 128.6 rods. Area 56.86 acres nearly. 

The operation for tlie area is as follows : 

We commence at station 3, for reasons that have been seTcral 
times explained. Station 6 is the one we supplied. 





J)ep. 








_Air^±_ 




3i+ 61.73 


+45.65 


45.65 


45.65 


2817.9745 




4|+ 61.92 


+20.9J 


66.6S 


112.2i 


5829.5776 






5— 11.21 


+4G.67 


113.3C 


179.95 




2017.0152 




•6 —125.16 


—29.86 


83.45 


196.75 




24629.165C 




] _ 4.85 


-46.16 


37,3t: 


120.76 




586.6376 




2 + 27.59 


—37.30 


0. 


37,30 


1029.1070 






19676.6590 


27231.8178 
9676.6590 




2] 


17556.1688 





160)8777.5794(54.86. 
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1 


iT. 76° 00' S. 


54.8 rods. 


2 


jV. 20° 30* E. 


41.2 ' 




3 


E. 


64.8 ' 




4 


S. 33° 30- W. 


141.2 ' 




5 


S. 76° 00' W. 


64.0 ' 




6 


K 


36.0 ' 




7 


S. 84° 00' W. 


46.4 ■ 




8 


N: 53° 16' w. 


46.4 ' 




9 


K 36° 45' U. 


76.8 ' 




10 


y. 22° 30' E. 


66.0 ■ 




11 


S. 76° 46' E. 


48.0 ' 




12 


S. 15° 00' W. 


43.4 ' 




13 


S. 16° 45' W. 


40.5 ' 




In this survey 4 


is the most easterly and B the most westerly 


station. The area 


is equal to 110^. 2fl. 23/*. It may vary a 


little, on the aecount of the way in which the balanc 


ng is done. 



CHAPTER III. 

ON THE MERIDIAN LINE AND THE VARIA- 
TION OP THE COMPASS. 

The meridian is an astronomical line, having no necessary (con- 
nection with the magnetic needle. Meridians would be primary 
lines to which we would refer all surveys, if there were no sucli 
thing as ms^etism, or a magnetic needle. 

It is only a coincidence, that the magnetic needle settles near 
the meridian, so near, that for a long time it was considered tlie 
meridian itself, but accurate observations have shown that the 
needle does not point rigorously north and south, but has a vonation 
which is not the same at all times in the same place, therefore a 
line run by the compass is still unknown in respect to the meridinn, 
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unless we know the variation of the compass, that is, the declination 
of the needle. 

In the year 1657 tie needle at London pointed due north, since 
that time ite variatioa has been west, previous to that time the vari- 

In the AtlanfJc ocean, between Europe and the XJniteil States, the 
variation is from 12° to 18° west. 

The needle seems to point to the regjon of greatest cold, which 
is in the northern part of America, and not the north pole, and if 
this be true, if the point of mminmm heat changes its position, there 
will be a corresponding change in the direction of the magnetic 
needle. 

The needle has a small annual and also a diurnal variation, cor- 
responding to the temperature of the different seasons of the year, 
and of the different times of the day, but these variations are too 
small to trouble the common operations of surveying. 

Some of the variations of the compasa are regular, others irregu- 
lar ; some amount to naany degrees and require a long period of 
ijme, others are small in amount and require but short intervals to 
pass through all their changes. 

The daily variation consists of an oscillation eastward and west- 
ward of the mean position, and is different in different places. 
Generally the greatest oscillation eastward is between sis and nine 
in the morning, and westward about one in the afternoon, gradually 
returning toward the east until eight P. M, At night it is sta- 
tionary. 

On the subject of magnetism we know nothing, beyond facts 
drawn from observation, but there is no doubt that the earth is a 
great magnet, made so by the action of the sun, and the poles of 
this great magnet are near the poles of the equator, . Indeed, all 
observations made correspond to this hypothesis, for changes of the 
weather, clouds, and storms, all have an influence on the needle. 

These facts are sufficient to convince any reader that to sun-ey 
correctly we must know the 

VARIATION 07 THE COUPASS. 

As the true meridian is an astronomical line, we must find it by 
astronomical observations, and then by comparing the meridian of 
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tie compass with it, we shall have the variation of the compass. 

When the sun is on the equator, it rises due east, and sets 
directly in the west. Should We then observe the direction of its 
center, just as it was rising or setting, at the time it had no declina- 
tion, and trace that line a short distance oa the ground, we should 
then have a due east and west line. 

If from any point in that line we draw another line at right angles, 
we should then have the true meridian. 

If we now put the compass oa this meridian, and make the sight- 
vanes range witli it, the needle will also range with it, if there is no 
variation, hut if the north point of the needle is to the west of the 
sight-vane, the variation is westerly, if to the east, easterly, and the 
number of degrees and parts of a degree that the needle deviates 
from the direction of the sight-vanes shows the amount of the 
variation. 

But it is not tb be supposed that any particular observer can be 
at the points and places, where the sun is either rising or setting 
just at the time the sun is on the equator. We must have a broader 
basis, and in fact by means of the latitude of the observer and the 
declination of the sun, any observer has the means of knowing the 
precise direction in which the sun will rise or set, any day in any 

Let us suppose that the sun on a certain day, observed from a 
certain place, must have arisen S. 81°£, but by the compass it was 
observed to rise S. 79° £., the variation of the compass was there- 
fore 2° west. 

These observations are called taking an azimuth. Azimuths are 
often taken at sea to determine the variation of the compass. 

On land, however, the horizon is rarely visible, and very few obser- 
vations on sun rise or sun set can be made, besides there are other 
objections arising from atmospherical refraction ; it is therefore best, 
most convenient, and more conducive to accuracy, to take the sun 
when up 10, 15 or 25° above the horizon, and observe its direction 
per compass, and compare the result to the computed bearing for 
the same moment, and if the two results agree the compass has no 
variation ; if they disagree the amount of such disagreement is the 
amount of the variation of the compass. 
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By means of spherical trigonometry the true bearing of the sun 
can be determined at any time, on the supposition that the observer 
knows his latitude, the declination of the sun, and its altitude ; these 
three conditions furnish a triangle like PZS. 

The altitude subtracted | 
from 90°, gives ZS, the lati- 
tude from 90°, gives ZP, and 
PS is found by adding or I 
subtracting the sun's declin 
tion to 90°, according as it 
north or south. 

ZS is co-altitude, ZP is | 
eo-lafitude, and PS\s, the su 
polar distance ; the angle PZS I 
is required, and it can be 
found by the following rule. 

1. Add tlie three sides of ike triangle tni/elker and lake the half sum. 
From the half sum, subtract the sun's polar distance, thus finding the 
remainder. 

2. Add the sin-complemeni of the co-ahilude, the sin-complement of 
the co-latUude, the dne of the half sum, and the sine of the remainder. 
The swa of these four loparOJims divided ly 2, wUl be the cosine of 
luif the azimuth angle. 

N. B. This rule is the applicalion of equations on page 204 
Robinson's Geometry. The sin-complement is the logarithmic sine 
of an arc, subtracted from 10. 



In latitude 39° 6' 20" north, when the sua's declination was 12' 

3' 10" north, the true altitude of the sun's center was observed ti 

be 30° 10' 40", rising. What was the true bearing of the sun, or it 
aaimuth ? 

90° 90 90 

Lat, 39 6 20 Alt. 30. 10. 40 Dec. 12° 3' 10 

co-Lat. SO 63 40 co-Alt. 59. 49. 20 PB 77. 56 SO 
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P. D. 77° 56. 50 

co-Lat. 60.53.40 ein.com. 0.110146 

co-Alt. 59. 49. 20 sin. com. 0.063295 



kS. 


2)188 39 60 
94 19 55 
77 56 60 


sin. 
cosine 


9.997758 


item 


16 23 5 
49° 38' 30" 


9.450376 




2)19.622575 




9.811287 



Bearing, 

If at tie time of taking the altitude of the sun, another observer 
had taken its bearing by the compass, and found it to be S. 80° 43' 
E; then the compass would have no variation, and whatever it dif- 
fered from that would be the amount of variation. 

If a line were run along the ground, direct toward the center of 
tbe sun, at the time the altitude was taken, and sufficiently marked, 
that would be a standing line of known direction ; and if from any 
point in that line, we could draw another line, making an angle with 
it of 99° 17' on the north, or 80° 43' on the south, such a line 
definitely marked, would be a permanent meridian line, for aJl time 
to come ; on which we could at any time place a compass, and 
observe its variation. 

Let .dS be the line toward the i 
along the ground, AE a line due east, and I 
Mm a true meridian line. The angle SAE I 
must equal 9° 17'. 

To make that angle, take AS, one chain | 
or 100 links ; from S. draw the lin 
at right angles to AS, by means 
surveyor's cross.* 

From Stake SE, of such a value as will make SAE 9° 17', 
which is determmed by trigonometry ; as follows, 

"Surveyor's cross is noOilog mora than a pair of sight vanes, set at right 
aoglas with eacli other, for the purpose of making right angles. 
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As 100. : ^^--Rad. ; tan. 9° 17' 
Whence g^^lOO. (tan. 9° 17')^ 9.213405 

£'£'=16.347 links. 1.213405 

That is, from S measure off 16 and a little more than ^ of a link, 
and there is the point £. A line drawn from j4 to ^, is a due east 
and west line. 
If we put the surveyor's cross on this Une, at any point as A, and 
range one branch of it along the line AS, the other branch will 
mark out the hne Mm, a true meridian, if everything has been done 
to accuracy. 

In the afternoon, or some other day, another meridian may in 
like manner be drawn near this one, and if they are both true meri- 
dians, they will be parallel. If not parallel, other observations 
should he made until some two or three are obtained, that are 
parallel or very nearly so ; and the mean direction then, may be 
regarded as the true meridian. 

A tnie meridian will always be a test line for a compass ; and by 
placing any compass upon it, the declination* of the needle caji be 
determined. 

Again. In the triangle PZS, if we compute the angle Z-PS (as 
is done on page 211 Robinson's Geometry), we shall have the sun's 
distance from the meridian or the apparent time ; then if we have a 
time piece that can be rehed upon, for three or four hours, we can 
determine the lime within a few seconds, when the sun will be on 
the meridian. A line at that time, run direct toward the center of 
the sun, will define the meridian. 

The objections to these methods are, 

1. The sun is a large body, and its center cannot be exactly 
defined. 

2. The sun changes position so rapidly that, unless we are in ^n 
observatory, where every thing is prepared and in order, it is diffi- 
cult to get observation upon it. 

• Declination of the needle, in common language, fs called the variation of the 
compass ; and, as a general thing, we adhere to common language. 



;dOvGoO»^IC 



VARIATION OF THE COMPASS. 109 

3. The Eun is so bright an object that it cannot be viewed with- 
out prepared glasses. 

4. The majority of persons that have been, and probably will be 
practical surveyors, have not the instruments to take altitudes of the 
sun, and they are not and cannot be at Lome in astronomical obser- 
rations and computations. 

Some of these objections are deserving of little respect, and others 
can be partially removed. 

For instance, if the sun is too large, and too brilliant to be accur- 
ately and deliberately observed, wecan take the planet Venus, Jupiter, 
or Saturn, and, by proper observations, determine tJieir directions, 
during the twilight of evening, when we can see the planet distinctly, 
and at tlie same time that other objects are sufficiently distinct to run 
lines,* 

But the method most known and most in favor among practical 
men, is that of taking the direction of the north star. 

The north star is a star of the second magnitude (Polaris), whose 
right ascension, Jan. 1, !8S1, was Ih 5m 18s ( at present increas- 
ing at the rate of 17s 71 per annum ), and declination was then iiB° 
30' 55", with an annual increase of 19"S, it is therefore, but 1° 29' 
6" from the pole, and it is called the pole star or north star because 
it is so near the pole. 

If the star were situated directly at the polar point, a line toward 
it would be the true meridian line, but being 1° 29' 5" distant, the 
star apparently makes a circle round the pole in a siderial day, 
making two transits across the meridian, one above and the other 
below the pole, ■— a direction to it, at these times, would be a true 
meridian line. 

To find these times, suhlrad ike right ascension of the sun from (he 
right ascension of the star; increasing the latter by 24h, to render 
the subtraction possible, when necessary. 

•rorexoniplB,lnlheyearl853, from the 25th of July lo the 5th of AugusI, 
the planet Jupiter will pass the metidian in the evening twilight. On the first 
of AnguBl, Jupiter will pass (hs meridian of New York, at 8h Urn 53s, and it 
wUI paaa the meridian of Cincinnati, at 8h 11 39s, mean local Ume ; and, of 
course, whoever is able (o designate that time within a few seconds, and is also 
prepared to mark Iho direction of the planet, will have a true meridian line. 

The moon Is not a good object for this purpose; It changes its place too rapidly. 
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110 SURVEYING. 

The difference will be the time of the upper transit, and IJh and 
fi9 minutes from that time will be the time of the lower transit. 
The right ascension of the sun is to be found in the Nautical Alma- 
nacs, for every day in the year ; and it is nearly the same, for the 
sajne day, in every year. 

For example. At what times will the north star make its transits 
over the meridian on the first day of July, 1853. 

H. M. 3. 

* H. A.+Mh - - - - 25 6 
Q S. A. 6 41 16 



18 24 44 



This result shows that the upper transit will occur about 6h 24in, 
in the mormng of the 2d of July. I aay about, because I took the 
sun's right ascension for the morning of July 1, and from that time 
to 6, next morning, is 1 8 hours ; and during this time the right as- 
cension of the stm wiU increase full 3 minutes, — therefore the 
upper transit will take place Ch 21m in the morning, and the pre- 
vious lower transit llh 69m previous, or at 6h 22m, evening. 

But neither of these transits will be visible, as they both occur in 
broad day light, from any place where the north star is ever dis- 
tinctly visible. 

In summer, then, when most surveying is done, the meridian 
transits of the north star are not visible, nor is this important : for 
the transits are seldom used, by reason of two objections : 

1. The star changes its direction most rapidly while passing the 
meridian. 

2. Observers, generally, have not the means of knowing the time 
to sufficient acouiacy.* 

To obviate these objections, observaljons may be taken on the 
star at its greatest elongations ; for, about those points and for full 

• Note. — Very few persona consider that their cIocUb and watches, however 
good end valuable, do not give the eiact time, but only approxiraaliona to the 
time. 

For any aslronomical purpose, like Uie one under investigation, tho chorac- 
ter of the time piece should be welt iBstod — its rate of motion known — and 
Its errors established by astronomical obEcrvations. 
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s before and after, the star does not scarcely change its 
dii'ection ; hence the observer has a sufficient interval to be dehber- 
ate, and he can be sufficiently exact as to time without any extra 
trouble. 

The following tables show the times of the greatest eastern and 
western elongations, which occur in the night season. These tables 
are not perpetual, but they will serve without correction for 20 years 
or more to come. 



IMts. 


AprtL. 








AngD«t- 


S«pt. 
















1 


18 18 


16 26 


14 24 


12 20 


10 16 


8 20 


7 


17 56 


16 03 


14 00 


11 55 


9 53 


7 58 


13 


17 34 


15 40 


13 35 


11 31 


9 30 


7 36 


19 


17 12 


16 17 


13 10 


1107 


9 08 


7 15 


26 


16 49 


14 63 


12 45 


10 43 


8 45l6 53| 

























1 18 18 


16 22 


14 19 


12 02 


H fAI 


8 01 


7 17 56 


15 59 


13 63 


11 36 


H2ti 


7 38 


13 17 34 


15 36 


13 27 


11 10 


9 02 


7 16 


19 17 12 


15 10 


1300 


10 44 


8:i!l 


6 64 


25 16 49 


14 45 


12 34 


10 18 


8 16 


6 33 



It will be observed that these times are astronomical ; the day 
commencing at noon, and 12b 40 means 40m after midnight, etc. 

Now, admitting that the direction of the star can be observed, the 
next step is to find how much that direction deviates from the meri- 
dian — and this is a problem in spherical trigonometry. 

A great circle passing through the zenith of the observer to the 
star, when the star is at one of its greatest elongafions will touch the 
apparent small circle made by the apparent revolution of the star 
about the pole, and will therefore, with the star's polar distance, form 
a right angle — and we shall have a right angled spherical triangle, 
of which the observer's co-latitude is the hypotenuse, the star's polar 
distance one side, and the angle opposite to this side is the angle 
Tec[aired. 
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What will be the bearing of the north star observed from latitude 

42° JV. in the year 1B60, when the star's polar distance will be 

1°26'I2"? Ans. I°fi6'. 

As COS. Lat. 42° - - - - 8.871073 

ia to radius 10.000000 

Sois sia. I°e6'12"- - - - 8.399183 

Tosin. 1°66' 8.628110 

In this manner the following table was computed. The mean 
angle only is put down, being conif uted for the first of July in each 
year. 



























\nm 


1" 42' 30" 


1°48'21" 


1° 63' 62" 


2° 5' 32" 


2° 18' 6" 


1K54 


1° 41' 45" 


1°47'39" 


1°55' 2" 


2° 4' 30" 


2° 17' 6" 


UF-H 


1°4!' 2" 


1° 46' 49" 


1° 54' 12" 


20 3' 44" 


S° 16' 9" 


1 tl.W 


l°40'27" 


l°46'ir' 


1° 53' 30" 


go 3- g,. 


2° 16' 12" 


18fil 


1° 39' 43" 


1° 45' 24" 


1°S2'32" 


2° 2' 4' 


2° 14' 16" 


1862 


1° 38' 50" 


1° 44' 29" 


l°5r44" 


i°r 2" 


2'^ 13' 18" 



This table is given for those who may wish to use it, hut we 
would recommend each observer to follow the example which pre- 
cedes the table, and compute the aaimuth corresponding to his 
latitude and time. 



The north star ia not brilliant, it cannot be seen until it is so dark 
thai all minute terrestrial objects are totally invisible, it ia therefore 
difficult to draw a line and accurately mark it. All these night 
operations are, at best, perplexing and inaccurate, yet, by the means 
of lights and artificers, lines can be drawn. 

If the observer have a theodolite and an assistant, there will be no 
difficulty. Let th«ra be at the place from which they wish to take 
the observation in time, adjust the instrument and direct the telescope 
to the north star. Now sufficient light must be reflected into the 
telescope to enable the observer to see the cross hairs, and this may 
be done by the assistant holding a light before a stiff sheet of white 
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paper, so as to throw the reflected light from the paper into the 
telescope, or this may be done by means of a stand to hold both the 
light and the paper. 

When the vertical spider's line becomes visible, let the star be 
brought directly upon it, and if it is near the time of greatest elon- 
gation it will appear to remain so, for some time. But if the star 
has not reached it greatest elongation, it will move from the line 
more to the east, if the elongation is easterly, and more to the west, 
if westerly. 

The telescope must be continually directed to the star, by means 
of the tangent screw of the horizontal plate, but for some time the 
spider line and star will coincide without moving the screw, and 
then the star will depart from the line in the contrary direction to its 
former motion, buC Che telescope must no longer folloto the star, its 
position will now show the direction to the star, when the star had 
its greatest elongation, and thus U should he left uniU marmji^. 

In the morning, carefully range and mark a line through the 
telescope. 

If we now make an angle with this line equal to the azimuth, by 
means of the theodoht*, or by means of measuring a triangle as 
explained in the foimer part of this chapter, and mark this new line 
either to the right or left, as the case may require, we shall then 
have a permanent meridian Kne for all future use. 

By placing a compass on any well defined and true meridian we 
can determine its variation by simple observation. 

If we have not a theodolite, we can obtain a tolerably accurate 
direction to the north star fay means of illaminated plumb lines sus- 
pended in vessels of water, so placed as to range to it. 



CHAPTEK IV. 

TO SURVEY WITHOUT A COMPASS. 

Thb inquiry is sometunes made, whether lands could be surveyed 

without a compass ; we reply in the af&rmative. The compass is 

only a convenience, and if it had never been discovered, it is probable 
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that surreys would have been more accurately made. Too 
reliance has been placed on the accuracy of the compass, a 
consequence little attentioa has been paid to defining any 
cal lines. 

Were it not for the compass, it is probable, that every country- 
town, and even every largo land holder, would have meridian lines 
well defined about his premises. 

Having a meridian line to start upon, we can find angles and 
define the position of lines very accurately by means of a 



The circumferentor consists of a horizontal circular pJate divided 
into 360 degrees, over which an indez bar, or another circular plate, 
is made to revolve. This index bar carries sight-van.es or a telescope. 
The index bar or the revolving circular plate also carries a vernier 
scale, which will enable the operator to make an angle to one minute 
of a degree. The whole instrument is placed on a tripod, and by 
the aid of spirit levels attached to the lower plate, the horizontal 
position is attained with a sufficient degree of accuracy. 

The figure before 
us, represents the 
essential parts of a 
circumferentor. jVS 
is considered as the 
primative or meri- 
dian line, and AS is 
the indei bar, which 
turns horizontally on 
the common center. 

Vernier scales are 
fitted into the index 
bar, and revolve over 
the graduated arc. 
At A and £ are 
openings, to receive 
cross hairs o 

When a vertical senucircJe is made to revolve verljcally through 
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the plane AS, and tJie diameter of that circle a telescope, then we 
hare all the essentials of a theoddiie. 

To most theodolites, a magnetic needle is attached, but the mag- 
netic needle is, properly speaking, no part of the instrument. 

To show the manner of finding the direction between two given 
points, by means of the circumferentor, we propose the following 

Mt. T. H. Jbnea wis/ses me to run i/ie east line of Ais lot, in the 
town of A, and ffive tite true bearing, the comers heing Mown. In the 
pvhlic square of the town, about one and a quartertniles distant, a 
meridian line has been established. 

Let J/jwbe the established meridian 
the public square, and ff^Tthe direclionof I 
the line required- 
Place the circumferentor on the meri- 
dian line Mm, so that -ViS' of the instru- 
ment will coincide with it, the center of 
the instrument being at a in a road. 

The general directioc of the road is a b, 
snd the index bar AB is made to revolve over the plate, which is 
firmly fixed, until the indei bar or sight vanes point out the line 
ab. The line is run by means of ranging objects ; such as flag staffs, 
if the line is long ; or if short, by sending on a flag, and stationing 

Now clasp the index bar on the plate, by the clamp screw under 
it (made for the purpose). Leave a flag at a ; take the instrument 
to b, and there place it, so that the sight vanes will range back to a; 
then the position of NS on the instnunent will show a meridian line 
through that point. 

Here the road bends a little, unclamp the index (being careful 
that NS rigidly retains its position), and direct it to the general 
direction of the road be. Mark the point c, by an object as before, 
and mark some other point, so as to secure the line (thfi other point 
may or may not be b). Now clamp the index again, and remove the 
instrument to c. Place the instnunent firmly as before, and make 
the mdei range along the line be; the line .VSof the instrument, 
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will mark out a meridian line at the point c, and thus we can transfer 
the meridian line Mm to any other point whatever. 

Thus we may go to aijy point d, in the given line ; no matter, 
theoretically speaJting, how many angles we have made during the 
traverse. Placing the instrument at d, with its index to j-ange along 
the last line, tlie line NS of the instrument gives the meridianJW'nsl 

Now unclamp the instrument, and direct its index along the 
required line OH ; the position of the index, on the graduated plate, 
will give the angle from the north, which, by means of the vernier, 
can he determiaed with great exactness. 

In this manner we may go to any point, and place & meridian 
there, and then run any required line whatever; therefore, we can 
survey any field, farm, or tract of land, without a compass, if we 
have a circumferentor, and a meridian line. 

It would not be safe to transfer meridians as we have just done, 
over any very great extent of countrj ior at every angle, small 
errors might be made, and the accumul ition of many small errors 
may produce too great inaccuracies to he tolerated or overlooked. 
When using the magnetic needle, no errors accumulate, for every 
setting of the compass a, pnmiry, and independent of every other. 

Therefore, in case no compasses were m existence, primary meridi- 
ans, astronomically established, would be necessary in every town ; 
and it would be better to have several of them in the same town. 

From the foregoing illustrations, we perceive that surveying can 
be done, and well done, without a compass, yet the compass la an 
inestimable blessing to mankind ; for it is the only index to direction 
over the wild waste of waters, when the heavens are obscured, and 
r would dare brave the ocean without it. 



CHAPTER V. 

ORIGINAL AND SUBSEQUENT SURVEYS,— 

DIFFICULTIES AND DUTIES OP 

A SURVEYOR. 

In this country, lands were ceded to States, or sold to compaaiea 
in large tracts, without any definite surveys; the boundaries 
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described, were mount^ns, rivers, or a certain number of miles 
along the sliores of a lake, and then a certain number of mik's back. 

The land companies hired siirveyors from time to time, to survey 
off their lands, into lots of 100, 200, and 500 acres; and wherever 
these surveyors left monuments for the comer of lots, establislied the 
comers for all time to come, whether correctly plactd or not. 

These surveys were very loose and inaccurate ; it could not be 
otherwise, for a company of surveyors ivoiild frequently run 15 
miles in a day ; when to run a line accurately, and measure it, four 
mUes is a good day's work. 

But, notwithstanding inaccuracies, these surveys are legal and 
cannot be changed ; " thou shalt not move thy neighbor's ancient 
land mark," and it is right it should he so ; for any attempt at cor- 
rection, would create more trouble, confusion, and injustice, than 
it could remedy. 

Lots ori^nally sold for 100 acres in the state of New York, 
generally contmn from 101 to i06 acres, in. consequence of the orig- 
inal surveyors having directions to have their lots hold out. Where 
the tots thus overrun in one portion of the tract, they fall short on 
another, for the surveyors were probably desirous to show to the 
company, that their grant actually contained as much land as was 
anticipated. 

The author surveyed one of these lots, that originally sold for 100 
acres, and found that it contained but a little over 76 acres. 

Some of the companies had their grants laid off into townships 
6 miles square, or 6 by 8 miles ; then each township into four sec- 
lions, each section divided off into lots, and the lots nainbered, 
generally be^nning at the south-west comer. 

The description of the lots in the deeds given, were very loose 
and indefinite, staling the township, section, and number of the lot, 
cont^ning 100 acres, "be the same more or less," and in some lots 
it was more, and in other lots it was less. 

As we before remarked, any land mark to the comer of a lot laid 
down by these original surveyors, must remain ; subsequent sur- 
veyors can straighten lines between point and point, and decide what 
the true courses are, and how many acres the lot contains. 

When a surveyor is called to survey any farm or estate that has 
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been previously surveyed, he must find some corner as a place of 
commencing, and from thence run a random line, a,s near the true 
line as his judgment pennits.;. and if he strikes another corner he has 
run the true course, if not, he corrects his course, as taught in chap- 
ter II. Thus, he must go round the field from comer to corner. 
He has a right to establish comers only where no comers are to be 
found, and no evidence can be obtained as to the existence and 
locality of a former land mark. 

It may be the case, that a surveyor is called to survey a lot where 
no corners are to be found. If a fence or line eaists, which has 
been the undisputed boundary for a long time, that boundary can- 
not be changed, and the surveyor must establish a corner by ranging 
some other line to meet the first. Sometimes corners may be found 
to some neighboring lot, from which lines can be run, to establish a 
comer to the lot we wish to survey. 

Lines of lots in the same town, are generally parallel, and a sur- 
veyor who offers his services to the public, must make himself 
acquwnted with the general directions of the lines of lots, over that 
section of country where his services are required, 

When a surveyor is called to divide a piece of land, he is then an 
original surveyor, and not Uable to be embarrassed by old lines and 
old traditions, he has then only bis mathematical problejn before 
him. 

Owing to the inaccuracies of ori^nal surveys, and the impossi- 
bility of leaving proper land marks, in consequence of the great 
haste in which lands were originally surveyed ; great confusion has 
followed, in some seclions of our country, in respect to lines, and it 
has been no uncommon thing to have whole neighborhoods at vari- 
ance, if not in law, in reference to the boundaries of their lands. 

In cases of this kind, one, and then another of the disaffected, 
have successively employed surveyors, and surveyors thus employed, 
are apt to act the part of -advocates, rather than arbitrators, and 
survey too much according to the direction of their employer ; but 
all such efforts to settle difBoidties, but aggravat« them more and 

On the contrary, however, if the surveyor clearly understands his 
duties, and can rise above being a special advocate for any one of 
the pai^es concerned, hwcan do more than judges or juries to restore 
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harmony and peace. To ilkstrat* these views, and possibly to g^ve 
some valuable instruction to some readers, we give a history of a case 
of this kind, which occured in the year 1837, in the county of 
Ontario, in the State of New York. A tract of land consisting of 
about 670 acres, of an irregular shape, was divided on paper into 
five equal parts, and sold to five different individuals. 

The whole 670 acres was bounded by four lines, no two of them 
were equal, and neither of the angles was a right angle. The 
largest boundary Une could not be directly measured on account of 
an impassable ravine ; and the bants of this ravine was so thickly set 
with hemlocks, that it was impossible even to sight across. 

In consequence of the irregular shape of the whole, and the 
impossibihty of directly measuring the principal boundary, they had 
never been able to agree on their division lines. 

Each one imagined that his neighbor was inclined to crowd upon 
him, and although permanent fences were desirable, none could be 
made until lines were agreed upon. They had employed several 
surveyors, hut they had not been able to agree on theu- divisions. 
In this state of things a surveyor was called upon to go and make 
a division of this land, but the difficulties of so doing were carefully 
concealed from him. 

When he arrived on the ground, ready for operations, the whole 
neighborhood was present, and by unmistakable signs he soon 
learned that an unusual degree of interest was taken in the survey. 

He also found that the chief difficulty arose from not heing able 
to measure the line CD. All the comers. A, B, C, and D. were 
established. The surveyor commenced at C to run a random line 
as near CD as possible. After going a few chains, he came to the 
bank of the ravine at .f, where it was impossible to pass or sight 
across. Driving a stake at F, he took a direction Fff along the 
bank of the ravine, carefully 
noting the angle, and meas- 
uring the line to i/, a point 
where objects were clearly to 
be seen on the other side of the 
ravine. The surveyor then 
sent a man over with a flag, 
statjoning his staff, £rst at K, 
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then at L, carefully noting the direction of each, and being careful 
to have the angle KHL greater than 30°. He then passed over and 
set the compass at K, took the direction of KL and measured it. 
Having now KL one side, and all the angles of the triangle HKL, 
he computed HL. He now set the compass at L and took a definite 
direcljon Lm,; this definite direction gave him the angle HLm, and 
he now had all the angles of the quadrilateral ImFH, and two of 
its sides. Whence he comput«d the exact distance io m, to strike 
the hne CF produced. 

He measured that distance and drove a stake at m, and computed 
m,F. The company now ran through the random line, driving 
stakes at the end of every third chain, and the random line came 
out within a few feet of the established corner at D. Tiie surveyor 
measured the perpendicular distance to D, and corrected the course 
by the rule in chapter II. He also computed how far each stake 
that had been placed on the random line must be moved to transfer 
it to the true line ; this, the readerwill perceive, was done by propor- 
tional triangles. 

At D he set the compass, and carefully noted the course and dis- 
tance to A. He then returned to 0, taking care not lo pan along the 
line AB. 

At he set the compass, and carefully noted the course and 
distance to B. He now computed the course and distance from 
Bia A. The line lay in the open fields, over tolerably smooth ground, 
and it could be directly and accurately measured. 

The surveyor now called all the parties interested, including the 
sour aad the belligerent, and told them that the distance from BtaA 
was a certain number of chains and links, and that they would now 
measure it, and if they found it to correspond without any material 
error, they must then be convinced that he had obtained the true 
length of CI>, and that he could then divide the land into five equal 
parts, as required. 

To this test they all cheerfully assented ; the line was measured 
and corresponded to the computation within three hnks ; all parties 
were satisfied, and thus ended a neighborhood quarrel of sis years' 



Previous surveyors commenced at the point 7> and run DA,AB, 
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Rnd BC, and then computed CD. This was more direct, simple, and 
proper, tlian tlie method just descriljed, but it left no test behind 
it, and it is vain to expect (hat the mass of men will receive theoreti- 
cal computafioa as actual measurement. 

Here, and in most other cases that involve contention, the surveyor 
must not only convince himself that the survey is correctly made, 
but he must, if possible, show others that his conclusions are not 
only right, but cannot be wrong ; hence judicious surveyors must 
often measure Unes, where there is no motkemcUKal necessity for so 

The next duty of Ihia surveyor was to divide the land into five 
equal parts. Each one had previously purchased his part, and he 
knew its locality, hut not his exact boundary line on the division. 

As CD was not parallel to AB, and AD not eiactJy parallel to 
CB, to divide this malkewiaticoily exact was a problem of considerabie 
difficulty, and this will be explained in the next chapter ; but practi- 
cally we need not apply all mathematical rigor, the surveyor can 
divide this more strictly conformable to justice without, than with 
the mathematical rigor. 

The persons who had the two most eastern lots, had the worthless 
part of the land in the ravine, and of course if any one had an excess 
of area it should be those. 

To &aA where or nearly where the divisions come, ^vide the line 
AB into five parts and suppose G one of those parts. Kow B6 is 
not quite long enough, because the field is a httle narrower at this 
end than at the other ; the surveyor took a distance B6 a few links 
greater than one fifth of AB, and from that point run a line in a 
medium direction between BC and AD, and then computed its area, 
the result would show whether the area was tao great or too small, 
and if it were within a very small fraction of the area required, the 
line is left as the true one, otherwise it is moved as the case requires. 
In the same manner the other division lines were run. 



Soos after the organixation of the present government, several of 
the States ceded to the United Stales lai'ge tracts of unoccupied 
land, and these, with other lands, since acquired by treaty and pur- 
chase, constitute what is called the public lands. 
II 
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Previous to 1802, there ■was no general plan for surveying' the 
public lands, or in fact, no surveys were made, and when grants 
were made the titles often conflicted with each other, and in some 
cases different grants covered the same premises. 

In the year 1802, Colonel 1. Mansfield, then Surveyor General 
of the north-western territory, adopted the following method : 

Through the middle, or about the middle of the tract 1« be sur- 
veyed, a meridian is to be run, called the prindpol meridian. At 
right angles to this, and near the middle of it, an east and west line 
is to be run, and called the principal parallel. 

Other meridians are to be run, sii miles distant from the prin- 
cipal meridian, both east and west. 

Also, parallels of latitude are to be run, six miles from the prin- 
cipal parallel, both north and south. 

When this was done ( and it has been on all the public lands 
east of the Mississippi river ), the whole country is divided into 
squares, six miles on a side, called townships. 

Each township contains 36 square miles. Each square mile is 
called a section, and it contains 640 acres. Sections are divided into 
half sections, quarter sections, and eighths. But these divisions are 
only made on paper. 

When a person makes a purchase of a half or quarter section, it 
is supposed that he will find it himself, or employ a surveyor to 
mark it out. 

Townships which lie along a meridian, are called a range, and 
numbered to distinguish them from each other. 

Sections are regularly numbered in every township, and to desig- 
nate any particular one, we say, section 13, in township number 4 
north, in range 3 east. 

This shows that the third range of townships east of tlie princi- 
pal meridian, in township No. 4 north of the principal parallel, 
is the township, and the thu-teenth section of this township is the one 
sought. 

Not more than ten townships north or south of a principal par- 
allel should be drawn, before a new principal parallel should be 
designated, and new measures made between meridians ; because 
meridians tend toward the pole, and the north lines of townships 
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will be theoretically shorter than south lines, if the meridians are 
run by the compass. 

Where the public lands extend to rivers and lakes, there will be 
fractional townships along the shores. 

Where the locaUty of a particular number is found to be occupied 
by a lake or pond, the sale is void. 



CHAPTER VI. 

METHODS OP SURVEYING IRREGULAR 
FIGURES AND OF DIVIDING LANDS. 

Farms and tracts of lands, wholly < 
partially hounded by water, as represented I 
in the figure before us, are surveyed and I 
there areas determined by drawing right I 
lines within the tract aa near the real f 
boundaries aapossible, and from these right I 
lines, at e^ual intervalg, measuring the o 
sets to the real boundary. These off-s( 
form the parallel sides of trapezoids, and I 
as they are all equally distant from e! 
other, the computation of the areas they I 
occupy will be very easy. A summary 
rule for finding tte united area of all these trapezoids that are 
bounded by one line, is to be found in Prob. VIII, Mensuration. 
The area of the right lined figure ABCDEFO, is found as directed 
in Chapter lY, to which add the area of all the trapezoids, and we 
shall have the area of the whole. 

We have now investigated every possible case of computing areas, 
and we are now prepared to divide them. Commencing with the 
most simple case of the most simple figure, the triangle, » 
the figure that has the least number of sides. 
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PROBLEM I. 

To divide a triangle into two parts, having a given ratio of m lo n 

Case 1, By a line dHaWn from one angle 
to its opposite side. 

Let ABO represent the triangle; divide 

its base into two parts, cortespolidiiig to the 

given ratio, and let AD be one of the parts; 

tlien we shall have the following proportion. 

AD : AB : : m : m.+« 

Whence, AD= 

Now the two parts are numerically known, and are to each other at 
Di to 12. Triangles, having the the same altitudes, are to one 
another as their bases. Therefore, ADO : CDB : \ m \ n &a k- 
quired. 

CAsa 2. By a line parallel to one of Its 

Let DE divide tlie triangle as required, 
and as similar triangles are to one another 
OS the squares of their homologous sides, 
therefore 1 

{ABY : {ADy : : m-^-n : n 

Whence, ADi^AB/^/ , -? „ 

Which shows that if we have the nuttierical value of AB, and of 
« and m, we can find that of AD, and from D draw DE parallel 
to -BC, and the triangle is divided as required. 

CasB: 3. By a line parallel to a given line, or by a line running in 
a given direction. 

To wake this case clear, we commence by giving a definite es- 
aiople: 

Therein a triangular piece of land, from one qf the angular points, 
A, oneliTtemnsJV. 25° W., distance \2chaim; another from the same 
point rtins N. 42° E., distance Ifi ckaiia. It is required to divide this 
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triangle into ttvo parts in the ratio 2 lo 3, by a line 
and west. 

Let ASO he the given triangle, and £' C 
the required division line. It is required to 
find the numerical value of AC or AB', to 
make the area A£'C' f of the area ABC. 

Let S represent the side of the triangle 
opposite £, and c the side opposite C. 

J,et AC=x. As ^C- and, C5' have defi- 
nite direciions, the angle ACS' is given, 
also ^.S'C" is given. AC'£'=48°, A£'G' 
=65°, BA0=61°. 

In the triangle AB'C we have 

em. 65°: x: : sin. 48° : AJB 

sin. 48° 
Whence .^■5'=- ^ ^ x 

Now, by Prob. Ill, Mens., area ABC=^!x sin. A. 

Also, " " " area ^£'C"=^(j|^^)aH' sin. ^ 

By ihe -conditionB of our problem, we have the following pro- 
■por&OD. 

/sin. 48°\ 
I be BIO. A : i( r^ — ^^ )x' sin. A : : 5:S 

sin. 48° 

We ftiay here stop, and make the problem general. 

If .B'C is given in direction, the angles B" and C will be given. 

We now require the divinon of the triangle ABC into two parts, 
m the ratio of wi to n by a line opposite to the angle A, running in 
a given direction. 

Eepresent the sides of the given triangle adjacent the angle A 
by 6 and c, fi extending from Atxi B, and c extending from A to C. 

Put a:=T the distance from A to the division hue, on the side CA, 

Then, by the preceding proportion we have. 
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Observe that x is opposite tte angle £', the sine of wliicli stands 
n the aumerator of the second fraction. Had x represented AB', 
;in C would have been the numerator. 

out the result for (2), we find that 

fi sin 48° 

■- . cl-o g— gfe=2.15.I2 



=./'! 



Case 4. By a line that shall pass through a given point withia 
the triangle. 

A point in a triangle cannot be given, unless the perpendicular 
distances from that point to the sides are given, and if these per- 
pendicular distances are given, then we can readily find the three 
distances from the angular points of the triangle, and the angles 
■which these lines make with the sides 
of the triangle are known. For instance, 
if the point P, in the triangle ABC, is 
known, P-B and PT arc known, and 
all the angles of the quadrilateral 
ATPB are known. These are suffi- 
cient data to compute the line AP, and 
tie angles MAP and TAP. 

Remark. — We may now raquirs a IrianglB to be cut off, by a Udo running 
through P, which shall contoia any definite portion of the triangle ABC, not 
inBohing an impassibility. 

For instance, If the point J" is near (he center of the tdangle, it would not 
do to require us to cut off a tenth pait of the triangle, or any smaller portion, 
foe it would be Impossible to do so- When it is required to out oif avery small 
portion of the whole tclangle, the point P must be near one of the Bides, or 
Dear one of the angular points. Somelimes the required quantity can be cut 
off from one angular poiut, sometimea from another, and sotnetimas from all 

Let us now require one-third of the triangle cutoff, by aline passing through 
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P, taking the angatar point -1, and let EF be that line. We are io deteimine the 
value of AF. 

In the triangle AB C, the angles A, B, and C, are known, and the 
sides opposite to them, a, 6 and c, are also known. AP is known, and 
call it A. Put the angle I!AP=p, PAF=q. Then, A=p-^q. 
Put AF=x, AE=y. 
By Prob. III. Mens. axea.ABC=^ sm. A 
Also " " area AEF=yey sin. A 

By the conditions of the problem, 

^xy sin. j4^-J6c sin. A 

Whence, 3iy=dc (1) 

The triangle AFE consists of two parts, AFP, APE; therefore, 

i^hx sin. g+^Ay sin.^=^ sia. A 

Or X sin. q+y sin. ^.==^^"1^ (2) 

If we had required the Kth part of the triangle ABC, in place of 
the 3rd part, equation (1) would have been nxy^hc. 

Making this supposition, to make the problem more general, we 
havea^^- andy^ — . By the aid of these last two equations, 
(2) hecomes 



\c sm. p__oc 



jiAsin. g nsin. g (^) 

Whence, z='" •'"■ ^±( '"•"'■''< _fej;j,y 
SnAsm.g \4n'h'sm.^g nsm.q/ 

In case n is large, that is the part to be cut off small, the value 
of X may be im^inary, corresponding to the preceding remark. 

Cask 5. When the given point is on on 

The two parts must be equal, or one 
of them will be less than half of the 
whole. 

We always compute the less part. Let 
P be the point in the line AB. PQ and 
PS perpendiculars to the other sides, are 
known; 5(7 and AO are both known. 
Now, through the given point P, it is 
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required to draw PD, bo that the tnsngle BPJ), shall be the nth 
part of ABC. That is 



Whence, jj^ ^t?.^ g 

nPq 
Case. 6. When the given point is without the triangle. 

Let ABQ^^ the given triangle, and P any given point without 
it. It ia required to run a line from P, to cut off a given portion of 
the triangle ABC, or (which ia the same thing) to divide the tri- 
angle into two parts having the ratio of m to n. Let PG be the 
line required. 

As JP is a ^ven pc^t, AP U a line | 
given in distance and position ; therefore, j 
the angle PAJIis known. 

Solution. — 'Put the angle PAH=u, 
CAB=v; then PAQ={u^v). Also I 
put AQ=x, AH~y, AP=a, and the | 
area of the triangle AH&^mc, rnc being a known quantity. 

,.v=mc (1) 

I. {tt-fi'J^area^/'ff 
i.u=ate^PAH 

Therefore, -Jna sin. (m+v)— ^ay sin. a=mi; (2) 

Or, rsin. («-)-*•)— y sm. ksi— (3) 

From (1), we findy=—— which value substituted in (31 gives 
X sin. V 
2OTCsin.u_2mc 




Wow, (by Prob. III. Mens.) ^xy 
Also " " ^x 

And " " ^y 



irBin.(«+i')— 
Whence, a:»wn. (w+ti)- 
Or, ar"— - 



X^H^ 



,_ !-. 


n w 




)' sin... in 


(«+.) 






Bin.BB 


..(.+,) 
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1. In the tnatiffle ABO, the side A£=23.645 chains, -4(7=17.61 
chains, and £0^12.575 chains. 

The given poirU P from the angle A, is dislanl 10 chains, at an 
angle of 40° from the line AC. 

It it required to dram a line from iliis givtn pmnt P, through the 
triangle, so as to divide it into two equal parts. 

Where<Aovis on ABwUl P G intersect f 

The angle BAC=Z\° 17' 19"=i'. PAH=^0°=u. Therefore 
/'^G'=71°17'10"=(«+i'.) 

The area of the triangle ABC is 107.62 square chains. The 
part to be out off by the triangle AHO is therefore =53.76=jw. 



We must use the natural sines, or the loga 


rlthmic sines if we omit 


thenk in the index. 






log.- - 




1.7304G4 


«8in.(«+i.)]og. - - 




0.976406 


""^ _ j; R-iR 


log. 


0.754058 


«sin.(«+.) ^-''^ 


2 


»'"^" _so oo 


log. 


1.608116 


«.sin.H«+.) 




2mc log. - 




2.031494 






-1.808067 


^.Tiic sin. u - 




1.839661 


sin.i.sin.(M4-«) 


■ - 


-1.691866 


, 2»Ksm._« _,02gg 


log. 


2.147695 


8in.v8in.(t(+«) 




The part of the foi-mula under the 


j'adicaj 


. is therefore (32.22+ 



702.66) or 734.78 

Whence ar==6.676± ^734.78= 32, 7829 or— 21.43. 

Remark. — In geometry plus and minus generally indicate opposila dlreo- 
tlone, here the sign ijr means, Bum and dliFerenco of tbe two numbers, (he 
sum is 32.7639, the dlAereace is 21.43 ; In fact tbere can ba no such thing aa 

The value of AO is 21.43 ; the other value Is net admissible. 
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2. We have a rigU angled triangle whose base is 48,87 chains, and 
perpendicular 54.4G chains. From a given, point witliout it, we are 
required to run the center of a slraiff/U road, to leave one third of the 
triangle on one side and two thirds on the other. 

From the aeute angle at the base, the distance to the given point is 
20 chains, and His line to it makes an angle with the hypotenuse of 30°. 

Reuars. — If P Is a given point, Its distance 
and direclion from one of the angular points 
must be given ; und If the distance and direction 
from one of tlie angular points is given, the dis- 
tances and directioiig from all of them are virtually 
given [ thus, if we have AP, AC, and the angle 
PAC, we have CP, and the angle ACP, and we 
may theorize on the trfanglea PCH, CHG' as well 
as on APH and AHG. 

The area of the triangle ABO=l3Qi.94 square chains. 

One third of this is jnc= 434.97. 

5-4 (7=17=49° 12' 20", PAC=u=SO°. (w-f j')=79° 12'2 
AP=a=m AE=y. AQ=x. 

m.0 log. - - - - 2.638459 

«=20 log. - !.301030) 12^3268 

sin. (a-l-i)) log. — 1.992238[ 1^^9^3268^ 

^^-^^-—=22.142 log. 1.345191 




a^ sin,»{!i+!.) 
2me log. 



«.(.+.) 



2fflcsi 



=584,98 



log. 2.690362 

2.939489 
—1.698970 



log. 



2.638459 
—1.871339 

2.767120 



sin. ji sin. [u-\-v) 
WheEce, 3;= 22. 1 42 i; 7 1 075.32=54.932 or —10.643. 
Here ^G=54.932. ^5=47.87. Hence £(?=7.062. Having 
AP, A G, and the angle PAS, we can compute the angle APG. 
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PROBLEM II. 

To divide a ina-ngle into three parts liaiAng Uie ratio of the three 
mtmhers m, n,p. 

Case 1 . By lines drawn from one angle of the triangle to the 
opposite side. 

Let ADE'b^ the triangle and A the | 
angle from which the lines are to be 
drawn. 

Divide BE the opposite side into | 
parts in the ratio of w,, n, and p, and I 
from the points of division C and Jl, I 
dr&w AO, AB, and the triangle is div 
ded as required. 

DsTiiofaUration. — The areas of triangles are their bases multiplied 
into their altitudes, but here all the triangles have the same altitude ; 
therefore multiplying the hases into that altitude g^ves the same 
proportional product, and the areas of the triangles are as m, n, p. 

Case 2. By lines parallel to one of the sides. 

"Let ABO he the triangle. Divide its | 
numerical area into three parts in the ratio | 
of m, n, p. Conceive the prohlera ; 
and D^, EG, the division lines parallel 
to AB. We are to determine the numerical \ 
values of CD, and CE. OB is known, 
put it equal to a. Put CD=^x. CE=y. 

Now as similar triangles are to one 
another as the squares of their homologous sides, therefore 




Whence, x 



In the s; 



In this manner we might divide the triangle into any proposed 
numher of parts, having ^ven ratios. 

Case 3. By hues drawn from a given point on one of the sides of 
the triangle. 
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Let ASObe tte^vcn triangle, and P 
the given point on the side ^£. 

It is required to draw hnes from P, as 
PD and P£, dividing the triangle into 
three parts mc, ne,pe, that is, assume tlie 




, nc, and^e.' 



is left. Having a and x, tlie a 



given numerical area to be (mc+n 
then the required parts will be )» 
(by Prob. Ill, Mens.) 

By comparison. 

When mc and^c are cut off, r, 
ADP is easily determined. 

In a similar manner we can divide the triangle into any proposed 
number of parta, by lines drawn from the given point P. 
Cabb 4. By lines drawn from a given point within the triangle. 

Let ABC he the ^ven triangle, and P 
the given point within it. 

A variety of lines may be drawn from 
P, to divide the triangle into the parts 
required. Conceive PD, PF, and PE 
to make the requisite division. 

As P ia a ^ven point, AP, PB, and P 
the angles DAP, PAE are known angles. 

Take AD=b, any convenient assumed value. Take AE^^x. 
Put AP=a. Then, 

Uh sin U^Z-^area A I>AP 

Also, \ax sin PAE= area A PAE 

* Supposo we had ft triangular piece of ground containing 320 square rods, 
and we wished to divide it Into three parts [n tlio ratio of S, 3, and 5, wliat is 
the area of each of (he parte ? 

Wc decide it thus : in=3. n=3. P=S, els al present unknown, but, 
inc-l-ne+pc=320 

Thai la, 10c=3a0 or e=32. 

Whence, mi:=64. nc=9e, pc=Wi. 

The qDantilyc becomes known on dividing the area.and the parts separately 
mc, ni;, and pc, are al-mays hnoien. 




i known 1 
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Conceive tlie triangJe ABC, divided into three parts, in the ratio 
of m, n,p; and conceive ADPS to be one of these parts repre- 
sented by mc. Tiien 

ab sin. OAP-^ax sin. PAE=st'mc 
_ 2mo—-ab sin. DAP 
Whence, ^~ " ' ^ aui ' PAS! 

Had we taken 6 greater than we did, x would have been leas, and 
a variety of lines could be drawn as well as PJ} and PS, and the 
Game area cut off. 

Having X, We have £3 aa a known quantity, and by the two 
triangles, PS!B and BPF, we determine y la precisely the manner 
BS we found x : thus, we have two parts of the triangle mc and pc, 
and, consequently, the remainder DPEO corresponds to nc. 

Case 5. By lines drawn from a given point without the triangle. 

Let ABG be the triangle, and 
P the given point without it. 

Divide the numerical area of 
the triangle into the three re- 
qidred parts, mc, nc, and pe, as 
in former cases. Draw PJ), 
cutting off the portion mc, as 
in Case 6 of the last problem; 
then cut off the two portions (mc+nc) by the line AQ: and the 
portion pc will be left. Or, we may cut off pc, and the portion nc 
will be left. 

PROBLEM III. 

To divide a triangle into thftt parit, having the ratio ^f m, n, and 
p, hy three lines drawn, from, the three angular points to eonte poini 
vnikin. 

Divide any side, as AC, into three 
parts in the proportion of m, n, 
and_p. 

Let Aa represent the portion cor- 
responding to m, and Ce the part cor- 
respoading to p. 

Through*, drawoi parallel to >4£, 
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and through c, drair cd parallel to CB. Where these two lines in- 
tersect is P, and the triangle ABC is divided into three triangles, 
APB, CPB,mA.APC. 

Demonstration. — Any triangle having AB for ita base, and its 
vertex in the line, ai will have the same ratio to the triangle ABC, 
as Aa has to AC, that is, as m. fo m-\~n-\-p. 

Also.thc triangleCPSis to^£(7, as Cc is to CA, that is, asp to 
wi-|-n+jJ, for triangles on the same base are to one another as their 
altitudes. If these two triangles, APB and CPB, are in due pro- 
portion, the third one, AP 0, is in due proportion, of course. 

PROBLEM IT, 

To divide a quadrilateral into two parts, having any given ratio 

Cask 1. By aline drawn'from a ^7en point in the perimeter. 

Let j1£C[Z* be the given quadri- 
lateral, and P the given point in tho 
aide AB. 

It is required to determine th e 
magnitude, aad the direction of the line P6, which divides the 
figure into parts in the ratio of m to n. All the sides and angles 
of the quadrilateral are kaown, and its area is known. AB and 
D C are, or are not parallel ; if they are parallel the figure is a ira- 
pezoid, then the method of finding 0, in the opposite side, is 
easy and obvious. If AB and CD are not parallel, we can pro- 
duce them and form a triangle in the one dit'ection or the other ; by 
this figure we form the triangle ^Cfi', whose areu we may repre- 
sent hy (. 

As BC, and the angles as B and C are all known, the triangle 
HBC is determined in all respeota. 

As PB is known, PE is known, and designate SO by x. Let 
cm and en designate the portions of the quadrilateral after it is di- 
vided, and let cm represent the part BPGC. 

Put PI!=a. 

Now ( by Problem III, Mensuration ), we have 
lax sin. £=t+cm. 
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Whence , a':= -— ■ „ 

We now have the numerical value of x, from which we suhtract 
MC, and we have C(?, which being measured from (7 will ^ve the 
point G, through which to draw the line from P, to divide the 
figure as required. 

Cabe 2. By a line making a ^ven angle with one of the sides. 

If the division line makes a given angle with one side, it must 
also make a known angle with the opposite side. 

Taking the last figure, conceiving PQ to take a given direction 
across AB and CD, so as to cut off the area mc. 

As in the former case, let i represent the areaof the triangle £BC, 
to this add mc, and we have the area of the triangle POK But in 
this case P is not a given point, and EP is not known. 

Put EG-^x. Let P represent the given angle at P, and G the 
given angle at G. Now, by trigonometry, 

sin. P:x:: sin. G : EP 

Or, ^^=^.-y 



(Prob. III. Mens.) Sin. .E sin. G^, ^ 

' 2sm.i' ^ 



From X we take EC, measure off the remainder along CD, to the 
point G, there matmg the given angle, and the figure will be di- 
vided as required. 

Cask 3. By a line drawn through a given point within the quad- 
rilateral. 

Let ABCD be the quadrilate- 
ral as before, and P the given 
point wilhin it ; and as P is the 
^ven pomt, EP is a known hne, 
and the angles PEH, PEG are known. 

Let t equal the area of the triangle EBO, as before, and « 
area GECB. Put EH=x, and EG=sy. 
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Now we have a problem j^reeiseJy like Case 4, Problem I, of this 
chapter ; therefore, further explanations would be superfluous, 

Cask 4. By a line drawn through a ^ven point without the 
quadrilateral. 

Let ABCD be the quad- 
rilateral as before, and P the | 
given point viUko«t it. 

By producing the two I 
sides AB CD, we form the ' 
triangle APH. Let the area of the triangle BCEht represented 
by (, and the part GH GB by wc, then from a given point P, with- 
out a triangle, we are required to draw a line PM, to divide the 
triangle into two given parts, and this is Case 6, of Problem I of this 
chapter, which has been fully investigated. 

Reuabk. — By eitanding the principles of these sBVetal cases wo may d[vfdo 
B quadrilatetal Into threo or more parls. 

PROBLEM V. 

To divide <my polygon {regtdar or irrefftiiar) into two parts kaiAtv/ 
a given ratio, tnh)n,hy a line drawn. tArovffk a given point. 

Case 1. When the given point is on one of the sides of the polygon. 

Let ABQDEF be the polygon, and j 
(nw-fw) express its numerical area. Let P I 
be the given point on the side AB. Let the I 
surveyor run a random hne as near to the I 
line required as his judgment permits, and I 
generally it will be best to run a line from I 
P to one of the opposite angular points. 

In this figure, let PE represent such a random line, and let the 
surveyor compute the area of the figure PAFE, thus cut off, which 
area will be egual to, or greater, or less than one of the required 
parts. We will suppose it less ; then subtract it from the required 
portion ma, and let the triangle PEG represent that known difference, 
which we shaH designate by I. 

/•£ is known, the an^e PEG is known ; and put EG=.x 
Then, i^PEx:sm. PEG^t 

Whence, 




PS&m. PEO 
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TLis determines the point Q, and PQ divides the polygon as 
required. 

Case 2, When the given point is within the polygon. 

Let ABCDEFha the polygon as before, and {rnc-^-rx) express 
its numerical area ; also, let P he the given point 'within. Through 
P let the surveyor run the random 
line, HPK, measuring from HXo P, 
and from P to K, let him : 
observe the angles that this line 
makes with the sides of the polygon 
AFemA CD, and compute the area 
HABCK, and note the diferena 
between it and mc, the required I 
portion of the polygon ; call this \ 
difference d, a known quantity. 

Let hPk represent the true line through P, which divides the 
polygon as required ; but this line diminishes the area HABGK, by 
the triangle PKk, and increases it by the triangle PHh. 

Therefore the difference of these triangles must equal d. 

The sine of the angle AUP, has the same numerical value as the 
sine of PHk, and the sine of the angle PKD has the same numeri- 
cal value as the sine of the angle PKk. 

Put the angle AHP=u, and the angle PKD^v; let the acuta 
verticle angles at P be designated by the letter P. 

Let ffP=a, FIC=&, kP=x, Pk=y 

In the triangle PfiH, we have 

sin. M : ar : : sin. («— -P) : a 

Whence, °'^ sin°(^>>) ^^* 

Similarly. y^.^^1^^ (2) 

The area of the triangle PliE=\ax sin. P 

Also, PkK=y>y sin. P 

Whence, h sin. Py~a sin. Px=^d (3) 

By substituting the values of x and y, taken from (I) and (2), 
we have, 
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gjSi n. P Bin. ' '__„3 BLn. P sm. u _^^ , ■. 

.io.(.-P) «in.(«-P) t J 

Equation (4) contains only one unknown qnantity P, the value of 
P, or the angle HFh can therefore be deduced. 



i. i*— COS. % 



in. F/ Vsin. w cos. P~-cos. u sin. Z*^ 



Dividing the numerator and denominator of the first fraction by 
(sin. P sin. 11), and of the second fraction by (sin. P sin. m.), recol- 
lecting that cosine divided by sine gives cotangent. Thus we shall 

"^^ b^( I ^~<^'(- ^ Va^ (5} 

Vcot. P— cot. v/ Vcot. P— cot. u/ ^ ' 

This last equation shows the surveyor that if he can make it conven- 
ient to run his randoTti line from P, perpendicular to one of the sides, 
his equation will be less complex. For instance, if AI/P^9Q°, its 
cotangent will be 0, and cot. u would then =0, and equation (5) 
would become. 

cot.P~cot. i- cot. P-^ 
For the sake of convenience put cot. P^z, and cot. v=c. 
Then 



Or, 



K^^-y- 



The numerical value of s will be the numerical value of cot. P ; its 
logarithm taken, and 10 added to the index will be logarithmic cot. 
in our table. The same remarks will apply to cot. v or c. 

Case 3. When the given point is without the 
polygon. 

Let ABCDE be the polygon, and P the 
given point without it. 

From the last case we learn that the surveyor 
had better run his random line perpendicular 
to one of the sides, therefore let PHQ be the | 
random line, perpendicular to AB. 
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As before, compute the area, AE&H, subtract it from me,, the dif- 
ference is the difference betweea the triangjes PGL and PHK. 
Draw PKL the line that divides the polygon as required. 

Put PH=a, Pa=h. PK=x, PL=y. angle 11=90°, angle PG£ 
=u, and the angle at P, designated by P. 

The triangle PIIS:=iax sin. P 
PGL^'^by sin. P 

(1) 

(2) 
(3) 

(4) 

(6) 



b sin. Py—a sin. P x=2d. 
Here (2) represents a similiar quantity as in the last c 
In the triangle PHK, we have 

\ : X : : cai. P a, or z= "- 



In PQL. f 



: sin. (u—P) : b. 



When the values of x and y are substituted in { 1 ) w 



''(^ 



sin. {m- 
sin. P si 



^.)- 



^'' cot. P— cot. M cot. P' 

This equation is exactly similar to equation (6) of the last case, 
and it is reduced in the same manner. 

PROBLEM VI. 

To dividt a polygon tTtio three or more parti, having a given ratio, 
m, n,p, q, iy Ivnei pataing through a given point. 
This problem admits of three cases. 

Cask 1. When the given point is 
on one side of the polygon. 

Divide the numerical area of the 
whole into parts, mc, nc, pc, qc, cor- 
responding to the given ratio. Unite 
these into two parts (mc-\-nc) and 
{pcA-qc). 
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From the given point P, draw PG, by Case 1, Problem V, 
so as to divide tbe polygon into the two parts (mc-{-ni;) and (^c+je). 

We have now to divide tbe polygon PAEG into two parts, mc, 
nc, by the line FZ, and the polygon PBCPG into two parts, ^c 
and gc, by the line PB. 

Cash 2. When the given point is within the p 

Let ABODE be tbe given poly- 
gon and P the given point within. 

Draw hh through P, by Case 2, 
Problem V, so that the area AhkDE | 
shall equal roc, and the area hkCB 
shall equal (nc+jjc), when the whole 
is required to he divided into three 
parts in the ratio of m, n, p. 

When the whole is to be divided into fmir parts, in the ratio of m, 
», p, g, then draw hk, so that one portion shall be {tiic-\-nc) and 
the other (pc-ij-gc). 

Then we have P as a given point, in one side of the polygon, 
AhkDE, to divide it into two parts, in the ratio m to «, and P a given 
point on one side of the polygon, hk CB, to divide it into two parts, 
in the ratio of _p to ?, and this is done by Case I, Problem V. 

Case 3. When the given point is without the polygon. 

Let ABCDEFht the given poly- 
gon, and P the given point without it. 

Divide the numeral area into the 
required proportional parts, mc. ■nc,pc, 
&c., as many as required. 

From thepoint /"drawtbeline PH, 
as directed in Case 3, Problem V, di- 
viding the polygon into tvio parts, mc 
and (nc4-J'c-|-ic.). 

Then djvidft, the polygon, GHEDCE, into two parts, one of which 
ianc,and the other (^-J-jc, Ac.),' and thus we can proceed and 
cut off one portion after another, as many as may be required. 

The application of the foregoing principles will meet any case that 
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can occur in the division of lands ; and we n 
witli the following practical 



1. A triangular field, ■whose sidei are 20, 18, and 16 chains, U to 
have a piece of 4 acres in content fenced o^ /rom it, by a riff lit line 
drawn from, the most obtuse angle to the opposite side. Required the 
length of the dividing Hne, and iU distance frmi dther extremity of Ike 
line on which U falls / ■ 

Ans. Length of the diriding line, 13 chains, 95 links, if run 
nearest the side 16. Distance it strikes the base from the next most 
obtuse angle is 5.55 chains. 

2. The three aides of a triangle are 5, 12, and 13. Jf two-thirds 
of this triangle be cut off by a line dramt parallel to the longest side, it 
is required to find the length of the dividing line, and the distance of 
its (wo extremities from the extremities of the longest side. 

Ans. Distance from the extremity on 5, is 5(^3^ — J2); oa the 
side of 12, it is 12(^3—^2) ; bolh divided by ^"3. 
The division line ia 13^|". 

5. It is required to find the length and position of the shortest possiiU 
line, which shall divide, into two equal parts, a triangle -whose aides are 
25, 24, and 7 respectively. 

Reuark.— -It is obvious that the division tine must cut the sides Hh and 24, 
and to make it the shortest iine poBsible, the triangle cut off must be Isosceles. 

Ans. The division line makes an angle with the sides 25 and 24 
of 81° 52' 31", and its length is 4.896. 

4. The sides of a triangle are 6, 8, and 10. It is recjuired to cut 
off nine-sixteenths of it, by a line that shall pass through the center of 
its inscriied circle. 

Ans. The division line cuts the side of 10, at the distince of 7.5 
from the most acute angle, and on the side of 6, at the distance 6 
from the most acute angle. 

6. Two sides of a triangle, which include am angle of 70°, are 1 4 
arui 17 respectively. It is required to divide it into three equal parts, 
by lines drawn parallel to its longest side. 
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Ans. The first divifiioa line on the side 17, cuts that side at the 
distance—^; the second division line — 5t_. The side 14 is cut at 

iiand l^^ 

6. Three aides of a triatiffle are J751, 1257.5, ojxi 2364.5. The 
moat acute angle ii 31° 17' 19". This triatigU it to be divided into 
three equal parts by lilies drawn, from, the angular •p<mts to tomepoinl 
untkin. Regvired the lengths of these lines. 

AoB. The line from the most acute angle is 1322.42, and from the 
next most acute angle 1119 

7. The legs of a right-angled triangle are 28 and 45. Jieguiredlhe 
lengths of lines dravm from the middle of the hypotenuse, to divide it 
into four equal parts. 

Ans. A line drawn from the middle of the hypotenuse to the 
right angle, divides the triangle into two equal parts. 

8. In the last example, suppose the given point on the hypotenuse at 
the distance of 13 from the most acute angle, whereabouts on the other 
sides win the division lines fall to divide the triangle into three equal 

N. B. The sine of an acute angle to any right-angled triangle is 
equal to the side opposite that angle divided by the hypotenuse. 

Ana. Both diviMMi lines fait on the side 38, distance of the first 
from the acute angle 12^J^, or the second 24|f 

9. T^re is a farm containing 64 acres, commencing at its south 
westerly comer, the first course is Jforlh IBP E., distance 12 chains ; 
the second is iV. 80° E. (distance lost), tlie third S. (distance lost), 
the fourth is N. 88° W. (distance lost), to the place ^beginning, II 
is required to determine the distances lost. 

OmnvAnDN. — Elxtend the norlhern and aoathera boundary waslwud, and 
thus rorm B triangle on the west aide of IS. 

Ans. The 2nd side is 35.816 ch. 3rd, 23.21 eh. 4th, 38.76 ch. 
The two following problems are from Ocmuebe'b Surveying, and 
are considered very difQcult. 
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1. Thsre is a pifce of land bounded as follows : 
Beginning at the south-west corner ; thence, 

1. jV: 14" 00' TP:, Distance 15.20 cliains=a; 

2. jV: 70° 30' E., " 20.43 " =b ; 

3. S. 6° 00' K, " 22.79 " =c ; 

4. iV. 86° 30' W., " 18.00 " =rf. 

Within this lot there is a spring ; ike course to it from. Hie second 
comer is S. 75° J?., distance 7.90 chains. It is required to cut off ten 
acres from, the west side cf this lot, hy a line running through the spring. 
Where will this line meet the fourth side, that is, how far from the 
first comer? Ans. 4.6357 chains. 

First make a plot of the field. It is as here n 

Produce the sides h and d, the second 
and fourth, until they meet at O. Let S I 
be the position of the spring, and join SO. 
We may or may not find the contents of 
tiie field* : it is not necessary for the 
location of the line LSH. 

It is necessary to find the area of the triangle ABG. Conceive 
a meridian line run through B ; then we perceive that the angle 
ASff=U°+70° 30'=84° 30'. Conceive also a meridian line to 
be run through A, and then we perceive that the angle J}Aff:=S6° 
30'— 14°— 72° 30'; whence -d(?5=23°. With the angles and the 
side ^5=15,20, we readily find AG=38.72, £(?=37.I0, and the 
area .ilGif=280.65 square cliaiiis. 

It is necessary to find the line GS and the angle £0S. From 
the given direction of the Unes £0 and BS, we find the angle 
OBS=HB° 30' ; and then from the triangle GBS, we find 
BGS=5° 51' 30", and GS=43.m. Also we have the angle 
SGA=11° 8' 30' . 

To the area of the triangle AGB=2S0.65, add 10 acres, or 100 
square chains : then the area of the triangle (?irZf must equal 380.65 

• Wheu we have /our tides only, aad all the angles, es in this field, the bast 
method of finding thecoiilents la by conceiving it to be two triangles. Thua in 
this case the area ia represented by 

i ah ain, ABOi-ldc sin. CDA. 
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square chains ; but 6L and GH are both unknown. Put GL=y, 
GH^x : then we shall have the equation. 

a^sin. 23°=2{380,66). (1) 

It is obvious that the sum of the two triangles LGS, SGH is 
equal to the triangle GLff. 

But (?5=M=43.83, sin. 23°=P, sin. (17° 8' 30")=e, sin. 
(6° 51' 30")=A and 2(330.65) or 761, 3=a ; then we have 
Fo»i=^a, (I) 

Bmy-^Qmj^=a, (2) 

J-. This value put jn (2), gives 



and 

From (1), 



Fx ■ 



aRm,_ 



■VQmx= 



aB 



FQ 



(3) 

(4) 

by logarithms. 



fnQ FQ 

We now find the numerical values of - 
la follows : 

As our radius is unity, we diminish the indices of the logarithmic 
iinea by 10. 



log. a, 
g. m, 1.641771 
ig. Q,— 1.469437 


, 2.881556 
1.111208 


log. a. 
log. S.- 

log. P,— 1.591878 
log. e,— T.469437 

—1.061315 


2.881556 
—1.008880 




1.111208 




58.932 


1.770348 


-1.061315 


674.72 
Equation (4) now 


2.829121 


■ becomes 





;ri'—63.932:c=— 674.7 ; 
whence x= OS^43.366 : from which subtract 0.^=38.72, and 
we have AIT the distance required =4.646, which differs from the 
g^ven answer about one Uni of the chain. 
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Lemma. Find the poirU vrt any trapezoid, through which ant/ 
siraiffkt line vikick meets tlie parallel sides will divide the trapezoid into 
two equal parts. 

Let AB OD be tie trapezoid. 

Bisect the parallel sides AS and CJ) m 
the points n and m. Join win, and bisect 
tnn in 0, and is the point required. 

Any line meeting the parallel sides, and passing through 0, will 
divide the trapezoid into two equal trapezoids. It is obvious that 
the line tmi divides the figure into two equal parts, because the sum 
of the parallel sides is the same in each. Now draw any other line 
through 0, as pOq: the trapezoid pqBD=ntnBI> ; because the 
triangle Omp^gOn, and one triangle is cut off and the other is put 
on at the same time. The triangles are equal, because mO= On, 
the angle pm 0^ Onq, and the opposite angles at are equal : 
therefore pm^^nq ; and whatever more than Cm is taken on one 
side, the equal quantity qit less than An is taken on the other side. 

Another method of fintEng the point 0, is to bisect .-4 C in ^, and 
draw JJ^O parallel to A£ or OJD, and equal to one-fourth the sum 
of^iJand CD. 

2. There is o. piece of land bounded as follows : 

Beginning at the westernmost point of the field ; thence, 

1. jV: 35° 16'^., 23.00 chains; 

2. K 15° 30' E., 30.50 " 

3. S. 3° 15' M., 46.49 " 

4. iV: 66° 15' W., 49.64 " 

M is required to divide this field into four equal parts, hy two lines, 
one running parallel to the third side, the other cutting the first and 
third sides. Find the distance of Ike parallel line from the first com^ 
measured on the fourth side, and the bearing of the other line. 

Ans. Distance to the parallel, 32.50 chains ; Bearing of the other 
side, S. 79° 48' F. 
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CHAPTER VII. 

TRIANGULAR SURVEYING: THE PLANE 

TABLE — ITS DESCRIPTION AND USES: 

MAPPING; MARINE SURVEyjNG. 

Tbianohlar Surveying, as liere understood, requires the actual 
measucement of only one line, and iill other lines can.be deduced 
from this by means of observed angles forming triangles, of which 
this measured line forms a base of the fii-st triangle in the series or 
chain of triangles. 

Some of the other lines however should be measured after being 
computed, as a test to the accuracy or inaccuracy of the operations. 

Let AB represent a base line , 
which must be very accurately 
measured, for any error on A£ will 
cause a proportional error is every 
other line. 

If at A we measure 
BAC,BAB, andat^w 
or observe the angles ABO, ABB, 
we then have sufficient data to deter- 
mine the points C and D, and the line CD, 

With eqnal facility that we determine the point O, we can deter- 
mine the point E, or F, or G, or any other visible point. 

Thus we may determine all the sides and angles of the figure 
CEFGHD, or any visille part of it, by triangulating from the 
base AB. 

The lines forming the triangles are not drawn, except those to the 
points C and B ; we omitted to draw others to avoid confusion. 

After any line, as F&, has been computed, it is well to measure it, 
and if the measurement corresponds with computation, or nearly so, 
we may have full confidence of the accuracy of the work as far as it 
has been carried. 

We may take CD as the hase, and determine any visible number 
of points, ss, A,B, H, F, 0, iSsc, trace any figure and determine its 
area, or show the relative positions and distances of objects from 
each other, such as buildings, monuments, trees, &c. 
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But to make the computation, triangle after triangle, for the sake 
of making a map, would be very tedious, and to measure every aide 
and angle would be as tedious, and to facilitate this kind of operation 
we may have an instrument called the 



The plane table is exactly what the name indicates ; it is a plane 
board table, about two feet long, and twenty inches wide, resting on 
a tripod, to which it is firmly screwed, yet capable of an easy motion 
onits center, having a ball and socket like a compass staff. 

Directly under the table is a brass plate, in which fwir milled 
screws are worked, for the purpose of adjusting the table, the 
screws pressing agdnst the table. 

To level the table, a small detached spirit level may be used. 
The level being placed on the table over two of the screws, the 
screws are turned contrary ways, until the level is horizontal ; after 
which it is placed over the other two screws, and made horizontal in 

The table has a clamp screw, to hold it firmly during observa- 
tions, and also a tangent screw, to turn it minutely and gently, after 
the manner of the theodolite. 

The upper side of the table is bordered by four brass plates, 
about an inch wide, and the center of the table is marked by a pin. 

About this center,and tangent to the comers of the table, conceive 
a circle to be described. Suppose the circumference of this circle to 
be divided into degrees and parts of a degree, and radii to be drawn 
through the center, and each point of division. 

The points in which these radii intersect the outer edge of the 
brass border, are marked by lines on the brass plates ; these lines 
of course show degrees and parts of degrees ; they are marked from 
right to left, from to 1 80° on both sides, but on some tables the 
numbers run all the way round, from to 360°. 

Near the two ends of the table are two grooves, into which are 
fitted brass plates, which are drawn down into their places by screws 
coming up from the under side. The object of these grooves and 
corresponduig plates, is to hold down paper firmly and closely to 
the table. 
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The paper before being put on, should he taoistened to expand it, 
then carefully drawn over the table, and fastened down by tbe plates 
that fit into the grooves ; on drying, it will fit closely to the table. 

A delicate fine edged ruler is used Ti-ith the plane table, it has 
vertical sights ; the hwrs of the sights are in the same vertical plane 
as the edge of tbe ruler. 

s attached to the table, to show tbe bear- 
it practical mathematicians prefer each 



sed to advantage for three distinct 



a survey, 



both ai 



ings of the lines ; but the n 
instrument by itself. 

The plane table may bi 
objects. 

1 . For the measurement of horizontal angles. 

2. For the determination of the shorter lines o 
to extent and position. 

3. For the purpose of mapping down localities, harbors, water- 
courses, &c, 

1 . To fneaswre a Jiorhontal anffle. 

Place the center of the table over tbe angular point, by means 
of a plumb. Level the table, then place the fine edge of the ruler 
against the small pin at the center ; direct the sights to one object, 
and note the degree on the brass plate ; then turn the ruler to the 
other object, and note the degree as before. 

The di^erence of ike degrees thus noted, is the angle i<mght. 

If the ruler passed over 0, in turning from one object to the other, 
subtract the larger angle from 180°, and to tbe remainder add the 
smaller angle, for the angle sought. 

2. To determine tines in extent and position. 
Let CD be a base line; having a 
the paper on the table, all dried and f 
ready for use. Place the table over 
C, so that the point on the table, 
where we wish Cto be represented, 
shall fall directly over (7; and place 
tbe position of the table so that CD 
shall talce the desired direction on 
the table. 
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iNow level the instrument, and clamp it fast ; it is then ready for 
use. 

Sight to the other end of the hase line, and mark it along the fine 
edge of the I'tiler. 

In the same manner sight along the direction of CE, and mark 
that direcidon in a fine lead line, that can be easily rubbed out, the 
point H is somewhere in that line. 

Sight in the direction of F, and mark the line on the paper ; F is 
somewhere in that line. In tiis manner sight to as many objects as 
desired, as 6, H, S, A, Ac. 

Now the base on the paper, laaj be as long, or as short as we 
please ; suppose the real base on the ground to be 1200 feet ; this 
may be represented on the table by 3, 4, S, 10, or 12 inches, more 
or less ; suppose we represent it by 6 inches, then one inch on the 
paper, will correspond with 200 feet on the ground Qcorizimtally). 

Take 0X> %iX inches, and place a pin at D, remove the instrument 
to the other end of the base, and place J) of the table right over 
the end of the base, by the aid of a plumb, and give the table such 
a position as will cause CD on the table, to correspond ivitli the 
dii-eotion of the base. 

Level the table and clamp it. Wow, if CD on the table, does 
not exactly correspond with the direction of the base on the ground, 
make it correspond by means of the tangent screw. 

Now from D, by means of the ruler and its sight vanes, draw 
liiiesonthepaper, in the direction of the points .ff,^, G,H, B,A,hQ.; 
and where these lines intersect those from the other end of the base, 
to the same points, is the real localities of those points, in proportion 
to the base line. Lines drawn from point to point, where these lines 
intersect, as EF, F6, GH, &c., will determine the distances from 
point to point, at the rate of 200 feet to the inch. 

Lines drawn from the center of the table, parallel to FE and F&, 
will determine the angle EFG, in case the angle is required. After 
the points E, F, G, ifec, have been determined, the light pencil lines 
to them, from the ends of the base, may be rubbed out, except those 
that we may wish to retain. 

Here we perceive the wtUity of the plane table ; we have amullitude 
of resists, as soort as the observations are made. 
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The plane table will give tis at once, the relative distances of 
buildings fi'Om the base, and from each other, and if we are careful 
and particular, we can obtain the magnitudes of the buildings, as is 
s by the adjoining figure. 




This is most useful to an officer or a spy, who wishes aa exact 
knowledge of an enemy's locality as possible. Or "from a distant 
place AB, we may examine and measure any objects whatever, on 
the other side of a river, or give a correct delineation "of the river 
itself. 

The plane table can be made very useful to civil engineers, for 
mapping the localities through which a canal or railroad passes. 
Take, for example, a railroad Sine, ABGDS, represented in the 
next figure. The lines being all measured and marked in distances 
of 100 or 200 feet, the bases are all ready where the line is 
straight. 

Set the table as at A, and draw lines to aJi objects that you wish 
to appear on the map, both to the right and to the left, — then move 
the instrument to B, drawing lines to the same object from a corres- 
jxmding base on the paper, and also draw lines to other objects fur- 
ther in advance on the lino that may be seen from another base. 

The intersections of the lines from the extremeties of any base to 
to the same object will locate the object. 

When all the objects are thus located, both to the right and to 
the left, we pass on to new objects, taking eare to keep at least two 
of the old objects in sight, to connect one new observation with those 
previously taken. We now commence a series of observations from 
a new base, which base must take its proper relative position on the 
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paper, and if the paper on the table is not large enough, it must be 
taken off and new paper put on, mid two of the objects on the old 
paper mwit appear on the new, and then these two papers can he 
put togelier so that the objects which are on both papers will coin- 
cide, and then the two papers will be the same as one, and thus 
we may put any number of papers bother aad form as large a map 
as we pleace. 

If the diffisrent basee ur^ not in t3ie same directiim, the objects 
which ape on two different papers on being put together will show 
it, and several papra^ put toge&er may make a very inconvenient 
%ure ; but tl^y must be put togett^r and th<ra a square sheet o£ 
tissue paper put over the whole, and the aiap taken <^. From the 
tissue paper the ismip can be put on any other paper. 

The engineers ttf Napoleon's anny &eqtt^t}y made maps of the 
looalitieB they were about to paas ; mdeed it Is a uilitaiy prmcq)le 
never to go into an unknown loealitj, ezce^ in oases of absolute 
necesaitj. 

This subject naturally leads us to 



Marine Surveying is too extensive a subject to be fiilly investi- 
gated in any work like this. We shall oaiy explain how to find 
shoals, rooks, and turning points ia a diannel, by ranging to objects 
on shore. 

In trigonometncid surveying, on eb<«e. tia cUtaerver is supposed 
to take his angles from Ihe extremities ol a base line, bat in trigono- 
meMcal sorveying <»i water, tiie c^erver can t^e his angles only 
from single points which may be connected together by distant base 
.lines on the s1m»«. 

Importtujt points al<^ tbe shore are detHinitied by t^ing lati- 
tude and lon^tude, and intermediate' places, by regular land sur- 
veying. 

The locahties of rocks and shoals are also determined by astriHi- 
omicai observations, establishbg latitude and longitude, in case no 
land is m aght, or they are far from the shore ; but in the vicinity 
of the hmi. the detennination of a pMt is commoiJy ^ected by t1ie 
three pedal prdiUm. 
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The three point problem is the determmation of any point from 
observations taken at that point, on Ihree other ^stant pomts where 
the distances of these three points from each other are known. 

It is immaferial how those points are situated, provided the three 
points and the observer are not in the same right line, the middle 
one may be nearest or most remote from the observer, or two of 
them may be in one right line with the observer, or all three may be 
in one right Une, provided the observer be not in that hne. The 
following example will iUustrate the principle. 

Coming from sea, at the point D, I observed two headlands, A 
and B, and inland C, a. steeple, which appeared between the head- 
lajids. I found, from a m^, that the headlands were 5,35 miles from 
each other ; that the distance from A to the steeple was 2.8 miles, 
and itoBa B to the steeple 3.47 miles ; and I found with a sextant, 
that the angle ADC visa 12° 16', and the angle BDC 15° 30'. 
Required my distance from each of the headlands, and from the 
steeple. 

If the direction of AB is known, the direction oi AG is equally 
wellbtown. 

The case h^ which ihe three objects. A, C, 
and B, ar.& in one rigid line may i«qnire illus- 
tration. 

At the point A, make the angle BAE= the 
observed angle CDB, and at B. make the angle 
CBE= the observed angle ADC. 

Describe a circle about the triangle ABE, 
join E and C, and produce that line to the circumference in J>, 
which is the point of observation. Join AD, BD. The angle 
j17)5 is the sum of the observed angles, and AEB added to it 
must make 180°. 

The Trigonometrical Anahjah. — In the triangle ABE, we have 
the side AB and all the angles, .dJ^and EB can therefore be com- 

In the triangle AEC, we now have A C, AE, and the angle OAE, 
from which we can compute A CE, then we know A CD. 

Now in the triangle A CD, we have A C and all the angles, whence 
we can find AD and CD. 
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When the bearing of the base hne on shore is kiLo%7n, as it gen- 
erally is, and the bearings to its extremities, or even to one estrem- 
ity, are taken, the triangle is known at once. 

A pilot guides a vessel in and out of a port by tan^ng lines on 
the shore, minutely or approximately, as the case may require. 

"We will illustrate this fay a figure. Let the deep shaded lines 
represent the shores, A a light house on a rocky promontory. B 
another prominent object on the opposite shore ; the position of the 
arrow indicates the direction north and south. 

The ffunt dotted lines represent the boundaries of shoal water, 
over which it would not be prudent, if even possible, to conduct 
a vessel. The line a, 6, 
d, E, the center of the 
ship channel. All the pi- 
lots know that aline from 
^ to a, which is nearly 
east south east, runs sate 
to the open sea, after 
passing the shool coasl 

Now suppose a pilot 
boards a ship coming in from sea, sufftciently far from the coast, he 
directs her sailing so as to bring the light house at .^1 to hear west 
north-westi He then sails toward the light bouse until he finds the 
object B bearing due north of him. He then knows that the ship 
must he near a, the mouth of the channel. 

He continues the same course, and knows when he is about half 
way from o to S fay the two objects, and J), appearing in the same 
line- When and J) becomes fairly open, and C nearly north, 
and B not quite north-west, he is then at the turning point 6 of the 
channel. His course is then north, a little to the west, until the 
ship is nearly in a Une between the two objects A and B. From 
thence, west north-west takes the ship directly through the proper 
channel into the harbor. 
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LEVELING. 

Two or more points are smd to be on a level, when they are 
equally distant from the center of the earth, or when they are equally 
distant from a tranquil fluid, situated immediately below them. A 
leyel surface on the earth, is nearly spherical, and is not aplane; 
it is everywhere jwiyent^icM/ar to aplumb line. 

Any small portion of a true level surface, cannot be distinguished 
from a plane ; and, therefore, when observations are taken in respect 
to level, within short distances of each other, the spherical form of 
the earth is disregarded, and the level treated as a plane. But when 
any considerable portion of surface is taken into account, tlie curva- 
ture of the earth's surface must be considered. 

The apparent level, at any point on the earth, is a tangent plane, 
touching the earth at that point only, and the true level is below tins, 
and the distance below, depends on the distance from the tangent 

Let T be any point on the surface of the | 
eaj-th, at right angles to the plumb line from I 
this point is the plane or apparent level ATB; 
but the true level, or the surface of s 
water, would be the curved surface GTH. 

The distance AO, depends on the distance I 
AT, and the radius of the earth CG o "~ 

From G, draw GD, at right angles to ^C; | 
then the two triangles ATC, AGD, are equi- 
angular and similar, and give the proportion 
CT : TA : : DG : GA. 

Practically.— TA is a very short distance compared to CT, for 
TA, the distance within which we can take observations, is never 
more than two or three miles, while the distance CT is near 4000 
miles ; therefore, CT is nearly equal to CA, consequently, DA is 
nearly equal to SG, so near that we shall call it equal. 

Observe that TB=DG; hence DO^\TA. 
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Mow, in the preceding proportion, in the place of DG, piit its 
equal ^TA, and we shall have, 

CT:TA:: ^TA : GA. 

Whence, GA='^~ Also, ffa=Tl. ( 1 ) 

2CT 9.0T *■ ' 

That is. The square of the distance, divided hy the diameter of the 
earth, u ike distance ftetween the apparent and the true level. 

We can arrive at the same result hy the direct application of the 
36tli proposition of the third book of Euclid, or by the application of 
theorem 18, third book of Robinson's Geometry. 

Because A'ls ^ point without a circle, and AT touches the circle, 
we must have 

AO-X (2CG-}-AG)= Jf" 

But 2 CG, which is the diameter of the earth, cannot be essentvdly 
or appreciably increased, by the addition of AG, which is at most, 
but a few feet, therefore, AG within the parentheses, may be sup- 
pressed without maldng any appreciable error. Then divide by 2 CG. 

Whence, AG=^'^ ' 

If we take one mile for the distance TA, the value of GA will 
be ^f^ij j=8.001 inches. 

By comparing equations (l) we perceive that, 

GA -.ffa: : TA" : 7h' 
That is, Theeorreeticms for apparent levels, are in proportion to the 
sguares of tie distances. 

The correction for one mile is 8.001 inches; what is it for 10 miles? 
Ans, It is x inches ; then we have the following proportion, 

8.001 : a! : : 1^ : 10" »=:800.1 inches. 

We have seen above, that the correction for one mile or 80 chains 
distance, on an apparent level, is 8.001 inches, what is the correction 
for the distance of 20 chains ? 

Let z=the correction sought, and the solution is thus, 
8.001 : a: : : (80)» : (20)= 

:: 4" : 1= a;=0.600 inches. 
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In this manner, the following table was computed. 
Taile ahowinff the differences in inches, between the true and apparent 
level, f(er distances between I ami 100 chains. 



1 


.001 


26 


In'8. 


61 


3.256 


76 


7.221 


.846 


2 


.005 


27 


.911 


52 


3.380 


77 


7,412 


3 


.011 


28 


.981 


53 


3,611 


78 


7.605 


4 


.020 


29 


1.061 


54 


3.645 


79 


7.802 


5 


.031 


30 


1.125 


55 


3.785 


80 


8.001 


6 


.045 


31 


1,201 


66 


3.925 


81 


8.202 


7 


.061 


32 


1.280 


57 


4.061 


82 


8.406 


8 


.OBO 


33 


1.360 


68 


4.205 


83 


8.612 


9 


.101 


34 


1.446 


59 


4.361 


84 


8.832 


10 


.126 


35 


1.531 


60 


4.500 


85 


9.042 


11 


.151 


36 


1.620 


61 


4.664 


86 


9.246 


12 


.180 


37 


1.711 


62 


4.805 


87 


9.462 


13 


.211 


38 


1.805 


63 


4.968 


88 


9,681 


14 


.245 


39 


1.901 


64 


5.120 


89 


9,902 


16 


.281 


40 


2.003 


65 


5.281 


90 


10.126 


16 


.320 


41 


2.101 


66 


5.443 


91 


10.361 


17 


.361 


42 


2.208 


67 


6.612 


92 


10,587 


18 


.405 


43 


2.311 


68 


6.787 


93 


10.812 


19 


.451 


44 


2.420 


69 


5.955 


94 


11.046 


20 


.600 


45 


2.531- 


70 


6.125 


95 


11.233 


21 


.562 


46 


2.646 


71 


6,302 


96 


11.521 


22 


.606 


47 


2.761 


72 


6.480 


97 


11.763 


23 


.661 


48 


9.880 


73 


6.662 




12.017 


24 


.720 


49 


3,004 


74 


6.846 


99 


12,246 


25 


.781 


50 


3.125 


76 


7.032 


100 


12.502 



This table is of liUle or no practical use, for levelers rarely take 
sight to a greater distance than 10 chains, and at that distance the 
correction is only otw-eighCh of an inch, and if they put the level 
midway between two stations, they annikilale the corrections 
altogether. 

Suppose a level to he placed at T, midway between A and B ; the 
instrument will show them to be on the same level, as so they really 
are, for they are at equal distances from the center of the earth ; but 
if the observations were taien in reference to A and a, tie apparent 
level would not show equal distances from the center of the earth, 
and a correction must be appKed, if the difference of distances is 
more than four or five chains. 
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To comprehend the whole subject, we must i 
modem 




The figure before us represents this useful instrument, apart from 
its tripod. 

Its principal parts are the telescope AB, to which is- attached the 
leveling' tube Clf; the telescope rests in a bed, which is supported 
by posts yy, called the i/'s ; £!£! is a firm bar, supporting the fs. 
In 5 is a socket, which receives the central pivot of the tripod 
(which is not here represented). 

When the instrument is put upon its tripod, the tube .S^ can be 
clasped on the outside, and held firmly by a clamp screw, it can 
then be moved horiaontalty, as minutely and readily as desired, by 
means of a tangent screw. 

The tripod contains a pair of brass plates, to the lower one the 
legs of the tripod are firmly attached, the other plate moves in all 
directions on its center, and is worked by four screws ; these are 
called the leveling screws ; these plates are purposely made small as 
a greater surety against bending : the four leveling screws arc 
placed at the four quadrant points of the circle, and, with the center, 
form diameters at right angles. 

The eye-glass of the telescope is at A, the object glass at £. The 
screw V runs out the tube w^hich holds the object glass, to adjust it 
to difierent distances. 

The telescope is fastened into the y's, by the loops r r, which are 
fastened by the ^ins pp. The telescope can be reversed in the i/'s, 
by taking out the pins p p ; opening the loops r r ; taking up the 
tube, turning it round, and again placing it in the y's ; then A will 
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take the.pnsition of B, and J? of A. The necessity of this construc- 
tion will appear when we describe the adjustment. 

At n n are two smaJI screws ttat are attached to a ring inside of 
the tube ; this ring holds a horizontal spider line ; the object of 
the screw is to elevate and depress ttat spider line. 

At 5 5 ( only one q can be seen in the figure ), arc two screws 
that work another ring, which holds a perpendicular spider line, 
which can be moved to the riglit and left by the screws g q. The 
two spider lines show a perpendicular and horizontal cross at the 
focus of the telescope. 

Before using the instrument it must be adjusted. The adjust- 
ment consists : 

Jst. In making tJie center of the eye-glass and ilie intersection of tlie 
spider's lines coincide wiik the axis of the telescope, and this line is 
called the line of colliwalion. 

9nd. In making the axia of the altaefied level, OD, parallel to the 
line of cdlimation, in respect to elevation. 

3rd. In making the attached level lie exactly hi the same direction as 
the line of coUimation. 

To nialie the frsl adjustment, the telescope is made to revolve 
in the t/'s. 

To make the second adjustment, there is a screw a, which serves 
to elevate and depress the end of the leveling tube at C. 

To make the third adjustment, there is a side screw &, which 
drives the end of the tube I) to the right and left, as the case may 
require. 

First Adjustment. — Plant the tripod, place the instrument upon 
it, and direct the telescope to some well defined and distant object. 

Draw out the eye-glass at A, until the spider's lines are distinctly 
seen, then run out the object glass by the screw V to its proper fo- 
cus, when the object and the spider's lines will be distinct. Now 
note the precise point covered by the horizontal spider's line. 
Having done this, revolve the telescope in the y's half round, when 
the attached level Will be on the upper side. See if in this position 
the horizontal spider's line appears above or lelote the same object. 

If this line should appear exactly in the same point of the object 
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as before, this spider's line is already in adjustment, but if it ap- 
pears above or below, bring it half way to the same point by means 
of the screws n n, loosening the one and tightening the other. 

Carry back the telescope to its original position, and repeat 
the observation, and continue to repeat it until the telescope will 
revolve half round without causing the horizontal line to rise or 
fall. This will show that the horizontal line is a diameter of the cir- 
cle of revolution, and not a chord of it. Make the same adjustment 
in respect to the vertical hair, and the line of coUimation is then 
adjusted. 

Second Adjustmetii. — That is, to make the tube CD horizontally 
parallel to the line of collimation. Place the instrument properly on 
its tripod, and bring the horizontal bar £!E directly over two of the 
leveling screws ; turn these screws until the bubble d rests in the 
center of the tube. 

Now CD is on a level, but we are not able to say that tlie line of 
sight through the telescope, that is the line of collimation, is on a 
level also. To test this, take out the pins ^ ;^, open the loops r r, 
and take out the telescope with its attached level, and turn it end 
for end, put it back in its bed, and put the loops over and pin them 
down. If the bubble now rests in the middle, no adjustment is re- 
quired; if not, the bubble will run to the elevated end. In that case 
the bubble must be brought half way back by the leveling screws, 
and the other half by the screw a. 

Repeat the operation until the bnhhle wilt settle in the middle of 
the tube after reversing the telescope. 

Third Adjusiraenl. — The second adjustment being completed, re- 
volve the telescope in the y's, and if the bubble continues in the 
middle, the axis of the telescope and the axis of the tube CD lie in 
the same direction, or in the same vertical plane ; and if they be not 
in the same vertical plane the bubble will run to one end or the 
other ; in that case the side screw 6 will remedy the defect. 

The three adjustments are now made approximately, no one of 
them can he made perfectly while the instrument is greatly out of 
adjustment in relation to the others ; therefore commence anew, — 
Bring the bar EE over two of the leveling screws, and level the 
instrument; then turn it over the two other screws and level it in that 
direetion also. Now, if we can turn the instrument quite round 
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without removing the bubblefromthecent^ritismpretty j^ood ad 
ju'-tment but it otherwise as w to be expenfed waif all thesf 
ttdjuitmenls oier ajain thej caa now be made with min,h less 
difiiculty 

It 1? important thit a leiel shjuH be in aa perfect adjustment s 
possible, but periection m all respects is almost, yea, quite impossi- 
ble. Yet, with a level considerably out of adjustment, we can ob- 
tain the relative elevation of any two points, provided we can set the 
level midway between them. 

To illustrate this, suppose the instrument placed at 1), midway 
between two perpendicular rods Aa Bb. 




Let ab represent the true hoiizontal line but suppose that the in- 
strument is so imperfect, or out of adjustment, that when the level- 
ing tube CD is horizontal, the telescope would point out the rising 
line DA, and the rise would be Aa. On turning the instrument 
round and sighting to B, the rise must be the same as in the oppo- 
site direction ; for ike distance i$ ike same, therefore A and B are as 
truly on a. level with each other as a and b. 

By this problem, practical men complete the second adjustment of 
the instrument. They make the three adjustments aa just expliined, 
as accurately as possible. They then measure, verj ciretully 
the distance between two stations, as S! and I'', and set the in- 



strument exactly midway between them as 

They then level the instrument ( that i 
find the difference of the levels between jE s 
into the ground ). 

How, suppose AS measures on the rod. 

And BF 

Then £ is above F ■ ~ - ■ 



in the last 



, the tube CD), and 
id i^ ( two pegs driven 



4.752 feet. 
6.327 feet. 
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They now bring the level near to one of the stations as E, and 
level it very accurately, and sight to the rod AE. 

Now, suppose the target stands at - - - 5.137 feet. 

To this add ------- 1.675 feet. 

6.712 

Tbe rod mau now goes to the station F, puts his target oa the rod 
exactly at 6.712, and the telescope is tuxned upon it, and the hori- 
zontal spider's line ought to just coincide with the target, and wiU, if 
the instrument is in perfect adjustment ; if it is not, the error is tsiken 
out by the screws n n. If the error was but slight, as in such cases 
it always is with good instruments, the adjustment is as complete as 
it can be made. 

With the level there must be 



The rod is commonly ten feet long, and divided into tenths and 
hundredths, some have also a vernier scale which in effect subdivides 
to Ihouaandihi. The target slides up and down the rod, and car- 
ries the vemieron the back of the rod; the target has equal alternate 
portions painted black and white for contrast. 

A party to take the necessary levels on the line of a railroad or 
canal, after the stations are measured off, should consist of a leveler, 
and assistant leveler, a rod man, and an axe man. 

The leveler and assistant leveler both keep book, and sometimes 
the rod man also. If there is no assistant leveler, the rod man will 
have an abundance of time to keep book, and under such circum- 
cnmstances always does so. Under all circumstances, two persons 
keep book, to have a check on each other and guard against mistakes. 

In the field the ^m is fo put the level midway between the two 
stations, but they are not particular about it if the instrument is in 
good adjustment ; they rather take the most advantageous spot to 
sight from. 

When the ground admits of it, that is, sufficiently level, two or 
three intermediate stations are observed, as weE as the extreme back 
and fore stations. The extreme hack and fore stations are called 
ckamging stations ; at these stations pegs are driven into the ground 
by the axe man for the rod man to plant his rod, so as to secure 
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the same point for both the fore and back sight. At the intermedi- 
ate stations they have no pegs, and are nolparUcular in any respect, 
for all errors cancel each other. 

The common rdlroad chain is 100 feet, divided into 100 links ; 
each link is therefore one foot. Levels arc commonly taken at inter- 
vals of 200 feet, oftener if the ground is very uneven, but a station 
is considered 200 feet, and the number of the station multiplied by 
200 gives the number of feet from the C' 

The field book is kept thus : 

B. S. meaas back sight, F. S. fore sight, . 
•levatlan above a cooiidoii bass. 

K. B. — When the back sight is less than the fore sight, the 
ground is descending, and the converse. 



■ ascent, D. descent, T. 






B.S. 

4.32 


— wr&T' 


A. 


D, 

1:89" 


Tott.1. 

97.11 


7.21 




1 


5.52 


8.17 




2.66 


94.46 


2 


"9.18 


6.27 


2.91 




99.37 


3 


6.27 


6.12 


0.15 




97.62 


4 


6.12 


3.76" 


2.36 




99.88 


6 


9.81 


11,62 




1.8) 


98.07 


6 


8.47 


9.02 




0.55 


97.52 


7 


2.64 


8.91 




6.27 


91.25 


8 


1.07 


7.38 




6.31 


84.94 


9 


4.29 


5,32 




1.03 


83.91 


10 


6.32 


4.85 


0.47 




84.38 




4,85 


3.17 


1.68 




86.06 


12 


8.22 


1.63 


7.31 




93.37 



Thus we go through the whole line. We commenced with the 
comlant 100, but this is arbitrary; the object of taking a constant is 
to avoid the minus sign, that is, getting below our ruled paper in 
making a profile of the vertical section. 

Where the line is to be generally ascending, we assume a small 
constant, where generally descending a large one ; taking care in all 
cases to have it so large as not to rim it out. 

At each and every section we know exactly how much we are 
above or below the constant base, and the exact ascent or descent 
from any one station to any other. 

The following diagram represents a vertical section of the ground 
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where these levels were taken, with the exception of tlie esagjrcra- 
tion of the roughness caused by the difference of scales for the base 
and perpendicular lines. Prom one station to another is 200 feet ; 
w la 8 mad 10 f t occupy more space ia the perpendicular direc- 

n tl n 400 f t d es in a horizontal direction. We do this to 

I w m 1 Ij where any particular grade will enter thii 

un 1 and h w mu h it is necessary to cut or fill at any particular 

P t 

Tl z z In f m 100 of 
alt t de to 86 p sents the 
fa of g und and suppose 
tl at w w hed to duce it to 
a regular grade so as to remove 
as little earth as possible. By 
the mere exercise of judgment, 

we conclude to run the grade between station and 11, from 98 lo 
92 ( but the propriety of this conclusion would depend on the con- 
tour of the ground on each side of these stations ). The direct line 
« b drawn, shows that the grade runs out of the ground at station 

I , we must fill ia about 2 J^ feet at station 2, the grade runs into iJie 
ground again at about 80 feet before we come to station 3. At sec- 
tion 4 the cutting, roust be a little over 2 feet, at station 5 a little 
over 5 feet, at 7, 2 feet, and i-uns out of the ground midway be- 
tween stations 7 and 8. 

At stations 9 and 10 we must fill in about 8 feet, and so on ; tiie 
depth of cutting or filling is obvious at every station. 

If the contour of the ground beyond 1 1 was generally level or 
descending, we would change the grade at station 7 and render it 
more descending, so as to make less filling up at stations 9, 10, and 

II. In the adoption of grades for a rdlroad, an engineer has great 
scope to exercise his judgment. 

In the representation here made, ah appears like a steep grade, 
but it is not; it could scarcely appear on the ground other than a 
level, for the difference is only 6 feet in 2200 feet of distance, which 
is at the rate of HjL feet to the mile. 

An engineer can freely vary his grade, while it keeps under 18 or 
20 feet to the mile ; but they submit to a great deal of cutting and 
filling, before they establish a grade over 40 feet to the mile. 
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Contour of ground is shown on maps, by ffiarking where parallel 
planes run out on the surface. 

We shall give only the general principle. 

Let A be the top of a hill, whose contour we wish to deliaeal*; 
measure any convenient line as A£, up or down the hill, and by 
the level or theodolite, ascertain the relative elevations of a, b, c, d, 
&,e., as many planes as we wish to represent. 

At a, place the level or theodolite, and level it ready for observa- 
tion ; measure the height of the instrument, and put the target on 
the rod at that height. 

Send thg rod-man ai 
axe -man round the hill, < 
the same level as the i 
stmment. Lettherod-mi 
set the rod ; the leveler 
will Mght to it through the 
telescope, and if the tar- 
get is below the level, he 
will motion the rod-man up the hill, if too high, down the hill ; at 
length he will get the same level, and there the axe-man will drive 
a stake. In the same manner we will estabhsh another stake further 
on ; and thus proceed from point to point To get round the hill, 
it may be necessary t m ^e tie n trumeit several times. The 
plane thns estabhshed si repre^e ited by the curve am. 

In the sin e nnnner by pkcmg tl e nstrument at h, we can 
establish the neit plane hn 

Then the next and the next as manj as we please. Where the 
hill is more st ep t vo of these parallel planes will be nearer together 
in the figure where less steep they will aj pear at a greater distance 
asunder, ad th s w tli the proper shadmg will g^ve a true repre- 
sentation of the ground. 
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SLXVATIONS DETBRUIKED BY ATMOSPHXIIIO PRKS- 

BURX, A3 INDICATED BY THBBABOMETZK. 

The higher we ascend above the level of the sea, the less is the 
atmospheric pressure (other circumstances being the same), and 
therefore we can determine the ascent, provided we can accurately 
measure the pressure, and know the law of its decrease. 

As this work is designed to be educational as well as practical, 
we shall here make an effort to explain the philosophy of the pro- 
blem, in such a manner, as to force it upon the comprehension of the 
learner. 

The pressure of the atmosphere at any plaee, is measured by the 
height of a column of mercury it sustains in the barometer tube. 

It is found by experwunt, that air is compressible, 
and the amount of compression is always in pro- 
portion to the amount of the compressing force. 

Now, suppose the atmosphere to be divided into I 
an indefinite number of strata, of the same thick- 
nets, and so small that the density of each stratum 
may be considered as uniform. 

Commence at an indefinite distance above the I 
surface of the earth, as at A, and let w represent 1 
the weight of the whole column of atmosphere 
resting on A. Let the small and indefinite dis- 
tances between AB, BO, CD, cfec, be equal to each other, and we 
shall call them ttnits of some unknown magnitude. 

The weight of the column of atmosphere supposed to rest on B, 
is greater than v>, by some indefinite part of w, say the wth part. 

Then the weight on £, must be expressed by( w-) — jor ( ': \w. 

In the same manner, the weight or pressure resting on C, must be 
the weight above B, increased by its jith part ; that is, it must be 
(!!-')„+ (■5i'V,hiehbjadditioni.('?±!Y„. 

In the same manner, we find that the weight resting on D, must 
beUX— i_Mr, and so on. For the sake of perspicuity, we recapitulate. 
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The pressTire on A is w. Units from A 

o. B i. ("-±i). 

on (7 !.&+-'£» 

ft" 

c„5i, Ml):, 

&c. &a. &c. &c. 

Here we observe the series which represents the pressure of 
atmosphere, at the different points ^,S, C,(fec., is a series in ^eomeirica^ 
progression, and it corresponds with another series in arUhmetical 
progression; therefore, by the nature of logarithms, the numbers in 
the arithmetical series, may be taken as the logarithms of the num- 
bers in the geometrical series. 

But this system of logarithms, may not be hyperbolic nor tabular, 
indeed it is neither ; the lose of litis system is as yet unknown, but 
our investigations will soon lead to its discovery, 

Now, let the number of units from Aio S (the surface of the 
sea), or to the loieer of two stations, be represented by x, then the 
expression for the pressure of the air would hej — X- \ w, but this 

is neither more nor less than the weight of the column of mercury 
in. the barometer, which is sustained by this pressure. 

By calling this b, and designating the logarithms of this unknown 
system by L', we shall have 

Vl=x (1) 

Taking y to represent the number of units from A to F, and i,(o 
represent the pressure of the atr at that point, we shall have 

L%=y (2) 

Subtracting (2) from (1), we shall have 

L'b—L%=x—y=SV 
This is, a certain pectdiar logarithm of the barometer column at the 
lower station, diminished by the logarithm of the barometer at the 
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upper station will give the difference of levels between the two sta- 
tions. But still all is indefinite and unknown, because we know 
nothing of these logarithms. 

In algebra, we, learn that the logarithms of one system can be 
converted into another by multiplying them by a constant multiplier 
called the modulus of the system, therefore. 

Assume 2 to he the modulus or constant that will convert com- 
mon logarithms into these pecuhar logarithms. 

Then, Z(log. J— log. 5,)=Sr (3) 

Here, log. li denotes the common logarithms of the barometer 
column. 

Equation (3) is general and determines nothing until we know 
iSTin some particular 

Taking iSF some ino I tion and b ng the altitude of 
the barometer column at b tl tata d th n equation (3) will 

give Z once for all. 

Putting /i to represent th In im lei t and e have, in general, 

■2=bg. 6_log. 6, ^^^ 

Example. — At the bottom and fop of a tower, whose height was 

200 feet, the mercury stood ia the barometer as fohows. 
At the bottom, ... - 2().9G inches =b 

At the top, - ■ , - - - 29.74 mclies =6, 

the temperature of the air being 49° of Fahrenlieit's thermometer. 

Whenpp Z=— -1^— ■= ^"'^- = 62500 nearly. 

wnence, ^— jog. 29,96— log. 29. 74 0.003201 ■' 

" But this multiplier is constant only when the mean temperature 
of the air at the two stations ia the same ; and for a lower tempera- 
ture the multiplier is less, and for a higher it is greater. A cor- 
reclion, however, may he applied for any deviation from an assumed 
temperature, hy ificreasinff or diminishing ( according as the lempera- 
lure is higher or lower) the approximate height 6y its H9lhparl for each 
degree of Fahrenheit's ikermomefer. We can moreover change the 
multiplier to a more convenient one by assuming such a tempera- 
ture as shall reduce this number to 60000 instead of 62600. Now 
62500 exceeds 60000 by its 23th part; and, since \° causes a 
change of one 449th part, the proportion 
lb- l°-sV- 17.9, 
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g^ves 16° nearly for the reduction to be made in the temperature of 
the air at the time of the above observations, in order to change the 
constant multiplier from 62500 to 60000, or to lOOOO, by calling 
the height fathoms instead of feet. Thus, instead of the thermometer 
standing at 49°, we may suppose it to stand at 49° — 18° or 31°; and 
then.we take 10000 as the multiplier, and apply a correction addi- 
tive for the 18° excess of temperature." 

The same observations, for example, being g^ven, to find the 
height of the tower. 

29.96 - - log. - - 1.47664 

29.74 - - - log. - - - 1.47334 

Diff. of log. - - 0.00320 

Multiplier - - - 10000 

Product - - - 32 

Then the height of the tower is 32 fathoms, or 32X 6=192 feet, 
on the supposition that the temperature of the air was 31° in place 
of 49°. But it being 49°, we must increase 192 by its j\^ partfor 
each degree above 31°, that is, by j'j'j or Jj nearly of its approxi- 
mate height, which ^ves nearly 8 feet to add to 192, making 200 
feet for the height of the tower. 

The same method is applicable to other cases whatever be the 
temperature of the air at the two stations, provided it be the same 
or nearly the same at both stations, or provided we take the mean 
temperature of the two stations. We can find the difference of 
levels of two stations to considerable accuracy by the following 

Rule. — IsL Take the difference of the logarilhms of the tvm baro- 
meter cdwnins, and remove the decimal point four places to the rigU. 
This is the approximate difference of levels in fathoms. 

2d. Add jj^ of the approximate height for each decree of tempera- 
tare above 31°, and sobtbact the same for each degree below 31° ; the 
residt cannot be far from the truth. 



I. The barometer at the base of a mountain stood at 29.47 inches, 
and taking it to the fop, it fell to 28.93 inches. 

The mean temperature of the air was 61 °. What was the height 
of the mountain in feet ? Ana. 603.34 feet. 

15 
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29.47 log. - - - 1.469380 
28.93 1(^. - - - 1.461348 
0.008032 
Approximate height in bthoms, 80.S2. 
C(ymedm.-~&AA AV "f 80.32 to itself, that la, add 3.M. 
Height, in fathoms, ' - 83.89 
Multiply by - - - 6 

Hrightinfeet, - - fi03.34 

The averse height of the barcaneter, at the level of the sea, is 
30.09 inches ; and noir if we know the average h^ght of the baro- 
meter at any other place, and the aTerage temperature, it b equiva- 
lent to knowing the elevation of the latter place above the level of 
the sea. 

For example, the mean height of the barcmieter at Albany Academy 
b 29.96, and the mean temperatore is 49°. How high is the 
academy above tide water ? 





A 


,ns. 1 17.3 feet. 


30.09 log. 


1.4784S2 


49° 


29.96 log. 


1. 476542 


31 




0.001880 


l8° 


Approximate height 


18.80 fethwnf 




AddjVVoTs'i 


76 





19.&SX6a:117.3feet. 

2. The average hei^t of the barometer at Amenia Bemmary 
in Bnchess, Co., New York, is stated in the Begents' report at 29.81 
inches : average temperature 49°. What ki the height of that point 
above tide water ? 

Ans. 253.32 feet. 

3. The mean height of the barometer at Fompey Academy, On- 
ondagua Co., New York, is 28.13, corrected and reduced to 32° 
Fahr. What then is the elevation of that locality ? 

Ans. 1755 feet. 
Others have made it 1746 feet. 

4. From various obsenrationB on the summit of Hount Washing- 
ton, in New Hampshire, the mean height of the hanwaeter there is 
24.tO, mean temp^^ture at the times of obeerraticai was about 65° 
Fahr. 
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Now admitting that the mean temperature at the surface of the 
sea, in the same latitude must have been 75°, whicK would make 
the meaa temperature between the two statioaa 70°, what then is 
the height of Mount Washington above the sea ? 

Ans. 6170 feet, nearly. 

By some observations the elevalion is estunated at 6496 feet, by 
others at 6390 feet. 

5. Lieutenant* Fremont, in his narrative of the exploring expedi- 
tion across the Eocky Mountams, page 45, under date of July 13th, 

1842, states his latitude at 41° 8' 31", lon^tude 104° 39' 37", 
height of the barometer 24,86 inches, aUacAed thermometer 68° ; 
what was his elevation above the sea ? Ans. 6389.2 feet. 

Rehark.— The author states his eleTBtiDn at 5449. feet. As he does not state 
the tempBralura of the ait by the delached thermometer, we know not what 
correclion he made. These solitary barometrical observations are moro or less 
valuable, Bccording to the settled or unsettled state of the weaClier. A persoa 
of eiperience and good judgment in such mailers, like Fremont, would not of 
course record the inapplicable observations. 

6. Lieut, Fremont, in his journal, page 104, under date of August 
15th, 1842, when, as he supposed, on the highest point of the Kocky 
Mountains, observed the barometer to stand at 18,29 inches, and the 
attached thermometer at 44"! ; what was the elevation above the 
level of lie sea? Ans. 13622 feet. 

Fremont estimates the elevation at 13670 feet. 

This shows that he estimated the mean temperature above 60°, 
and no doubt a similar cause made the difference in the result of 
the previous example. 

7. On page 140, of Fremont's Journal, under date of July 12th, 

1843, he says ; " The evening was tolerably clear, with a tempera- 
ture at stmset, of 63°. Elevation of the camp, 7300 feet." 

Taking the mean temperature of the two stations, the sea and his 



•Lleatenant was his proper title at this time, 

tlf the sea were at the base of the mountain, the temperature al the li 
statlan would no doubt be as high as 60°. Making this supposition, the i 
temperature of the two stations would be 6(P. We therefore take 50° at 
mean temperatare. 


, the 
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place of observation, at 67°, what must have been the height of his 
barometer ? Ans. 23.21 inches. 

Represent the approximate elevation by y, tben 

y+?!^=7300 Or, y=6738.14 
449 

Divide y by 6, which gives 1126.35. Divide this by lOOOO. 
Then, let x represent the altitude of the barometer column. 
Whence, 1.478422— log. ^=0.1 12635 
Therefore, log. s=1.365787 

In the preceding examples we could only be general and approxi- 
mate, we had only the observations at one station referred to general 
observations at the other ; but our results cannot be far from the 

When tlie difference of temperatures at the two stations is con- 
siderable, the result must be affected by it. 

When the upper station is the coldest, which is generally the case, 
the mercurial column will be shorter than it otherwise would be, and 
consequently indicate too great a height. 

If the temperature of the upper station is taken for the tempera- 
ture of the lower, the mercurial column at the lower station would 
not be high enough, and the deduced result would be too small, as 
is the case in example 5. 

The contraction of mercury being about one 10000th part for 
each degree of cold, or, 0.0025 in a column of 25 in., it would 
require 4° difference of temperature, to produce an effect amounting 
to one division on the scale of a common barometer, where the 
graduation is to hundredths of an inch. 

This correction is combined with the former in the following 
equation, in which tt' represents the temperature of the air at the 
two stations ; ( at the lower station, 5 and q' the temperature of the 
mercury, as indicated by the attached thermometer. 

The fraction 0,00223, is equal to ^i.^ nearly; A=the height 
sought, 6 and i, represent the observed height of the mercurial 
column. 

/i=s 10000 1 1-1-0.00223 



f^+f'-sAl log. _ 



+0.001 (y—j') 
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Beside the correctioas previously considered, regard is sometimes 
had to the effect of the variation of gravity in different latitudes, 
and at different elevations ahove the earth's surface. The latter, 
however, is too small fo require any nolice in an elementary work. 
The former may be found by multiplying the approximate height 
by 0.0028371 Xcos. 2 lat. It is additive, when the latitude Is less 
than 46°, and subtractive when greater. Or it may be taien from 
the following table. 

L&Utode. Ckniectioa. 

0° - - " + -j^T of tlie app. height. 

6° - - + ^h 

10° - - - 4- 3!-^ 

16° - - + ji., 

20° - - ■ + jU 

26° - - 4- 5-ij- 

300 - . - + ,1.5 

35° - - + T^^i. 
40° - - - +2,-'35 



90° - - - — jtj 
Given, the pressure of the atmosphere at the bottom of a moun- 
tain, equal to 29.68 in. of mercury, and tbat at its summit, equal to 
25.28 in., the mean temperature being 50°, to find the elevation. 
Ans. 727.2 fathoms, or 4363.2 feet. 
The following observations being taken at the foot and summit of 
a mountain, namely, 

at the foot, bar. 29.863 attach, therm. 78° detach, tlerm. 71° 
at the summit, " 26.137 " 63" " 66° 

to find the elevation. 

Ans. 61B.9 fathoms, or 3713.4 feet. 
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It is required to find the height of a mounts in latitude 30°, the 
obaervatioiis witli the barometer and thermometer being as follows ; 
namely, 

at the foot, bar. 29.40 attach, therm. 60° detach, therm.* 43° 
at flie summit, " 25.19 " 46° " 39° 

Ans. 683.27 fathoms, or 4099.62 feet. 
If we assume any temperature, for instance 45°, and the height 
of the barometer at the level of the sea, at 30.09 inches ; ve can 
compute the elevation of the point, where it would be 29.99, 29.89, 
29.79, 29.69, &c., inches ; and thus we might form a table, showing 
the elevations that would correspond to any assumed height of the 
barometer at that temperature. It will be found, that the first fall 
of Jj of an inch will correspond to about 88 feet in elevation, but 
every subsequent tenth, will requiie a greater and greater elevation. 

s the temperatare of the lUBreurj in the 
ter, Ihat of the gurroundlng air. 
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CHAPTEK I. 

INTRODUCTION. 

Navioxtion is the art of conducting a ship from one place to 
another. 

In most works this art is mixed up with seamanship and elementary 
science. In this work, navigatjon will stand by itself—^ alone ; and 
we shall presume that the reader is properly prepared in elementary 
science. 

This be[ng th« case, it will not he uecesfory to take up time vni 
space in giving definitioos of latitude, longitude, meridian, horifun, 
•fee, &c., the previous indispenwble kngwledge of geography neces- 
sarily gives a knowledge of all these terms. 

Navigation, rightly understood, requires an accurate knowledge 
of the geography of the seas — the winds and currents that here 
and there prevail, and also a good general knowIe<^ of astronomy. 

Buoning a line in surveying and running a course at sea, are math- 
ematically the sajse thing, except that the latter is on a larger scale 
than the former, vidiout its accuracy, and it is for a different object. 

In surveying we take no account of the magnitude and figure of 
the earth. In navigation we are compelled to do so, unleas the 
limits of the open^on be very smaQ. 

There are two methods of finding the portion of a sMp. 

1st. By tracing her courses and distances, as in a surrey. Thia 
is called dead reckoning. 

Sd. By deducing latitude and longitude from observations on the 
heavenly bodies. This is called nautical astTonomy. 

(175) 
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No one expects accuracy from dead reckoning, and as a general 
thing it is only used from day to day, between observations ; or to 
keep the approximate run during cloudy -weather or until observa- 
tions can again give a new starting point. 

Some navigators keep a continuous dead reckoning from port' to 
port, which enables them to judge of drifts, currents, and unknown 
causes of error. 

The earth is so near a sphere that for the practical purposes of 
navigation it is taken as precisely so. Its magnitude corresponds 
to 69^ English miles to one degree of the circumference, but in the 
early days of navigation 60 miles were supposed to be about 
a degree, which for the sake of convenience is still retained. 

The sixtieth part of a degree is called a nautical mile, and it is, of 
course, larger than an English mile. 

In an English mile there are - - - 6280 feet. 
In a nautical mile there are . - . 6079 feet. 

The rate which a ship sails is measured by a line running off of 
a reel, called the loff line. 

The log is nothing more than a piece of thin board in the form of 
a sector, of about six inches radius, the circular part is loaded with 
lead to make it stand perpendicular in the water. 

The line is so attached to it that the flat side of the log is kept 
toward the ship, that the resistance of the water against the face of 
the log may prevent it, as much as possible, from being dragged 
after the ship bv the weight of the line or the frictbn of the reel. 

The time whict is usually occupied in determining a ship's rate 
is half a minute, and the erperiment for the purpose is generally 
made at the end of every hour, but in common merchantmen at the 
end of eyery second hour. As the time of operating is half a min- 
ute, or the hundred and twentieth part of an hour, if the line were 
divided into 120ths of a nautical mile, whatever number of those 
parts a ship might run in a half minute she would, at the same rate 
of EBJling, run exactly a like number of miles in an hour. The 120th 
part of a mile is by seamen called a knot, and the knot is generally 
subdivided into smaller parts, called /a/Aoms, Sometimes (and it is 
the most convenient method of division ) the knot is divided into ten 
parts, more frequently perhaps into eight ; but in either case the 
subdivision is called a fathom. 
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We shall consider a fathom the tenth of a knot, and as the nauti- 
cal mile is 6079 feet, the 120th partof it is 50.66, the length of a 
knot on the line, and a httle over 6 feet ia the length of a fathom. 

The operation of ascertaining the rate of sailing is called hy sea- 
men heaving the log. 

At the end of an hour the loaded ekip, or log, is thrown over the 
stem into the sea ; a quantity. of the line, called the stray line, is 
allowed to nm off, then the glass is turned and the number of knots 
that runs o£E the reel durmg the half minute is the rate of the ship's 
motion. 

The log is then hauled in and the same operation is repeated at 
the end of the aext hour. 

The officer of the watch, who has been on deck during the hour, 
will mark on the slat« or board, called the log board, the numher 
of miles and parts of a mile which the ship has sailed during 
the last hour, according to the best of his jadgment; the log was 
thrown only to help make up that judgment, for the rate at the time 
the log was thrown may have been considerably more or less than 
the average motion during the hour. 

The course of a ship is marked by the mariner's compass. 

The mariner's compass differs from the surveyor's compass only 
by its construction, that is, the magnetic needle is the motive power 
in both. In consequence of the motion of a ship at sea, the mari- 
ner's compass is suspended m a double boi movmg on a double 
axis, one at right angles nilh the other the whole balanced by a 
central weight which keeps the compass cird nearly steady and hori- 
zontal, whatever be the motion of the veisel 

The card is attached to the needle ind is moved by the needle. 
The card is divided into 32 equal parts called points, and to read 
over these points in order, is called by seimen foxmg the compass, 
and to know the north star and box the compass is too often tlie 
amount of the common sailor a knowledge of nav igation. 
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compass. The 
four quadrant 
points are 
marked by a 
single letter as 
N. for north, 
E. for east, 
Tlio midway 
points between 
these by two 
letters, as K 
E. for north- 
east, ^. W. for north-west, &c. One point either way from any one 
of these eight points is marked by the word hy. Thus, jV. by E, is 
one pomt from the north toward the east, and it is read north by 
east ; S. E. by iS*. indicates one point from the south-east more to 
the south, and it is read sovih-east hy south; W. by N'. means west 
one point toward the north. 

To box the compass we be^n at any point, as north, and mention 
every point in order all the way round, thus : 

North; north by east; north north-east; north-east by north; north- 
east ; north-east by east ; east north-east ; east hy north ; east, die. 

A point of the compass is 11° 15', which is subdivided into four 
equal parts. Mariners never take into account a less angle than a 
quarter point, in running a course. 

When the mariner sets his course, he makes allowance for the 
variation of the needle, aud his magnetic courses he reduces to true 
courses, by the following 

Rdlb. — Make a representalkm of the compass card on paper, and 
draw a line through the compass course. 

Now, conceive the compass card turned eqital to the variation to the 
eastward, if variation is west, and vice versa. 
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The line will now pass ove 


r the true course. 




In the following examples, 


the true coursea a 


re required. 


Compasa Course. 


VuiaUon. 


Answer. 
TrusCouTB. 


1. S. S.KiS. 


2iW. 


5". .ff. b .ff. 


2. E. \ JV. 


&E. 


KS.KiS. 


3. jv^. tp: b W. 


^B. 


Kh W.^W. 


4. W.S.W.:>i S. 


4 tf: 


S.hW.iW. 


5. S. S. W. 


H ^■ 


S.^W. 


6. iV. 


51!. 


KE.hE. 


7. -ff. b S. 


2il!. 


S.E.^E. 


8. S. 60°i;. 


i8°Tr: 


S. 78°^. 


9. 2f. 24 W. 


36 B. 


JV. 12 E. 


10. S. 36 W. 


40 E. 


S.56 W. 



The angle included between the direction of the fore and aft line 
of a ship, and that in which she moves through the water, is called 
the leeway. 

When the wind is on the right hand side of a ship, she is smd to 
be on the starhoard tack; and when on the left hand side, she is said 
to be on the larboard tack ; and when she sails as near the wind as 
she will lie, she is said to be dose hauled. Few large vessels will He 
within Jess than six points to the wind, though small ones will some- 
times lie within about five points, or even less ; but, under such 
circumstances, the real course of a ship is seldom precisely in the 
direction of her head ; for a considerable portion of the force of the 
wind is then exerted in driving herto leeward, and hence her course 
through the water, is in general found to be leeward of that on which 
she is steered by the compass. Therefore, to determine the point 
toward which a ship is actually moving, the leeway must be allowed 
from, the wind, or toward the right of her apparent course, when she 
is on the larboard tack ; but toward the left, when she is on the jtoi- 
ioawi tack. 

It is only when a ship crowds to the wind, that leeway is made. 

It is seldom that two ships on the same course make precisely the 
same leeway ; and it not unfrequently happens, that the same ship 
makes a different leeway on each tack. It is the duty of the oiEcer 
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of the watci, to exercise his best skiU in determining, or estimating, 
how much this deviation from the apparent course amounts to ; and 
in the dark, the chief reliance must be placed on the judgment of the 
experienced k 



CHAPTER, II. 



PLANE SAILING. 



In plane sailiHg, the earth is considered as a plane, the meridians 
as parallel straight lines, and the parallels of latitude as lines cut- 
ting the meridians at right angles. And though it is not strictly 
correct to consider any part of the earth's surface as a plane, yet 
when the operations to be performed are confined within the distance 
of a few miles, no material error will arise, from considering them 
as performed on a plane surface. And, as we have already seen, in 
all questions where the nautical distance, differenee of latitude, de- 
parture, and coarse, are the objects of consideration, the results will 
be the same, whether the lines are considered as curves drawn on 
the surface of the globe, or as equal straight lines drawn on a plane. 

In all maps, and charts, and constructions, when it is not other- 
wise stated, it is customary to consider the top of the page as pointing 
toward the north, the lower part as the south, the right side as the 
east, and the left as the west. The meridians therefore, in any 
construction, will be represented by vertical lines, and the parallels 
of latitude, by horizontal ones. 

Hence, in constructing a figure for the solution of any case in 
plane sailing, the difference of latitude will be represented by a ver- 
tical line, the departure by a horizontal one, and the distance by the 
hypotenusal line, which forms, with the difiereoce of latitude and 
departure, a right-angled triangle ; and the course will be the angle 
included between the difference of latitude and distance. 

"With this understanding, the solution of any case that can arise 
from varying the data in plane soling will present no difficulty. 



;dOvGoO»^IC 



PLANE SAILING. 



If a ship sail from Cape St. Vincent, Portugal (Lat. 37° 2' 64" 
north), S. JT. ^ 5*. 148 roiles ; required her latitude in, and the 
departure which she has made ? 

£i/ Construction. — Draw the vertical line AB, to represent 
the meridian ; from the point A, make the i 
angle £AC=3-^ points, the given course ; and 
from a Bcaleofequal parts, take .d (7= 148 miles, 
the given distance ; from on AB, draw the I 
perpendicular CB, then AB ■will be the dif- 
ference of latitude, and .BCthe required de- ' 
partuTe, and measured on the scale from which I 
AC ya&s taken, A£ will be found 114.4, and | 
£0 93.9. 

Lat. left - . . 37° 2' 64" 
Diff. lat. - - - - 1 64 24 




Lat. in - - - - 35° 8' 30'' iV. Dep. 93.9 

2. Ifaship sml from Oporto Bar, inLat.41°9'north,iV: W. ^W. 
315 miles ; required her departure and the latitude arrived at ? 

Ans. Dep. 233.4 miles W.; Lat. 44° 41' iV. 

3. If a ship Bwl from lat. 56° 1' K, S. E. by 5., till her depart- 
ure is 45 miles ; required the distance she has sailed and her 
lat^ude ? Ana. Dep. 81 miles ; Lat. 53° 54' N. 

4. A ship from lat. 36° 12' N., sails south-westward, until she 
arrives at lat. 35° 1' N., having made 76 miles departure ; required 
her course and distance. 

Ans. Course S. 46° 67' W. ; Distance 304 miles. 
6. If a ship sail from Halifax, in lat. 44°44'iV;, S. E. ^ A'., until 
her departure is 128 miles ; required her latitude and distance siuled. 
Ans. Lat. 42° 61' N., and dis. sailed 165.6 miles. 

6. A ship ieaving Charleston light, in latitude 32° 43' 30" north, 
sails W. eastward 128 miles, and is then, hy observation, found 93 
miles north of the light ; required her course, latitude, and departure. 
Ans. Lat. 33° 22' 30" N. ; Course N. 72° 16' E. ; Dep. 122 miles. 

7. A sliip from Cape St, Eoque, Brazil, in latitude 6° 10' south, 
smls jV". E. \ JV., 7 miles an hour, from 3 P. M. until 10 A. M. ; 
required her distance, departure, and latitude in. 

Ans. Dis. 133. miles ; Dep. 84,4 miles ; Lat. in, 3° 27' south. 
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8. A ship from latitude 41° 2' N.. sails N. N. W. J W. 5^ miles 
an hour, for 2^ days ; required her distance, departure, and latitude 
arrived at. 

Ans. Dis. 330 miles ; Dep. 169.7 miles ; Lat. 46° 45' iV: 

Similar examples, might be given without end, but these are 
sufficient, for they only involve the principles of the solution of a. 
plane right-angled triangle. 

In the preceding examples it will be observed that we traced lat- 
itude from latitude, and the distances east and west we called de- 
parture — not diference of longUude. B. now remains to delerTiiine 
difference of longitude from, departure. 

On the equator, 60 miles of departure are equal to one degree of 
longitude, and the further we are from the equator, north or south, 
that is, the greater the latitude we are in, the same departure will 
cover more lon^tude. 

To discover tbe lav) for changing departure to difference of longi- 
tude, we adduce the following figure. 

Let C be the center of the earth, P the 
pole, PO a portion of the earth's axis. 

The plane PCS is the plane of one 
meridian, and P CA the plane of another 
meridian. 

^5 is a portion of the equator between 
the two meridians, AC£ is a sector in 
the plane of the equator, and DUN and j 
J^GQ are sectors similar to A 0£. I 

Observe that BE, FG, Ac, are parallels of latitude, that is, they 
are parallel to AB, the plane of the equator. 

The magnitude of DE is called departure, and it corresponds to 
the difference of longUude AB. 

Also, FO is departure corresponding to the same difference of 
longitude AB. Tiie difference of longitude is always greater than 
any corresponding departure, that is, AB is obviously greater than 
any olker parallel distance between the same two meridians. 
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Because the two sectors ACB HSJR am similar, we have the 
proportjon. 

AC : DH : : AB : J)E (1) 

Observe that ACia the radius of the sphere, DH is the sine of 
the arc PB, or the cosine of DA, which is the cosine of the lat- 
itude of the point D. 

Therefore the preceding proportion becomes, 

rad. : cos. lat. : : dif. Ion. : dep. 
Or, cos. lat. : rad. : ; dep. : dif. Ion. 

In words, The cosine of ike latitude is to the radian «o is the depar- 
ture to the difference of longiivde. 

These words are indeUbly engraved on the memory of every nav- 
igator, and they embrace all the rules that can be made for chang- 
ing departure into longitude, or longitude into departure. 

When a ship sails east or west, the distance sailed is called de- 
parture, and is reduced to longitude by the preceding proportion. 

This is called parallel sailing. 



1. What differenceof longitude corresponds to 47 miles departure 
n the latitude of 37° 23' ? Ans. 69.15 miles. 

Let a;= the difference of longitude required. 
Then cos. 37° 63' : rad. : : 47 



COS. 37° 23' 

By log. 47^ - - ■ 11.672098 

Cos, 37=23 - - - 9.900144 

Diff. Lon. 69.15 - - - 1.771964 

2. How many miles, or how much departure corresponds to a 
degree in longitude on the parallel of 42° of latitude ? 

Ans. 44.59 miles. 
Here the longitude of one degree is given. 

60 COS. 42' 
n. : cos. 42° : : 60 : ar= ^ ' ■- ■ 

By log. 60 - - - - 1.778151 

COS. 42° - - - - 9.871073 

44.59 - . . . 1.649224 
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N. B. — In this manner the length of a degree in longitude cor- 
responding to each degree of latitude has been found and put in a 
table. 

3. Aship smlseast from Cape Race, 212 miles; required her long- 
itude. The latitude of the cape is 46° 40' JV., longitude 53° 3' 16" 
west. . Ans. Ion. 41° S4' west. 

4. Two places in lat. 60=* 12' differ in longitude 34' 48'; required 
their distance asunder in miles. Ans. 1336, 

6. How far must a ship sail W. from the Cape of Good Hope, that 
her course to Jamestown, St. Helena, may be due north ? 

Ans. 1193 miles. 

(lat. 15° 55' 3. 

\ Ion. 5° 43' 30" W. 

6. How far must a ship sail E. from Cape Horn to reach the meri- 
dian of the Cape of Good Hope ? The latitude of Cape Horn 
being 65° 63' 30" S., Ion. 67° 21' W., and the latitude and longi- 
tude of the Cape of Good Hope bemg as stated in the last example. 

Ans. 2878 miles. 

7. In what latitude will the difference of lon^tnde be three times 
its corresponding departure ? In other words in what latitude will 
^G be one-third of AB ? ( See last figure.) 

Ans. lat. 70° 31' 44". 

8. Take the 2d example in plane sailing ( page IBl ), the depar- 
ture made, as stated in the answer, is 233.4 miles. What is the 
corresponding difference of longitude ? Ans. 6" 1 8' 24". 

This inquiry now arises. To what latitude does this departure 
correspond? Is it to the latitude left, 41° 9', or to the latitude ar- 
rived at, 44° 41' ? Or does it correspond to the mean latitude be- 
tween the two ? 

If we suppose the departure corresponds to lat. 41° 9', then the 
difference of longitude by the preceding rule must be 5° 10', and if 
the depailure corresponds to lat. 44° 41', then the difference of lon- 
gitude is 6° 28'; the mean of these is 6° 19', and if we take the de- 
parture to correspond with the mean latitude 42° 55', then the dif- 
ference of longitude would be 5° 1 8' 24". 

In the examples under Plane Sailing we have supposed the earth 
a plane, and the course a ship smls a straight line, but neither sup- 
position is strictly true. 
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Meridians are not paraUei with, each other, and therefore when a 
ship sails by the compass, and cuts all the meridians at the Game 
angle, the line that the iship smIs will not be a right line i it will be 
a curve line peculiar to itself, called a rhwnb line. 

For the sake of illustration, let us suppose 
that in the annexed figure, /" is the north 
pole, JCQ the equator, or a great circle, 
every part oi which is a quadrant distance 
from /* ; P£, PL, PM, &c., great circles I 
passing through P, and of course cutting 
the equator at right ajigles ; AI, bB, JiS, 
&c, arcs of smaller circles parallel to the 
equator, and therefore cutting the meridians 
at right angles ; AH a curve cutting every 
meridian which it meets, as P^', PL, PM, Ac, at the a 
TLen PK, PL, Ac, produced till they meet at the opposite pole, 
are called meridians ; AI., hB, MS, &c., continued round the globe, 
are called parallels of latitude ; AH is called the rhumb line, passing 
through A and B; the length of ABis called the nautical distance 
from^to^; and the angle £-4S, or any of its equa,h,cBC, dCD, 
&a., ia called the course from ^ to ^. 

If a ship sail from AUy J!, EF will be her meridian distance ; but 
if she sail from EU} A, -4/ will be her meridian distance. 

If AB, BC, CD, Ac, be conceived to be equal, and indefinitely 
small, and their number indefinitely great ; then the triangles ABb, 
Bed, &c.,may he considered as indefinitely small right-angled plane 
triangles. And as the angles BAb, CBc, Ac, are equal, and the 
right angles AbB, BcG, &c., are equal, the remaming angles ABb, 
BCc, itc, are equal ; and as the sides AB, BO, &c., are also equaJ, 
these elementary triangles ABb, BCc, CDd, &.C., will be all iden- 
tical triangles ; therefore AE will be the same multiple of AB, that 
the sum of Ah, Be, Cd, &c., is of .^i ; and that the sum of £b, Cc, 
Dd, &c,, isof^i. 

It is obvious that 

Ab^Bc-\- C'd-i-&c.=AE 
the whole difference of latitude. And, 

Bb+ Cc+Dd+Ee-^&c.=-fhe whole departure. 
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But this departure ia neither SF nor AI, it is greater than HF 
and less than AI; because hB is less than its corresponding por- 
tion on jl/and greater than its corresponding portion on FE. The 
same may be said of cC, Dd, &c. Therefore the departure on any 
course corresponds to neither of the extreme latUudes, hut to some mean 
between the two, and it is so near the arithmetical mean, that tie 
arithmetical mean ia taken aa tte true. 

Therefore in all those examples in Plane Sailing, on page 181, we 
can take the departures and find the corresponding differences of 
longitude, provided we take the middle latitude and consider the 
departure run on that parallel. 

This method of connecting the change in longitude with a ship's 
change of place is called 



But in reality there is no such thing as middle latitude sailing ; 
the cosine of the middle latitude is compared to the radius, as the 
fcdio between the departure made and the corresponding difference 
of lon^tude, but the departure made may be made on one course or 
on several courses. When a ship sails on several courses before 
the run is summed up, the summing up and finding the result in one 
course and distance is called -working a traverse, and sailing from one 
point to another by several courses is called 



With adverse winds or crooked channels, vessels are obliged to 
run a traverse. Gomg round a survey and keeping an account of 
our course and distance from the starting point is worhii^ a traverse, 
and the operation is the same on sea or land, except on land we aim 
at coming round to the same point again, but on sea we wish to make 
some other point. 

With this explanation it is obvious that we must make a table as 
in a survey, and compute the course and distance from the starting 
point, and this is called the course and distance made good. 

To work a traverse we use the traverse table of course ; that table 
is made to every half degree, and the column in the table nearest to 
the course is sufBciently exact. 
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The following table gires the degree and parts of a degree c( 
ponding to every point and quarter point of the compass. 



i 


2° 48' 45" 


i 


B° 37' 30" 


1 


8° 26' 16" 


X 


11° 16' 


H 


14° 3' 45" 


H 


^16° 62' 30" 


H 


19° 41' 16" 


2 


22° 30' 


2i 


26° 18' 46" 


2* 


28° rso'' 


n 


30° 66' 16" 


3 


33° 45' 


n 


36° 33' 45" 


H 


39° 22' 30" 



3} 



H 


47° 48' 45" 


H 


50° 37' 30" 


n 


63° 26' 15" 


5 


56° 16' 


Si 


59° 3' 45" 


6i 


61° 52' 30" 


5S 


64° 41' 15" 


6 


67° 30' 


6i 


70° 18' 45" 


H 


73° 7' 30" 


H 


75° 56' 15' 


7 


78° 45' 


^i 


81° 33' 45" 


H 


84° 22' 30" 


7| 


87° 11' 16" 


8 


90° 0' 



42° n' 16" 
46° 0' 

In works exclusively designed for practical navigation, the traverse 
table is adapted exactly to the points and quarter points of the 
compass, but the table in this work is sufficient for tlie purpose. 

The use of this table is to find the degree corresponding to any 
given course, thus : JV. by K, JV. by W., S. by H., S. by W., 
each correspond to 1 point or 11° 15'. In using our traverse table 
for 1 point we should take a mean result between 11° and 11° 30', 
which mean result can be taken by the eye. 

Agmn S.K by K ^ .£^. is 6^ points, or S. 69°^. nearly, and so on 
for any other course that may be named. 

The student is now fully prepared to work the following examples 
in traverse sailing. 

EXAMPLES. 

1. A ship from Cape Clear, Ireland, in lat. 51° 25' jV! and longitude 
9° 29' W., sails as follows : 

S. S.K-iH. 16 mUes, £. S. E. 23 miles, S.W.hyW.^W. 36 
miles, W.lN.Xt miles, and S. E. by ^. ^ £ 4 1 miles. 
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Bequired her course and distance made good, the departure, lati- 
tude afld longitude of the ship. 

By Construction. — Take yi for the place sailed from, and draw 
the vertical line NASC, to represent the meridian. Ahout A. as a 
center, with the chord of 60°, 
describe a circle, cutting 2fC ti 
i\^and S; then A' and S will I 
represent the north and south I 
points of the cornpasa. Take 2^ I 
points from the line of chords, 
and apply it from S to a, join I 
Aa, and on it take AD=\Q from I 
a line of equal parts. Then D \ 
will he the place of the ship { 
the end of the first course. Froi 
S, set off Sb=G points from th 
line of chords ; join A b, an 
through D draw DE, parallel to I 
Ab, and make it equal to 23 from I 
the same scale of equal parts I 
that AJ) was taken from. Then I 
B will be the place of the ship, I 
at the end of the second course. Make Sc^^Si^ points, Kd 7^ 
points, and Se 5\ points, taken from the line of chords. Through 
Sdraw EF, parallel to Ac, and make it equal to 36, from the scale 
of equal parts ; through ^draw F& parallel to Ad, and make it 
equal t« 12, from the scale of equal parts; through (? draw GB 
parallel to Ae, and make it equal to 21, from the scale of equal 
parts. Demit £C a perpendicular, on the meridian ^(7, and join 
AB ; then B will he the place of the ship, AB her distance from 
the place which she left, ^Cher difference of latitude, BCha de- 
parture, and £^1 (7 the course wh id I she has made on the whole. 
Now, AB, A C, and B being measured on the scale of equal parts 
from which the distances were taken, we have .^£=62.7, AC— 
69.6, and .5(7=19.6 miles. And the arc included hy ^(7 and 5(7, 
if measured on the line of chords, gives about 18° for the n 
of the course £-4 a 

8' 45", that lE, take the chord of 9, 
a, and bo od, for other angles. 




MBvGooi^le 



1"RAVERSE SAILING. 

TRAVSBBB TABLE. 



S. S.E.iE. 

E. S. E. 

S. W.hj W.iW. 

S.E.hyE.iE. 


2i 
6 

H 


16 

23 

36 

12 1.8 

41 


14.5 
8.8 
17.9 

21.1 


6.8 

21.3 

31.8 
11.9 

35.2 






1.8 


61.4 

1.8 


63.3 

43.7 


"■'1 



Result 


59.6 L 19.6 


Lat. left - - 61° 26' JV. 


diff. lat. - - - J 


00 S. 


Lat. in - - ~io 


26 ]\r. lGd.Iat.W6S 




As dif. lat. 69.6 miles 


1.775246 


: radiwa 90° 


10.000000 


: : dep. 19.6 miles 


1.292266 


: tan. course 18° 12' 


9.517010 


As sin. course 1&° 12* 


9.484621 


: dep. 19.6 mHes 


1.292256 


: Radius 


10.000000 


: Dis. 62.75 milee 


1.797636 


To find the dif. of longitude. 




Ab cos. fiO" 56' 


9.799651 


: Radius 


10.000000 


: : dep. 19.6 


1.292256 


: diff. Ion. 31.09 nailes 


1.492605 


Longitude left 


9" 29' -west 


diff. Ion. 


31 east 


Lon. in 


8° 56' west 



Thus, vfe have found the course 18° 12' ; Distance 62.76 miles ; 
diff. longitude 31' K; lat. in 50.26 ^.; Ion. 8° 68' W- 

If these be tbe distssces run in a day, from noon to noon again, 
then the preceding operation ia called working a dty'swork ; otbec- 
wise it is called working a 



i traTerse, as we hare meati(«ed before. 



;dOvGoO»^IC 



190 NAVIGATION. 

But this is not the seaman's way of working a day's work, he does 
it all by inspectioa, in the traverse tabic. For example, taking the 
result of the traverse 59.6 south, and 19.6 east, which shows that 
the resulting course is between the south and the east, and with 
these numbers he enters tlie traverse table, and finds, as near as 
possible, 59.6 and 19. 6, standing as latitude and departure; and 
they are found nearly under the angle of 18°, and opposite the dis- 
tance 63. nearly. 

Hence, he takes his course as 5. 18° K, and dis. 63. To find 
the difference of longitude, he takes the middle latitude as a course, 
and the departure as difference of latitude, then tlie distance in the 
table is difference of longitude. 

In this instance, we take 51° as a course, and in the difference of 
latitude column we find 19.5, and the distance opposite to it is 31., 
which we take for difference of lon^tude. 

The reason for this is as follows : 

For the lon^tude we have, 

cos. mid. L : R :: dep. : diff. Ion. (1) 

In the construction of the traverse table, we have, 

COS. course : R. : : diff. lat. : dist. (2) 

Now, in propordon(2), if we take the middle latitude for a course, 
and the dep. for difference of latitude; it necessarily follows, that 
the last term of proportion (2) must be diff. of longitude; for 
proportion (2) would then be transformed into proportion (1). 

2. A ship sails from. Cape Clear, as follows ; S.hy W. 23 miles ; 
W.S.W. 40 miles; S.W.^W. 18 miles; IT. ^ il^. 28 miles ; S.by 
JE. 12 miles ; S. S. E. f B. IG miles. 

Required the course and distance made good, and the latitude 
and longitude arnved at. 

Ans. Course S. 45' 47' W. ; dis. 102.4 mUes. 
Latitude of ship 50° 14' jV. ; Lo«. 11° 25' W. 

3. A ship at noon, on a certain day, was in lat. 41' 12' N., and 
longitude 37° 21' W., she theu s^led as follows : 

S. W. by W.%\Ta.; S. W. \ S. 31 m. ; W. S. W. ^ S. 16 m. ; 
S.^K 18 m.; S.W.^ W. 14, and IT. ^ ^V. 30 miles. 

Required her course, distance, latitude, and longitude. 
Ans. course fi". 520 49' IT.; dis. 11.1.7 ; lat. 40° 5' iV.; Ion. 39° 18' TT. 
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4. Last noon we were in latitude 28° 46' south, and longitude 
32° 20' west ; since then we have sailed by the log ; 

5. ir.| IT. 62 m.; 5. by TFl 16 m. ; W. i S. 40 m.; S.W.^W. 
29 m. ; S. by-E. 30 m. ; and S. f £!, 14 miles. Required the direct 
course and distance, and our present latitude and lon^tude. 

Ans. Course S. 43° 14' W. ; Dis. 158 ra. ; lat. 30" 41' S.; 

ion. 34° 24' W. 

6. A ship from Toulon, lat. 43° 7' K, Ion. 5° S6, K, sailed 

5. S. W.4Qm.; S. by .2". 34 m. ; S. W. i W. 26 m. ; and S. 
17 miles. Required ber course and distance to Port Mahon, Lat. 
39" 52' N., and longitude 4° 18 30" east. 

Ans. Lat. of ship 41° 32' JV. ; Ion. 6° 37' east. 
Course to Port M. S. 31° W. nearly, and distance 117.5 miles. 

6. On leaving the Cape of Good Hope, for St. Helena, we took 
our departure from Cape Town, bearing S.Khy S. 12 miles, after 
running iV. W. 36 m., and K W. by W. 140 miles. Required our 
latitude and lon^tude, and the course and distance made. 

N. B. Lat. of Cape Town 33° 66' S. Lon. 18° 23' K 

Lat. of St. Helena 16° 55' S. Lon. 5° 43' 30" W. 
Ans. Lat. 32° 3' S. ; Lon. 18° 26' K ; course 2f. 52° 41' W. ; 

dis. 187 miles. 

If a ship at S, sailing in the direction £A, were in a current which 
would carry her from £ to C, in the same time that in still water she 
would sail from £ to J, then, by the joint . 
action of the current and the wind, she would f 
in the same time, describe the diagonal £2) | 
of the parallelogram jl^Ci*. For her being I 
carried by the current in a direction parallel | 
to £C, would neither alter the force of the 
■wind, nor the position of the ship,northe sails, with respect to it ; the 
wind would therefore continue to propel the ship in a direction 
parallel to AB, in the manner as if the current had no existence. 
Hence, as she would be swept to the line CJ), bp the independent 
action of the current, in the same time that she reached the line AD, 
by the independent action of the wind on her sails, she would be 
found at D, the point of intersection of the lines AD and OD, hav- 
ing moved along the diagonal £D. 
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Kow the log heaved from the ship Jn the ordinary way, can give 
no imitation of a ciuTent ; for the line withdrawn from the reel is 
only the measure of what the ship sails from, the log ; and, conse- 
quently, as the log itself, as well as the ship, will moTo with the 
current, the distance shown by the log in a current, is merely what 
it would have been if the ship had been in still water. 

If the ship sail in the direction of the current, the whole effect of 
the current will be to increase the distance ; but if she sail against 
the current, the difference between the rate of sailing given by the 
log and drift of the current, will be the distance which the ship 
actually goes ; and she will move forward, if her rate of sailing he 
greater than the drift of the current, but otherwise, her motion will 
be retrograde, or she will be carried ^backwards, in the direction of 
the current. 

Problems relating to the obhque action of a current upon a ship, 
may be resolved by the solution of an oblique-angled plane triangle, 
such as ABU, in the preceding figure, where if AB represent the 
distance which a ship would sail in stall water, and AD the drift of 
the current in the same time, BJ) will be the actual distance sailed, 
and ABD the change in the course produced by the current. 

A great variety of problems might be proposed relative to currents, 
but the chief ones of any practical importance, are the following : 

1. To determine a ship's actual course and distance in a current, 
when her course and distance by the compass and the log, and the 
setting and drift of the current, are given. 

2. To find the course to be steered through a known current, the 
required course in still water, and the ship's rate of sailing, being 
known. 

3. To find the setting and drift of a current, from a ship's actual 
place, compared with that deduced from the compass and the log. 

The first of these cases may be conveniently resolved, by con- 
sidering the ship as having performed a traverse, the setting and 
drift of the current being taken as a separate course and distance. 



1, If a ship sail W. 28 miles in a current, which m the same time 
carries her N. N. W. 8 miles, required her true course and distance. 
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N. B. Conceive the current to be one course and distance, and 
with the other courses find the course and distance made good. 
Thus, by the traverse table ; 



Cmt«. 


mn. 




„ ^P- „ 


W. 

N. ^. W. 


28 
8 


7.S9 
7.39 






28 
2.06 


31.06 



As 7.39 : rad. : ; 31.06 : tan, 76° 36', Ite course, 
COS. 76° 31' ; ii : : 31.06 : 31.93, the distance. 

2. If a ship sail E. 7 miles an hour by the log, in a current setting 
£. iV". M. 2.S miles per hour ; required her true course, and hourly 
rate of sailing. 

Ans. Course X. 84° 8' E., and rate 9.358 per hour. 

3. A ship has made by the reckoning iV". ^ W. 20 miles, hut by 
observation it is found, that, owing to a current, she has actually 
gone iV. jV. E. 28 miles. Required the setting and drift of the cur- 
rent in the time which the ship has been running. 

Ans. Settmg X. 64° 48' M., and drift 14.1 miles. 

4. A ship's course to her port is W. JV. W., and she is running 
by the log 8 miles an hour, but meeting with a current setting 

W. \ S. \ miles an hour, what course must she steer in the current 
that her true course may be W. iV. Wl 

Ans. Course Is. 44° 39' 'W. 
6. In a tide running N. IT. b If. 3 miles an hour, I wished to 
weather a point of land, wliich bore iV! E. 14 miles. "What course 
must I st«er so as to clear the point, the ship sailing 7 miles an hour 
by the log, and what time shall I be in reaching the point ? 

Ans. Course -.V. 69° 51' E., and time 2 hours 25 minutes. 
6. From a ship in a current, steering W.S. W.% miles an hour 
by the log, a rock was seen at 6- in tie evening, bearing S. TK .J iS. 
20 miles. The ship was lost on the rock at II P. M, Kequired the 
setdng and drift of the current. 

Ans. Setting S. 7fi° 10' E., and drift 3.U miles per. hour. 
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C HA P T E R III. 

MERCATOR'S CHART AND MERCATOR'S 
SAILING. 

In representing any smaJl portion of the earth's surface, it is suf- 
ficiently accurate to represent the meridians as parallel ; but if the 
portion of the earth is considerable, the representation will not be 
true unless the meridians are curved. 

If we make a. chart and draw all the meridians parallel with each 
other, the length of a degree of lon^tude in all places, except on the 
equator, will be greater on the chart than its true distance, but the 
true bearing of one place irom another will be preserved, provided 
we increaise the degrees of latitude in the same rath as the degrees 
of longitude are increased. 

Gerrard Mercator, a Fleming, in 1 556, published a chart which 
seemed to embrace this idea, but he did not show its construction, 
nor were his degrees in their true proportion ; but from this came 
the name of Mercator's Chart. 

A Mr. Wright, an Englishman, in 1599, it ia swd, published the 
true sea chart, constructed on the following principles. 

]. The distance behoeen tim meridians at the equator, is to tkeir dis- 
tance in any parallel of latitude, as the radius is to the cosine of thai 
latUttde. 

3. Any part of a parallel of latitude, is to a like part of the meri- 
dian, as the radius is to the seearU of that parallel. 

We shall male an effort to illustrate these principles by the fol- 
lowing figure. 

Conceive the equator to be extended both ways parallel to the 
earth's axis, thus forming a cylinder, whose circumference is just 
equal to the circumference of the earth. 
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Let Qq be the plane of the equator, Fp the earth's axis ; con- 
ceive a globe enclosed in the cylinder, HLNM. 

Suppose there ia an island on the earth at a, that island is projected 
on the cylinder at A. The surfiice of the earth at S is projected at 
B. Conceive this paper cylinder cut by a line at right angles to 
the equator and rolled out, it will then be a true representation of 
Mercator's chart. 

The scale on the globe at a is, to the scale on the chart at A, as 
Ca to CA, that is, ae radius to the secant of the latitude at a. 

The scale on the chart at A is, to the scale on the chart at B, as 
CA is to CB, that is, the scale on the chart increases as the secants 
of the latitudes increase. 

The poles of the earth, and places very near the poles, can never 
be represented on this chart. 

The meridian distance of a degree on the globe, as at a, is 60 
miles, on the chart at .4 it is 60, into ji<7the secant of the ]atj,tude, 
calhng Ca unity. 

If Tve commence at the equator at Q, and take one mile for 
unity. Then, 

Mer. pts. of 1'= 

:. \-\- nat. sec. 2 
r+ nat. sec. 2'+ nat. sec. 3 
I'-j- nat. sec. 2'+ nat. sec. 3' 



meridional parts was originally C' 



i. of 2'= 
Mer. pts. of 3'= 
Mer. pts. of 4'^ 

4- nat. sec. 4', &c.. 
In this manner the table of 
structed. It is Table IV of this work. 

The following figures represent any problem than c 
Mercator's a^hng. 

A C represents the true dif- 
ference of latitude. 

.<47)represents the meridion- 
al difference of latitude, which 
is always taken from the table. 
C£ represents the departure. 
BE the difference of longi- 
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AB represents the distaace. 

A, the angle &tA, represents the course. 

Three of these sh quantiljea must be given to solve a problei 

Observe that the difference of longitude DE is always gre 
than the departure CB, as it ought to be. 



1. A ship from Cape Fiaisterre, in lat. 42° 66' N., and longitude 
l!° 16' W., sailed S. W. I W. till her difference of longitude is 134 
miles ; rec[uired fbe distance sailed and the latitude in. 



offarilhms. 


As radius 


10.000000 




diff. Ion. 134 miles - - - 


2.127105 




: cot. course 4J points - - - 


9.957295 




mer. diff. lat. 123.6 miles - 


2.084400 


Lat. Cape F 


nisterre 42° 56' iV: Mer. parts 


- 2858 


Mer. diff. 


- 121 


Lat. 41" 27 


jV!, corresponding to - - 


- 2737 in t 



As cosine course 9.827085 

: proper diff. lat. C9 miles - -1.949390 
: : radius 10.000000 



: dis. 132.5 miles 2.122305 

2. A ship from lat. 40° 41' jv:, Ion. 16° 37' W., sails in the iV: 
E. quarter till she arrives in lat. 43° 57' A1, and has made 248 miles 
departure ; required her course, distance, and longitude in. 

Ans. course F. 51° 41' E., dis. 316 miles, and Ion. in 11° W. 

3. How far must a ship sail iV! E. \ E. from lat. 44° 12' JV!, Ion. 
23° W., to reach the parallel of 47° N., and what from that point 
will be the beajing and distance of tjshant, which is in lat. 48° 28' 
iV. and Ion. 6° 3' W. ? 

Ans. She must sail 262 miles, and her course and distance to 
Ushant will then be If. 80° 32' E., and dis. 535 miles. 

4. A ship from tlie Cape of Good Hope steers E. \ S. 446 miles; 
required her place, and her course, and distance to Kerguelen's 
Land, in lat. 48° 41' S., and Ion. 69° east. 
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Ans. lat. in 35o J3' S., Ion. in 27° 21' £., course S. 66° 25' K, 
and distance 20 18 miles. 

5. By observation, a sliip was found to be in lat. 41° 60' S., Ion. 
68° 14 S. She then sailed iV. H. 140m, and H ^ S. 76m; required 
her place, and her course, and distance to the island of St. Paul, 
which is in lat. 38° 42' S., and in Ion. 77° 18' K 

Ans. lat 40° 18' S., Ion. 72° 2', course JV. 68° 35' E, and dis. 
263 miles, nearly. 
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CHAPTER I. 



We now come to the more scientific and essentia! parts of navi- 
gation, the determination of latitude and longitude by celestial 
observations. 

We shall at present confine ourselves to latitude, first calling to 
mind the following necessary definitions and explanations ; 

1 . Meeidian. — The meridian of any place is the north and south 
line passing through that place, and it may be conceived to run along 
the ground or pass in the same direction in the heavens, through the 
point TerticaJly over the place. The line on the earth is the terrea- 
trial meridian, the line m the heavens is called the celestial meridian ; 
they are both ia one plane with the center of the earth. 

2. Equator. — The equator ia that circle around the earth over 
which the sun seems to pass when the days and nights are equal 
all over the earth, 

3. Latitude. — The latitude of any place is the meridian distance 
of that place from the equator, measured by degrees and parts of a 
degree of arc. 

4. LoNoiTUDE. — The lon^tude of any place is the inclination of 
the plane of its meridian, with the plane of some other definil« 
meridian from which reckoning is made. This inclmalion is meas- 
ured on the equator by degrees, minutes, and seconds of arc, and it 
is either east or west.* 

■ The first meridian to reckon froni may bo arbitrarily ciiosen, and different 
naliona have takeo different meridians for the commencement of loDgitude, but 
CHBtomand long aaaociationhave pretty firmly fixed the meridian of Greenwich 
(England) an the first meridian for all who ubo the English language. 
(19B) 
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5. Dkclinatioh. — The declination of a heavenly body is its 
meridian distance from the equator north or south, 

6. Polar Distancb. — The polar distance of a body is its decli- 
nation added to, or subtracted from 90°. If both added and sub- 
tracted, we shall have the meridian distances frran each pole. 

The distance from the north pole, is called north polar distance, 
and from the south pole, south polar distance. The two polar dis- 
taaces must of course make 180°, 

7. Zbbttb. — Zenith is the point in the heavens dir«ct1y over- 
head. 

8. HoRizoK. — The horizon is either apparent or real, or as com- 
monly expressed, tensible or ralionol. 

The sensible horizon is a plane conoeived to touch the earth at any 
point at which an observer is situated. 

The rational borison is a plane parallel to the sensible one, passing 
through the center of the earth. 

The zenith is tlie pole to the horizon. 

9. Gkbat Giscles. — A great circle in the heavens is Miy circle 
whose plane passes tiirough the center of the earth. 

All great circles which pass through the zenith are perpendicular 
to the horizon, and such circles are caJIed vertical circUi, azimvih 
circles, or circles of allitude. 

10. AuMDTH. — 'The angle which the meridian makes with that 
vertical circle which passes through any object is said to be the 
azimuth of that object. Hence, azimuths may be reckoned from the 
north or south points of the horizon. 

n. Altitdde. — The altitude of any object is its angular distance 
from the horizon, measured on a vertical circle.* 

Altitudes are very frequently measured at sea, several limes in a 
day in fair weather ; but altitudes observed from the surface of the 
earth, or above it, require several corrections before the true alti- 
tudes can be deduced from them. 

■ We io not pretend to give all the defioiliaiiB of the ipbais, but we Buppose 
tlie reader Is already acquainted witll them, from hu knowledge of Geograph]r 
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These correclionsare for semi-diameler, dip, refraction, and jxtro/ittr. 
The correction for semi -diameter is obvious 

At sea, the Yisible horizoa (from which all observed altitude^ are 
taken) is where the sea and sky apparently meet, and when the eje 
of the observer is above the water, this visible honzon is below the 
semihle horizon, ajid the amount of the depression is called the ifip 
of ths horizon. Its correction is always subtractive, and its amouat 
is to be found in Table VI. 

Eefraction is to be found in Table Y. It is always auhtractive, 
and for the reason, see some treatise on natural philosophy. 

Parallai is always additive. Conceive two lines drawn to a, hea- 
venly body; one from an observer at the circumference of the earth 
and the other from the center of the earth, the inclination of these 
two lines is parallai, and when the body is in the horizon its parallax 
ia greatest, and it is then called horizontal parallax. 

Parallax always tends to depress the object, but tlie paraflas of 
any celestial object, except that of the moon, is so small, that we 
shall pay attention to lunar parallax only, but this is so important to 
navigation that we shall ^ve it a full explanation. 

The moon's horizontal parallaz 
is given in the Nautical Almanac for 
every noon and midnight of Green- 
wich time, and from the horizontal 
parallax we must deduce the paral- 
lax corresponding ta any other 
altitude. 

Let AC he the radius of the 
earth, A the position of an observer, : 
Z his zenith, and suppose ^ to be the moon in the horizon ; then 
the angle AHC* b the moon's horiiiontal parallax, and the angle 
AAO is the parallax corresponding to the apparent altitude hAH, 
Draw Am parallel to Oh, then mJ.tf would be the true aUUnde, 

• From this figurs we drnw Ihe following definilion for horizontal parollai. 

The karisantal parallax of any body is the angle tinder -ahichthisend-diamrteT of 
(he earli midd ajiftar as sunfroia that body. Of coutso then, whea the body la 
at a great diataiice lis horizontal parallax must be Bmall, hence the sua and the 
remote planetxhave very little parallax, and the fixed stars none at all. 
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Let CH and Ck be each represented by R. Put j)= the hori- 
zontal parallax, and x=. the parallax in altitude, or tie angle w,Ah 
oiAAO. 
Now in the tri^xigle ACH, right-angled at A, we have 

1 : sin. p :: S : AC. 
In the triangle A Ch we have 

sin. CAh : sin. a: : : R : AC. 
By comparing these two proportions, we perceive that 

1 : sin. ^ : : sin. OAk : sin. x 
Whence, sin.'3;=: sin. p. sin. ACk 

But sin. CAh= cos. KAff. for fie sine of any arc greater than 90° 
is equal to the cosine of the excess over 90°, hence, 
sin. 3;= sin.p cos.hAH 
The lunar horizontal parallax is rarely over a degree, commonly 
less, and the sine of a degree does not materially differ from the arc 
itself, hence, the preceding equation becomes the following, ■without 
any essential error. 

That is, x=p cos. altitude. 

Or, ■ in words, the paridlax in altitude is equal to the horizontal 
parallax mvlliplied into the cosine of the apparent oititude ( radius 
being iinity ). 



1. The apparent altitude of tlie moon's center after being corrected 
for dip and refraction was 31° 25'; and its horizontal parallax at 
that time, taken from a naudoal almanac, was 57' 37"; what was the 
correction for parallax, and what was the true altitude as seen from 
the center of the earth ? 

p=57' 37"=3457" log. - - 3.538699 
31° 25' cos. ■ - 9.931152 



ar=49' 10"=:2950 log. - - 3.469351 

Ans. Cor. for parallax 40' 10" 
True altitude 32° 13' 10" 
2. The apparent altitude of the moon's center on a certain occa- 
sion was 42° 17'; and its horizontal parallax at the same time was 
fi8' 12"; what was the parallax in altitude, and what was the moon's 
true altitude? Ans. Parallax in alt. 43' 4" 

True alt. 43° 0' 4" 
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No other examplea of this kind are necessary, as they will inciden- 
taUy occur in several places further on. 

It now remains to describe the instrument used for taking angles 
at sea. We, therefore, ^ve the following illustrations on the 



The quadrant and sextant are essentiaUy the same instrument, 
and the following is an explanation of the principle on which they 
are constructed. 

Let ABC he a section of a reflecting 6 
face, FB a ray of light falling upon it, and i 
reflected again in the direction BE, and BD j 
a perpendicular at the point of impact ; then 
it is a well known optical fact, that the angl 
FB C and EBA are equal, and that FB, DB, and EB are in the 
same plane. 

Again, '\i AC were a reflecting surface, 
and a ray of hght, SB, from any celestial 
object 8, were reflected to an eye at E, the 
image of the object would appear at S' oa 
the other side of the plane, the angles SB A 
and ABS', as well as EBC, being equal ; 
and if EB hear no sensible proportion to 
the distance of S, the angles SES' and 
SBS' may be considered as equal; for 
their difference, BSE, will be of no sensible magnitude. 

Before we proceed to the direct description of the sextant, it h 
necessary to ^ve the following important 



Jf the e^rior angle of a triangle he hiseded, and also one of /he 
interior opposite angles, and the bisecting lines produced until tlieg 
meet, the angle so formed mU he half the other interior opposiie angle. 

Let ABO be the triangle, and bisect the exterior angle ACD 
by the line CE, and the angle B by the hne BE. 

The angle E wUl he half ike angle A. 

Let each of the angles ACE, ECB, be designated by « ( as rep- 
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resented in the figure ). and 
each of the ec[ua] parts of the 
angle £ by y. Let A repre- ! 
sent the angle A, and SI the ' 
angled. 

Now as the sum of the three , 
angles of every plane triangle 
is equal to 180°; therefore, in the the triangle ABC, we have 

Ai-2Tf+C=180° (1) 

Also, in the triangle JSB 0, we hare 

E+y+C'+x^im" (2) 

Subtracting (2) from (1) gives na 

A—S-j-y—x=:0 (3) 

Whence, ^=^+(*— yj (4) 

But because x is the exterior angle of the triangle £C£ 

x^B-\-y (see Elementry Geometry.) 
Or, {x-^)=S 

This value of {x — y) substituted in (4) gives 

A=iE, or E=-^ Q. JS. D. 

Another 2)ejnansfraiiom.— The angle a; being the half of j4CiJ is 
equal to 

2 
The angle x is also equal to ^+j/, because it is the exterior angle 
to the triangle SSC. 
Therefore, by equality. 



£+r- 



,A+2y 



■WhOTce, i:=iA Q. E. B. 



;dovGoO»^lc 



204 

We a 



CELESTIAL OBSERVATIONS, 
red to 




'hich is 



show the constmclion of 
the seztaint and quadrant. 

The instrument repre- 
sented by the annexed cut 
is a quadrant or a sextant, 
according as the arc con- 
t^ns 90° orl20°,huteach 
actual degree of arc is 
graduated to 2°, and the 
space that covers 90° is 
really but 45", and so on. 

Tlie reason why a half 
degree is cDwnted and mark- 
ed as a Tchole one, tve are 
about to explain. 

AB C is a firm plane sector, commonly made of metal o 
AJ is a revolving index bar, turning on the center A, to 
attached a vernier scale, revolving over the graduated arc. 

The graduation commences at B. At ^ is a small plane mirror, 
perpendicular to the plane of the sector, it is attached to the index bar 
and revolves with it. This is called the index mirror or index glass. 

At H is another small mirror, half silvered and the other half 
transparent. This is caEed the horizon glass ; it might be cailed 
the image glass. 

The horizon glass must be perpendicular to the instrument, and 
parallel to AB. 

IJow conceive a ray of light coming from an object S, strikingthe 
mirror A, the index and mirror being turned so as to throw the re- 
flecting ray into the mirror H, this mirror agains reflects it toward 
E, and an eye anywhere in the line iJ/Twill see the image of the 
object behind the mirror H. Conceive the ray of light from S to 
pass right through the mirror at A, to meet the line HE; then, it 
is obvious that the angle SED measures the angle between the 
object S and its image T>. 

How, in the triangle AEH, by a little inspection, it will be found 
that HL bisects the exterior angle, and AJ, the index, bisects one of 
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the interior opposite angles ; therefore, by ihe pre<:edinff lemma, the 
angle IfLA is half the angle at £, but as AJS and the mirror B are 
parallel, the angle H£A is equal JAB. It is obvious that JAB is 
measured by the arc BJ, or it measures the angle at £, if half de- 
grees oa BC are counted as whole ones, ■which was to be shown. 

A tube, and sometimes a small telescope, is attached to the bar 
AB, and placed in the direction of the hne EH. This is called the 
line of sight. 



When this instrument is in adjustment, the two mirrors are per- 
pendicular to the plane of the sector, and are parallel to each other 
when on the vernier comcides with on the arc. We therefore 
inquire : First 

Is the index mirror perpendicular to tJie plane of the instrument? 

The following experiment decides the question. 

Put the indez on about the middle of the arch, and look into the 
index mirror, and you will see part of the arch reflected, and the 
same part direct ; and if the arch appears perfect, the mirror is in 
adjustment ; but if the arch appears broken, the mirror is not in 
adjustment, and must be put so by a screw behind it, adapted to 
this purpose. Second, 

Are the mirrors parallel when the index is at 01 

Place the index at 0, and clamp it fast ; then look at some well- 
defined, distant object, like an even portion of the distant horizon, 
and see part of it in the mirror of the horizon glass, and the other 
part through the transparent part of the glass ; and, if the whole 
has a natural appearance, the same as without the instrument, the 
mirrors are parallel ; but, if the object appears broken and distorted, 
the mirrors are not parallel, and must be made so, by meajis of the 
lever and screws attached to the koneon glass. Third, 

Is ilie horizon glass perpendicular to the plane of the instrumeid ? 

Tlie former adjustments bring made, place the index at 0, and 
clarap it ; look at some smooth line of the distant horizon, while 
holding the instrument perpendicular ; a continued unbroken line 
will be seen in both parts of the horizon glass ; and if, on turning 
the instrument from the perpendicular, the horizontal line continues 
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■unbroieti, the horizon glass is in full adjustment ; but, if a, break in 
the line is observed, the glass is not perpendicular to the plane of the 
instrument, and must be made so, by the screw adapted to that 
purpose. 

After an instrument has been examined according to these direc- 
tions, it may be considered as in an approiimate adjustment ^are- 
Ciamination will render it more perfect — and, finally, we may find 
its index error as follows ; — measure the sun's diameter both on and 
off the arch — that is, both ways from 0, and if it measures the 
same, there is no Index error ; but if there is a difference, half that 
difference will be the index error, additive, if the greater measure is 
off the arch, subtractive, if on the arch. 

To meamre the altitude of the sun at sea. 

Turn down the proper screen or screens, to defend the eye. Put 
the index at 0, having it loose, look directly at the snu through the 
tube, and you will see its image in the silvered part of the horizon 
glass. Now move the index, and the image will drop ; drop it to 
the horizon, and clamp the index. 

Let the instrument slightly vibrate each side of the perpendicular, 
on the Une of sight as a center, and the image of the sun will appar- 
ently sweep along tie horizon in a circle. While thus sweeping, 
move the tangent screw, * so that the lower limb of the sun will just 
touch the horizon, without going below it. The reading of the index 
will be the altitude corresponding to that instant, provided there be 
no index error. 

To measure the oTigular distance between two bodies as the sun and 

The most brilliant of the two objects is always reSected to the 
other. Iioosen the index, plaee it at 0, and direct the line of sight 
to the brighter object, and catch a view of its image in the silvered 
part of the horizon glass. 

Turn the plane of the instrument into the plane between the two 
objects ; now move the index, teeping the eye on the image, and 

• The screens, adjoEting screwe, damp screw.and tangent serew, are nol given 
In our description of the Instrumsnl, it la not neCBBsary to describe Ihemj should 
we attempt it, there ia danger that the epiril and clearness of the description 
would be lost in (he multitude of words. 
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bring it along to the other object ; bring them as near as possible, 
then gently clamp the index. 

Hold up the instrument again, in the plane between the two ob- 
jects, and view one object through the transparent part of the 
horizon glass ; and when the instrument is in the right position, the 
image of the other object will appear also in the same field of view, 
and then with the tangent screw, make the limb o£ the reflected 
object just fjjuch the other, as it moves past it to and fro, by the 
gentle motion of the instrument. When the observer is satisfied 
that he has got the measure as near as he can, he cries out, 
mark, and his assistants mark the time by the watch, and the alti- 
tudes of the objects are also marked for the same time, if required, 
and observers are present to take them. 

The first experiments in the use of this instrument, other than 
measuring a sunple altitude, are generally tailnres, but a Uttlc prac- 
tice win establish dexterity, skill, and confidence. 

We are now prepared to give examples for finding latitnde. 

Letit be remembered, that latitude is the observer's zenith dis- 
tance from the equator, and the nautical almanac gives the distance 
of all the heavenly bodies from the equator, under the name of 
Declination. We can therefore observe our zenith distance from any 
celestial object, and then apply its decimation, and we shall have 
our zenith distance from the equator, lokick is tlie latitude. 



1. On a certain day, the meridian* altitude of the sun's lower 
limb was observed to be 31° 44', bearing south. At that time its 
declination was 7° 25' 8" south, semi-diameter 16' 9", index error 
-f 2' 12", height of the eye 17 feet. What was the latitude ? 

Ans. 60° 48' north. 

* To obtain tbe meridian altltnda of the bob, the obserVBr CDmmenceB obser- 
VBtiona before noon, white tbe sua ia still rising ; driving Ihe index forward aa 
fast as Ihe image appears to rise, and there will come a lime, a few minutes in 
BQOoession, in which the image appears to real on the horizon, neither rises nor 
falls, but at langlh the Image will fall ; then the observerknowa that noon has 
passed, and the greatest apparent altitude will be shown by reading the index. 
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Semi-diameter +16' 9' 
Indei error + 2.12 


Table. 
Table. 


Alt. Ob. 
Correction 
Alt. O 's center 

O's zenith dis. 
Dec. south 
Latitude north 


31° 44 

12' 46" 


Dip — 4.04 


31 56 46 
90° 


Sum + 12'46' 


58° 3' 14" 
7° 25' 8" 




50° 48' 6" 



In this example, if the meridian altitude had been observed in the 
north, in place of the south, what then would have been the ob- 
ser\-er's latitude ? Ans. 65° 28' 22" south. 

We may note the following 

EiJLE. — Subtract the corrected altUude from 90°. Then if the 
observer and the object are both on the same side oft}ie equator, add the 
declination, hut if on different sides, subtract t/ie declination, and the 
sum or difference leUl le the latiiude of the observer. 

Find the latitude from each of the following meridian observations: 



Olgecl. 




S.D, ,H„iBht. 










450 27' 


Wmith 


16' 15" 


20 feet 








•' L.L 


8I043' 


South 




14 ■' 


32° ly T-N. 


30° 18' 10" JV. 


n 




73017 






n ■' 


24° 10' 13" S. 


70 22' 52" S 








Nnrth 




17 ■' 


lao 9' 6"JV. 


4°16'54"J¥. 




Sirlus 




Unrn 






1 6° 31' S. 


3IO30'a6" S. 


R 


Sun U. L 


40042' 


Nor.,h 


111' 17" 




23032' S. 


73° 1' 19" S. 


? 


Sun L. L 


87° 29' 




lfi'17'' 




22° 9' S. 


19050' 12" S. 


8'Sun L. L 


15045' 


South 


le' 0" 


IK " 1 4043' N 


690 23'ie"iV 



In this table L. L. Indicates lower limb, U. L. upper limb, S. D. semi- 
dianietar, JV. north, S". south, Dltec. direction. In these examples, Iho instru- 
ment Is supposed to have no indsi error. 

Night observations at sea are of little value, for it is very seldom 
that the horizon can be defined, unless it is in bright moon-light, in 
the tropical climates. 

For this reason, very few navigators attempt to find the latitude, 
by observations on the planets and fixed stars. 

Occasionally, however, when one of the bright planets, or a con- 
spicuous fixed star, comes to the meridian in the morning or evening, 
twilight observations can be made on them, and the latitude deduced. 

Some navigators apply a summary correction to the sun's lower 
limb, for semi-diameter, dip, and refraction, such as is 
the following table. 
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B-? 


Comcliim to be added to Ike Observed AltUade of 


ht 


H 


S«b's Louder Limb, to find the True Altitude. 


1 


H«iglw of aie Bye above the Bcb in Feet. 1 
































5 


3.8 


3.5 


3.1 


2.8 


2.5 


3.3 


9-1 


18 


1.6 


1.4 


1.2 


1.0 


0. 


0.G 


0.5 


6 


5.3 


4.9 


4.6 


4.3 


4.0 


3.7 


3.5 


3'3 


3.0 


2.8 


2.6 


9.4 


9.^ 


2.1 






6.4 


6.0 


5.7 


5.4 


5.1 


4.8 


4.6 




4.1 


3.9 


3,7 


3.5 




3.2 


3'o 


8 


7.2 


6.8 




6.2 


5.9 


5.7 


5.4 


sia 


5.0 


4.8 


4.6 


4.4 


4. 


4.0 


3.9 


9 


7.9 


7.5 


7.2 


6.9 


6.6 


6.4 


6.1 


5.9 


5.7 


5.5 


5.3 


5.1 


4. 


4.7 


45 


10 


8.5 


8.1 


7.S 


7.5 


7.2 


6.9 


6.7 


6.5 


6.2 


6.0 


5,8 


.1.6 


5. 


5.3 


5.1 


11 


8.9 


8.6 


8.2 


7.9 


7.b 


7.4 


7.2 


6.9 


6.7 


6.5 


6.3 


6,1 


5. 


5.7 


5.6 


13 


9-3 


9.0 


8.7 


8.3 


8-0 


7.8 


7.6 


7.3 


7.1 


6.9 


6.7 


6.5 


e. 


6.2 


6.0 


U 


9.9 


9.6 


9.2 


8.9 


8.7 


8.4 


8.2 


7,9 


7.7 


7.5 


7.3 


7.1 


6. 


6.8 


6.C 


16 


10.4 


iO.I 


9.7 


9.4 


9.1 


8.9 


8.7 


8.4 


8.2 


8.0 


7.8 


7.0 


7. 


7.2 


7.1 


18 


10.B 


iO.4 


10.1 


9.8 


9,5 


9.3 


9.0 


8.8 


8.6 


8.4 


8.2 


8.0 


7. 


7,6 


7.5 


ao 


ll.I 


10.7 


10,4 


10.1 


9.8 


9.6 


9.3 




8.9 


8.7 


8.5 


8.2 


8. 


7.9 


7.7 


22 




11.0 


10.7 


10.4 


10.1 


98 


9,6 


9^4 


9.1 


8.9 


6.7 


8.5 


8. 


8.2 


8.0 


26 


II!? 


11.4 


11.0 


10.7 


10.5 


10.3 


10.0 


9.7 


9.5 


9.3 


9.1 


8.9 


8.7 


8.6 


8,4 


30 


13.0 


11.7 


11.3 


11.0 


10.8 


10.5 


10.3 


10.0 


9.8 


9.E 


9.4 


9.2 


9.0 


8.9 


8.7 


35 


12.3 


11.9 


11.6 




11.0 


10.7 


10.6 


10.3 


10.1 


9.9 


9.7 


9.4 


9.S 


9,2 


9.0 


40 


12.5 


12.2 


11.8 


ILS 


11.3 


11.0 


10.8 


10.5 


10.3 


10.1 


^.^ 


9.7 


9.5 


9.J 


9.2 


45 


ia.7 


13.4 


12.0 


11.7 


11.5 


11.3 


11.0 


10.7 


10.5 


10.2 


10.1 


9.8 


9.7 




9.4 


50 


ia.8 


12.5 


12.a 


n.9 


U.fi 


11.3 


11.1 


10.9 


10.6 


10.4 


10.3 


100 


9.£ 


9^7 


9.5 


55 


13.0 


13.6 


13.3 


12.0 


11.7 


11.5 


11.2 


11.0 


10.7 


10.5 


10.3 


10.1 


9.9 


9.8 


9.6 


60 


13.1 


12.7 


12.4 


13.1 


11.8 


11.6 


11.3 


11.1 


10.9 


10.6 


10.4 


10.2 


10.1 


9.9 


9.7 


65 


13.2 


13.8 


12.5 


13.2 


11.9 


n.7 


11.4 


11.2 


11.0 


10.7 


10.5 


10.3 


10. 


10.0 


9.9 


70 


13.3 


12.9 


12.6 


12.3 


12.0 


11.8 


n.5 




.1.0 


10.8 


10.6 


10.4 


10.2 


10.1 


9.9 


75 


13.4 


13.1 


12.7 


12.4 


12.1 


11.9 


11.7 


[l!4 




U.O 


10.8 


10.6 


10.4 


10.2 


10.1 


eo 


13.6 


13-2 


12,9 


12.6 


12.3 


12.0 


11.8 


11.6 


i.i 


11.1 


10.9 


10.7 


10.5 


10.4 


10.2 


Monthly J Jm. [ Feb. 




,*pri], M»j, 




CorrM«on 1 


+0'3 1 -Kl'.3 


-J-ff-l 


O'O —O'.l 


— 0'-2 


for Sun's 1 


Juij, 1 Aug, 1 Sept. 




Bfc 


SsmWlam. 1 — 0'.3 i — 0'.2 1 — O'.l 


+0',1 -)-0',2 


-l-0'.3 



The most practical mettod of obtaining the latitude by observa- 
tion, other than the meridian altitude of the sun, is by the meridian 
allitude of the moon ; but to correct the observed altitude for 
semi-diameter, parallax, refraction, and dip, and do it to the utmost 
accuracy, requires more computation and attention than the mere 
practical navigator is disposed to give. Moreover, such like accuracy 
is not required in practical navigation. To know the latitude within a 
mile is all the ship master requires ; and this can be done in a very 
summary manner, by observing the moon's meridian alilitude and 
using, the following tables, according as the lower* or upper limb 
of the moon is observed. 

• The bright limb, Is the one observed, whether it b« the uppei' or lower. 
IS 
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These tables make but ana correction for semi-diameter, paraUax and refiac 







TABLE I 








COEMOTlOSatObeilddBdts 


thsOBB 












IbL bok 


IZONTAL 


AItlU.lI. 








6S' 


bV 


bb' 










ay 




0.59 


1. 


I. 1 


I. 3 


1. 4 


1. 5 


1. 6 


1. 8 


I. 9 


8 


1. 


1. 2 


1. 3 


1. 4 






1. 8 




l.ll 


10 


1. 1 


1. 3 


1. 4 


1. 5 


1. 7 


1. 8 


1. 9 


ilio 


1.12 


15 


1. 2 


1. 3 


1. 5 


1. 6 


1. 7 


1. 9 


1.10 


1.11 


1.13 


ao 


1. 9 


1. 3 


1. 4 


1. 5 


1. 6 


1. 8 


1. 9 


i,10 


1.11 


35 


]. 


1.2 


1. 3 


I. 4 


1. 5 


1. 6 




1. 9 


1.10 


30 


0,59 


1. 


1. I 




1. 3 


1. 4 


1. 5 


1, 7 


1. 8 


35 


0.57 


0.59 


0.59 


i! 


1. 1 


J. 2 


1. 3 


1. 4 


I. 5 


40 


0.55 


0,55 


0.56 


0.57 


o.5e 


0.59 


1. 


I. 1 


1. 2 


45 


0.51 


0.53 


0.53 


0.54 


0.55 


0.5G 


0.57 


0,58 


0.59 


GO 


0.48 


0.49 


0.50 


0.51 


0.51 


0.52 


0.53 


0,54 


0.55 


55 


0.44 


0.45 


0.46 


0.47 


0.48 


0,49 


0,49 


0.50 


0.51 


60 


0.40 


0.41 


0.43 


0.43 


0.44 


0.44 


0.45 


0.4G 


0.47 


65 




0.37 




0.39 


0.39 


0.40 


0.40 


0.41 


0.42 


70 


0^33 


0,33 


0^34 


0.34 


0.35 


0.36 


0.36 


0.37 


0.37 


75 


0.28 


0.28 


0.39 


0-39 


0.30 


0.30 


0.31 


0.31 


0,33 


60 


0.34 


0.34 


0.24 


0.35 


0.25 


0.35 


36 


0.26 


0,27 


85 


0.19 


0.19 


0.19 


0.20 


0.30 


0.21 


0.31 


0.21 


0.22 


TABLE II. CoBBMHn 


EtoUa 


pplleato 


0B3ERTEI 


AlTlTOBEOtthel 


oon'9 up 


wrlimb 






and. HOB 










li? 


_*21_ 


^ 


6i' 


66- 


H' 


ss' 


W , 


60' 


"~"m^" 


10 


4-0.33 


4-0.33 


-1-0.34 


+0M 


+ 0.34 


4-0.36 


-1-0.37 


-1-0.37 


-1-0.38 


15 


0.33 


0.33 


0.35 


0,35 


0.36 


0.37 


0.37 


0,39 


0.39 


20 


5.33 


0.33 


0.34 


0.35 


0.35 


0,36 


0.37 


0.37 


0.38 


36 


0.30 


0.32 


0,32 


0.33 


0.33 


0,34 


0.35 


0.35 


0.36 


30 


0.39 


0.30 


0.31 


0.31 


0.32 


0.33 


0.33 


0-34 


0.34 


36 


0.26 


0.26 


0.27 


0.37 


0.3B 


0.28 


0.39 


0.39 


0.30 


40 


0.24 


0.25 


0.26 


0,36 


0.27 


0.27 


0.38 


0.29 


0,39 


46 


0.19 


0.23 


0.32 


0.22 


0.23 


0.34 


0.34 


0.24 


0.3G 


50 


0.17 


0.19 


0.19 


0.30 


0-30 


0.21 


0.21 


0.21 


0,21 


55 


0.14 


0,15 


0.16 


0.16 


0.16 


0.16 


0.17 


0.17 


0,17 


60 


0.10 


0.11 


0.12 


0,12 


0.12 


0.12 


0.13 


0.13 


0.13 


65 




0. 7 


0. 7 


0. 8 


0. e 


0. 8 


0. 8 


0. 8 


0. 9 


70 


o! 3 


0. 3 


0, 3 


0. 3 


0. 3 


0. 3 


0. 3 


0. 3 


0. 4 


75 


— 0. 1 


-0. 1 


— 0. 1 


— 0. 1 


— 0. 1 




-0.3 


— 0, 3 


-0.2 


80 


0. 6 


0. 6 


0. 6 


0. 6 


0, 6 


~<i. 6 


-0. 6 


0. 7 


0. 7 




0.10 


0.U 


0.11 


o.n 


0,11 


0.11 


0.11 


0.13 


0.12 


HlSMoftKe 








-Tit- 


— ft— Iflfi. 






Mp 


fthBHD 


1'™lZ 






-V 


-S' 1 -i' 


Ir?iT 


"-«'"" 



I. In longitude about 45° west, on the 5tli of January, 1852, at 
about 1 Ih. in the evening, I observed tte altitude of tte moon's 
lower limb as she passed the meridian, and found it to be 68° 12' 
from the south, height of the eye 16 feet. What was my latitude ? 
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On the 5th of Jan., at llh. sveniDg, Ion. 45 west, correaponda to 2 hours 
after midnight at Greenwich. 

From the Nautical Almanac, we find, thai. 

At midnight of Ihe 5th, the moon's horizontal parallax was - - 57' 40'- 

At noon of the 6th, 56' 1' 

Therefore, by proportion, the horizontal paiallai at the lime of observation, 
must have been 57' 43". 



Heaca the dec. at (he 



D for a hours, wai 
me of observatioi 



We enter table 1, and under the parallax, and opposite to the 
altitude as near as we can find them, we perceive that 37' must be 
about the correction for the altitude. 

Whence, Observed alt. Z. Z 68° 12' 

Correction, + 37 

68 49 

Dip. always sub. — 4 



Find the true altitude of tlie n 



8' North, 
n each of the follow- 



ing examples 



L. L. means lower limb ; U. L. upper limb. 

n^ght of Ans 



1. 


D L.L. 


63° 23' 


2. 


D L.L. 


48° 58 


3. 


•^ U.L. 


67° n' 


4. 


1>L.L. 


63° 38' 


5 


yU.L. 


20° 3' 


6 


J L,L. 


16° 2' 



64' 3 
66' 2 



20 ' 
12 



S4° 10' nearly. 
49° 48' " 
57° 19' " 
64° 14' " 
20° 32' " 
17" 12' " 



54' 14" 

69' 38" S 

When the weather makes it doubtful wbether meridian observa- 
tions can be obtained, navigator's resort to double altitudes, or to the 
altitudes of two objects taken at the same time. We shall only show 
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the principle on which this method is founded ; it is the application 
of spherical trigonometry. 

Let Pp he the earth's t 
the equator. Suppose the st 
the object, and let its positior 
and T at two different times. 

The elapsed time measures the 
angle SPT. In the triangle PTS, 
we have the two sides FT, PS, and 
the included angle, from which we 
compute the side TS, and the angle 
TSP. 

Subtracting the altitudes Sm, and Tn from 90°, we have ZS, and 
ZT, then we have all the sides of the triangle ZTS, from which we 
compute the angle TSZ. Subtracting this angle from TSP, g^vea 
us the angle ZSP. Now, in the triangle ZSP, we have the two 
sides ZS, SP, and their included angle, from which we compute PZ 
the complement of the latitude. 

If the ship smIs, during the interval between the observations, a 
correction will be required for the first altitude, and such corrections 
are found by the traverse table ; a nautical mile in the direction of 
the sun, corresponds to one minute of a degree, to be applied to the 
altitude. When the proper correction is made, the result is equiva- 
lent to having both altitudes taken at the last station, and the deduced 
latitude is the latitude of that station. 



CHAPTER II. 

LONGITUDE. 

Longitude, from celestial observations, is measured by time. A 
place 15° west of another, will have noon one hour of absolute 
time later ; if 30° west, the local time, noon will be two hours later, 
&c., &c.; 15° corresponding to an hour in time. Therefore, if we 
have any way of determining the times at two places, correspond- 
ing to the same absolute instant, the difference of such times will 



;dOvGoO»^IC 



LONGITUDE. 213 

correspond to the difference of longitude between the two places at 
the rate of 15° to an hour, or 4 minutes to a degree. 

A perfect time piece will keep the time at any particular meridian, 
and by carrying Hi&t perfect time piece with us, by it we can see the 
time at that particular meridiaa ; and then if we can find the time at 
the place where we are, the comparison of these two times will give the 
di&rence of longitude, that is, the difference between our longitude 
and that of the particular meridian, to which the time piece refers. 

For instance, a gentleman leaves Boston ; his watch is a perfect 
time piece, and It is tet, to Boston, time, he travels west on the rml- 
roads, his vatch all the while shows Boston time ; when it is twelve 
o'clock by hts watch it is realty so in Boston, but not so at the place 
where he is. The sun has arrived at the meridian of Boston, 
but not yet^t the meridian of Albany, or Buffalo, or Detroit ; and 
when the gentleman arrives at any of these places, or any interme- 
diate place, the local time, compared with the time in Boston, will 
give the longitude of that locality from Boston, counting one degree 
for every four minutes in the difference of time. 

Unfortunately, however, there is no such thing as a perfect ftW 
piece, but some do approximate toward perfection. Such ones, made 
with the greatest care and solely for accuracy in rate of motion, are 
called chronomeieri ; they are supposed to keep time within certain 
known limits, and in the place of perfect time keepers, they are used 
at sea for finding lon^tude. 

CJhronometers show the time at the distant place, it then remains 
to find the time at ship, and this is done most accurately by spheri- 
cal trigonometry, as will soon appear. 

The sun's altitude is greatest just at apparent noon, but by obser- 
vations we cannot define just the moment when that takes place ; 
hence meridian observations, valuable as they are for latitudes, are 
worth nothing for time, when time is to be settled to anything like 
accuracy. 

The best position of the sun (or any other celestial object) 
for an observation to find local time, is when it is neariy east or west, 
and its altitude more than ten degrees. 

In such circumstances, an observer can find the local time 
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within fi or e seconds, by taking an altitude of the sun, provided he 
at Ihe same time knows his latitude and the sun's polar distance. 

The operation is a beautiful application of spherical trignometry, 
and it is illustrated by the following figure. 

Let Z be the zenith of the 
observer, P the pole, S the 
position of the sun, and PS 
the sun'a polar distance.* 

When S comes on lo the 
meridian, it is then apparent 
noon; and the angle ZPS of 
the triangle ZPS measures 
the interval from apparent 
noon, at the rate of fonr min- 
utes to one degree. 

The side PS is the polar 
distance, the side ZS\% the 
latitude. 

Now, in every treati'^e on spherical trigonometry, it is demon- 
strated as a fundamental pnnciple, that 

TAe emine of any angle, of a splierical Iriangle, is equal to Oie co- 
sine of its apjmdte side, diminished hg the rectangle of the cosines of the 
adjacent sides, divided by the reetangh of t/ie sines of the adjacent 

i. ZS—coa. PZ nOi^PS 
1. PS~' 




That it 



COS. P= 



in. PZ si 

Now, in place of cos. ZS, we take its equal, sin. ST, or the si 
of the altitude, and m place of cos. PZ, we take its equal, the si 
of the latitude 

In short, let A= the altitude, L= the latitude, and iJ= t 
polar distance 

1. ^— sin. L COS. D 



Then 



3S. P= 



in.D 



• When the obsarvar ia In Ihe northern hemisphere, the polar distance Ib 
counted from the Tutrlh polej when in Ihe aoalherii hemisphere, from the south 
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From a general equation, in plane trigonometry, we have 

Ssin.a iP=\— COS. JP 
Substituting the value of cos. F, in this last equation, we have 

2sm. i-P-1— cos.isin.iJ 

(cos. £ sin. .P +sin. Z eo s .P ) — sin. ^ 
COS. Z sin. D 
By comparing the quantity in parentheses with eq. (7), plane 
trigonometry, we perceive that 

sin. (L+D)sm. A 
Ssm.^^P- cos.isin.iJ 

Considering (I^i-X>) to be a single arc, and then applying 
equation (18), plane trigonometry, and dividing by 2, we shall 



sin', -i P= 






But ^+^-^ _ ^±^±^ ~A, and now if we put 
2 "' 2 

S= ^ ^ ■ we shall have 
cos- .S sin. (^—^) 
sm=.^P- cos. /.sin. i> 

This is the final result when radius is unity, when it is .B times 
greater, then the sin. -^ P will be H times greater, and if ff repre- 
sents the radius of our tables, to correspond with these tables wc 
must multiply the second member by JR, and if we put it under the 
radical sign, we must multiply by M^; in short we shall have. 

The right hand member of this equation, shows /our distinct 

logarithms ; thus, is the cosine of the latitude subtracted from 

10, which we shall call cosine complement. 
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This equation furnishes the following rule for finding apparent 
local time, when the sun's altitude, its polar distance, and the lati- 
.tude of the ohserver, are g^ven. 

The altitude musl be observed, the latitude must be known, and tlie 
Nautical Almanac will furnish the polar distance. 

Bulb. — 1. Add together the altitude, latitude, and polar dUtance; take 
the half sum, and from, the said half sum subtract the altitude, thus 
Jinding the remainder. 

2. The logarithms. Find the cosine complement of the latitude, the 
iine complem4nt of the polar distance, the cosine of the half sum, and 
iJie sine of the remainder. 

3. Add these four logariihms togetlitr, and divide hy 2, the logarithm 
thus found, is the sine of half the polar angle, or half the sun's 
meridian distance. 

4. Take out the arc corresponding to this sine, and divide its double 
hy 15 {as in compound division, in arithmetic), and the quotierU will 
be the hours, minutes, and seconds from, apparent noon ; cmd if the sun 
is east of the meridian, the hours, minutes, and seconds, must be sub- 
tracted from 12 hours, for the corresponding time of day. 

The time shown by a chronomet«r or a perfect clock, or rather 
graduation of clocks, is to mean and not to apparent time, and to 
convert apparent into mean time, the equation* of time is ^ven in 
the Nautical Almanac for the noon of every day at Greenwich. The 
amount of it, reduced or modified to correspond to the time of obser- 
vation, can be applied to apparent tune, and the mean time of taking 
the observation will be determined. The difference between this 
time and the mean time at Greenwich, as determined hy the chro- 
nometer, will be the longitude. The longitude will be west, if the 
time at Greenwich is latest in the day, otherwise it will be east. 

If the observer is on land, without a sea horizon, and uses a 
reflecting instrument, he must have an artificial horizon. A proper 
artificial horizon, is a small dish of mercury, with a glass roof to put 
over it, to keep the mercury from being agitated by the wind. In 
place of the mercury, a plate of molasses will answer. In still calm 
weather any clear pool of water is a good artificial horizon. 

In either of these, the reflected image of the object appears as 
much below the horizon as it is above it, and to measure the altitude. 



» For the theory of equalion ot time, seo works on astronomy. 
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21? 



the imag* reflected by the mirror of the instrument nrast be carried 
to the image in the artificial horizon ; half of the angle shown by 
the index will be the apparent altitude. In using an artificial hori- 
Bon there is no dip, other corrections are to be applied a 
circumstances. 



1. Being at s«a. May 20th, 1823. in latitude 43° 30' JV., and in 
longitude about 20" west, I observed the altitude of the sun's 
lower limb, and found it to be 32" 4' rising, when an assistant 
coarked the time per watch, at 7h. 43m. A. M. ; height of the eye 
16 feet. What was the true mean time ? 

Just before the observation, the watch was compared with the 
chronometer in the cabin*, and found to be I hour, 21 minutes, and 
12 seconds slow of chronometer. 

On the 8th of May, the chronometer was 3m, 7s. fast of Greenwich 
time, and gaining I3.6 daily. What was the lon^tude ? 
QS.D^ - ■ - + 15' 49" 



Ref., - 
CortecHon, 
Observatian, 
Alt. G center 



Watch, - - - - 7 43 

Ditf., 1 21 12 

Fac« or.chroa. at ob., - 9 4 12 

Error 3m. Is., inciease of error 

in la days 19s., whole error, — 3 26 

Greenwich tlois, - - 9 46 



At noon on the 20lh of May, 1823, the sun's declination, by the If. A., was 
19° 53' 18" north, increasing at the rate of 3U".5 per hour, and the time of 



19 3 hours before n^ 
must have been 19= StT 47" N. 
Altitude, 32" 14' 23" 
Ut., 43 30 cc 

P.O., 70 9 13 ei 



it Greetiwich ; therefore, Iha 



)145 


53 


36 


72 


56 


43 


32 


14 


23 



• Chronometera Bhould nevaibt 
of their placea diirinj; a voyage. 
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31° SB'S" 
2 


63° 56' 16"^ 


= 4h. 15m. 45*. 
19 


Apparent time, - . . 
Equation of tinio JV. A. - 
Mean time at ship. 
Watch, .... 


7 44 15 
— 3 51 

7 40 24 
- 7 43 


Watch too fast, - 


9h. Oni.468. 
7 40 S4 


Diff^ 


1 20 22==. 



22=200 5' west Ion. 
2. August 10th, 1824, in latitude 54" 12' north, at 2h 33m per 
watch, height of the eye 18 feet, I observed the altitude of the 
Bun'8 upper limb 16' 60' falling. My chronometer -was 2h 20m 
37s fast of the iratch ; and on the 7t]i, the same month, the chro- 
nometer was 40m 29.4s fast of Greenwich time, gaining 7/^ seconds 
daily. What was the error of the watch, and the lon^tude per 
chronometer ? 

Prepartion. 
Timo pet watch - 5L 33m. 0«, P. M, 
Diff-perchioD. - - 2 20 37 
Face of chronometer • 7 53 37 P. M. 
Cbion. feat (whole error) — 10 53 
Groenirich, mean time, 7 12 45 P. M. 
OntlwlO of Angoat, 1824, tin Bun'a declinntion at noon, Greenwich time, 
wu 15° 3Sf 14" north, decreailng at the rate of 45" per hoar, as given in the 
Nautical Almanac. The decrease for 7J hours mast be 5' 24"; whence, the 
dectlnatioa at the time of observation, 15° 26' 50" N., and the polar distance 
74° 33' 10". 

Observed altitude - 16° 50' 00" 
Semi-dioniBter, H. A. - — 15 48 
Dip and Ref. 
True, alt center - ■ 1& 

We now leave the problem to be worked through b; the pupil, giving only 
the answer. 

Ans. Watch bIow of local mean time, 3m 27s. 
Longitude by chronometer, 24° 4' 30" west. 
3. When it was Gh Cm 2Ib, P. M,, mean time, at Greenwich, by 
my chronometer, I observed the altitude of tbe sun's lower limb to 
be 30° 17', in the afternoon of January 12th, 18£2. At noon our 



Equation of t 
10, 1834, was 
Hourly decrease 


me, per 


N. A., Aug. 

+5m.2s. 
—2 


Equation 


atob. 




■ am. Os. 
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latitude, by a meridian observation, was 21° 47' nortli, and since 
that time we have made 1 1 miles of southing, by the log. The 
dip was 4', and semi-diameter 16' 17". What was the longitude by 



Sun's Declination Jan. 19, '52, at noon, G. T. - 21o 44' lO" south- 
Hourly decrease, pec N. A., 25", giving - — 2' 30" 

Deelinaliou at tlie time of observation - - 21° 41" 40' Bonth 

Equation of time at noon, Greenwich - - -^-Bm. 25* 
Hourly increase f^g of a Becond, making - - 6s. nearly 

Equation at time of observation (to add) - -j-8m. 31s. 

Were we sure that pupils would have accass to nautical almanacs, we would 
give neither declination nor equation of lime. 

Ans. Lon. 45° 39' west. 
4. On the 16th of January, 1852, when my chronometer showed 
1 Ih 27m 41s, A. M., for the mean time at Greenwich, I observed the 
altitude of the sun's lower limb and found it 32° 21' rising, height 
of the eye 16 feet, latitude 0° 41' south. What was the longitude 
by chronometer ? 

By the N. A., the sun's declination at that Ume was 21° 2' 3B" south, and 
the equation of time 3m. 53s. additive. 

Ans. Lon. 46° 39' west. 
N. B. — .Time at any place, is but the difference between the 
right ascension of the meridian and the right ascension of the sun ; 
and to find the tjme from these two elements, we always subtract 
the right ascension of the sun from the right ascension of the meri- 
dian, increasing the latter by 24 hours, to render subtraction possi- 
ble, when necessary. 

The right ascensions of the stars are given, and the right ascen- 
sion of the sun is ^ven, in the Nautical Almanac, for the noon of 
every day in the year, Greenwich time. Now, if we can find the 
meridian distance of any known star, by observation, we can estab- 
lish the right ascension of the meridian, and, consequently, the local 
time. Hence, we can find longitude by comparing the chronometer 
with the altitudes of the stars, as the following example will illus- 
trate. 

5. If on the 8tb of March, 1 852, when my chronometer showed the 
Greenwich time to be 7h 22m 3s, P. M., I found by observation. 



;dOvGoO»^IC 



320 NAVIGATION 

that the true altitude of Sirius was 37° 53' west of the meridian. 
My latitude was 32° 28' south. What was the time at ship, and 
what ,was my lon^tude ; the elements for computation being as 
follows ? 

1. Right ascension of the star - - 6A. 38m. 38s. 

g. DeclinatioE of the star 16° 31' south 

3. Eight ascension of the sun - - 23/i. 1 Im. 253. 
By means of the triangle we find, 

The meridian distance of the star - 3A. 40m. 68s. 

To which add -K-'s K- A., because ^ is west 6 38 38 

Bight ascension of the 
Add - 



10 


19 


36 


24 






34 


19 


36 


23 


17 


25 


I] 


2 


11 




10 


48 


11 


12 


59 


7 


22 


3 



Subtract the R. A. of the sun 

Biff, is apparent time at ship 

Equation of time, add - 

Mean time at ship - - - 

Time at Greenwich 

Longitude in time - - - - 3 60 66 

=57° 44' east 
B". B. — When the chronometer remains in the same place for a 
week or more, its rate can be determined hy comparing it with the 
observed altitudes of the sun, taien from day to day. In different 
climates the same chronometer will have different rates, and on re- 
turning io its origmal station it will frequently resume its original 

For azimuths, and variations of the compass, see page 106. 



CHAPTEE III. 

LUNAR OBSERVATIONS. 

A (HMD and well-tried chronometer is a valuable and reliable 

instrument for finding the lon^tude at sea, during short runs ; but 

sijll it is but an instrument, and is not one of the reliable works of 
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nature. Near tbe end of a long voyage, the best of chronometers 
very frequently give false longitude, and in such cases, good navi- 
gators always resort to lunar observations, which from the hands of 
a good observer, can be relied upon to within 10 or 12 minutes of a 
degree, and they usually come within 5 or 6 miles, and sometimes 
even more exact, but that is accidental and unfrequent. 

To comprehend the theory of lunars, we must call to mind the fact 
that the moon moves through the heavens, apparently among the 
stars, at the rate of more tlian 13° in a day, and any angular dis- 
tance it may have from the sun or any star corresponds to some 
moment of Greenwich time. 

About three days before and after the change of the moon, she is 
too near the sun to be visible, but at all other times, her distance 
from the sun, some of the larger planets, and certain bright fixed 
stars, called lunar stars,* which lie near her path, are computed and 
put down in the nautical almanac, for every third hour of mean 
Greenwich time commencing at noon. For any particular day, the 
distances are given to such objects only, east and west of her, as 
will be convenient to measure with the common instruments. 

The distances put down in the nautical almanac, are such as would 
be seen if viewed from the center of the earth ; but observers are 
always on the surface of the earth, and the distances thence observed, 
must always be reduced to equivalent distances seen &om the center, 
and this reduction is called working a lunar, which is generally the 
highest scientific ambition of the young navigator, f 

The true distance between the sun and moon, or between a star 
and the moon, can be deduced from the apparent distance by the 
application of spherical trigonometry. 

The moon is never seen by an observer in its true place, unless the 
observer is in a line between the center of the earth and the moon, 
that is, unless the moon is in the zenith of the observer ; in all other 

" There are oino lunar stars, Arietis, Aldebaran, Pollax, ReguluB, Splca, 
Aalares, Aquilie, Fomalhaut, and Fegasi. 

f Many navigators, both old and young, direct all their efforts to knowing how 
to do, without attempting to comprehend the reasons for so doing ; and this the 
world calls practical, — a complals perversion of the term. On the other 
hand, eome men of the schools spend their energies in metaphysical nothings, 
gpIltUng hairs in logic, and calling it scientific ; this is equally a perversion. 
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positions, the moon is depressed by parallax, and appears nearer to 
those stars that are below her, and further from those stars that are 
above her, than would appear from the center of the earth. There- 
fore, the apparent altitudes of the two objects, must be taken at the 
Eame time that their distance asunder is measured. The altitudes 
must be corrected for parallax and refraction, thus obtaining the 
true altitudes. 

The annexed figure is a general representation 
of the triangles pertaining to a lunar observation. 

Let Z be the zenith of an observer, S' the 
apparent place of the sun or star, and S its true 
place. Also, let m' be the apparent place of the 
moon, and m iU true place as seen from the cen- 
ter of the earth. 

Here are two distinct triangles, ZS'm', and ZSm. The apparent 
altitudes subtracted from 90°, give ZS' and Zra', and S'ra,' is the 
apparent distance ; with these three sides, the angle Z can be found. 
Correcting the altitudes, and subtracting them from 90°, will give 
the sides ZS and Zm ; these two sides, and their included angle at 
Z, will give the side Sm, which is the true distance. 

The definite true distance must have a definite Greenwich time, 
which can be readily found ; and this, compared with the local time 
deduced from an altitude of the sun, will of course give the longitude. 

We shall now make a formula to clear the distance. 

Let jS'=the apparent altitude of the sun or star, 
and ^=the true altitude. Also, 
Let m.'=tlie apparent altitude of the moon, 
and m ^the true altitude. 

Observe that the letters with the accent, indicate apparent, and 
without the accent, the true altitudes. 

Put d to represent the apparent distance, and x to represent the 



Bearinmind, that the sine of an altitude is the same as the cosine 
of its zenith distance, and conversely, the sine of a zenith distance 
is the same thing as the cosine of the corresponding altitude. 

Now, by the fundamental equation of spherical trigonometry noted 
in the last chapter, we have 
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oa. if— sin, ST ain. n 



By adding unity to each member we bave 

, .COB. d— Bin. S' Bin. m'_ , .cos. i— sin. S Bin. 



:0B. S' COS. m'— sin. S sin. m')-l-C08, J _ (coB. Scos. «i— flin. S sin. m>+cog. x . 

COS. S' COS. m' coa. iS cos. m 

By observing equatioa 9, plane trigouometry, we perceive that the preceding 

COS. (S'4-™')-l-coB. d ^ COS. [S-J-nt)-|- cos. x 



WliBiiceoos.AS=(cos.(S'+»i')-i-cos.J) - 



S-l-m 



It is here important to notice that the moo h ta p llax 

given in tlie Nautical Almanac, ia the equato li p ax 

that is, it corresponds to the greatest rad 1 

diameter of the earth through any other d d 

course the corresponding parallax is less. 

We therefore ^ve the following table f h d 
equatorial horizontal parallax, lt> the hon ta p ax 
other latitude ; it is computed on the supposition that the equatorial 
diameter is to its polar as 930 to 229. For example if the horizon- 
tal parallax in the Nautical Ahnanac is 55' — , in the latitude of 40° 
the reduction would be 6", and the parallax reduced would be 
64' 64", and if the parallax from the Nautical Almanac were 60' 
the reduction would be6"6,and reduced would be 69' 63". 4. 

The semi-diameter of the moon given ia the Nautical Almanac is 
her horizontal semi-diameter, but when she is ia the zenith she is 
nearer to us by the whole radius of the earth, about one-sixtieth 
part of her whole distance, consequently she must appear under a 
larger and larger angle as she rises from the horizon, and this is 
called the augmentation of the semi -diameter. 

We ^ve the reduction for the parallax ; a.nd the augmentation for 
n the following tables ; 
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B«l.of<!'8Eq,hot.t*rMl«,l 


Lat-- 






9.0° 


0".9 


1" 


25 


2 .8 


3 


S(l 


3 .7 


4 


a,-; 


4 .6 


6 


4t) 


6 .0 


6 .6 


4.1 


7 .3 


8 


BO 


f! ,H 


9 .4 


55 


10 .1 




RCI 


11 


12 


(55 


11 .8 


13 


7(1 


12 .8 


14 


75 


Ki .!J 


15 


BO 


14 .ti 


16 





cmoftbel 








e-^ 


2" 


12 


3 


18 


S 


24 


6 


30 


t! 


36 


9 


42 


11 


48 


12 


54 


13 


60 


14 


66 


15 


72 


16 


90 


16 



"We HQW give an example showing all the details of finding the 
longitude by a lunar obseiTation. 



Suppose that on the 25th of January, 1 352, between three and four 
o'clock in the afternoon, local time, the observed distance between 
the nearest Umbs of the sun and moon was 50° 3' 20", the altitude 
of the sun's lower limb was 20° 1', and of the moon's lower hmb 
48° 57', height of the eye 16 feet. The latitude corrected for the 
run from noon was 34° 12' jY, and the supposed longitude about 
65° west. What was the longitude ? (the Nautical Almanac being 
at hand.) 

Freparalion. 

Supposed t[me at sblp, 3 15 P. M. 

Supposed longitude 65 4 20 

Supposed time at Greenwioh, 7 25 p. JB. 

On the 25(hat noon the N. A. gives the ^'s S. D. at 14' 47", and at midnight 

at 14' 45" 7 ; therefore at the time of obnetvalion we take it at 14' 4G'', by simple 



inspection. In the a 


me eummary m 


nnerwe take the Equatorial homont 


parallax at 54' 12". 




f)'s aemi-dlameter. 


- 14' 4G' 


fj's Eq. hor. par. - - 54' liJ 


Aug for Alt. - 


- - 19 


Red. for lat. - - - - 4 


f)'a true S.i). - 


- 14' 58" 


Reduced hor. par. - - 54' 8 


Observed distance, 


50a 3' 20" 


Alt, f)'s LL 48° 57' 


Sun's S. D. 


16 ]6 


O's S. D. 14- 58" 


Moon's S. D. ■ 


14 58 


Dip _ 3 56 


Apparent central dis. 


50O 34' 3i"=d 


iJ's app. all. 49° 8' T=m: 
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Alt. 0'« lower L 20° r 
Seml-dlaraeler, -1-16' 16" 
Dip, — 3' 56" 


N. B. To find the 
altitude see problem 
tj'Bapp.Alt490 8 
54' 8"=348S' 
36' 3"~2a82 

490 8- 2" 
36' 2 
-49 
490 43' 15"=m 

the equation to 
the use of n 


moon's parallax lu 
s on page 201. 

0C9. 9.B15778 


O'Bapp. alt. 20O la'ir^s- 
Refraction, ' — 2' 34" 


log. 3.542576 
3.358354 


G's true alt. 20° 10' 36" S. 
C'fl app. all. 
Farallaic in alt. 
RefTHClion, 
True alt. 

We are now prepared to apply 
distance. The equation require 


63' 63". 
onipute the true 
turaL sines and 



cos.^=(cos.(5'+»t')+cos.rf)^^ 

(S'+m')=69'=21'14"N.cos. .35269 
d=BO° 34' 34"N. COS.* .63449 



.98708 log.— 1.994350 
=20° 10' 38" log. cos. 9.972496 
=49° 43' 15" log. COS. 9.81067S 





S'=m° 13' 12" COS. com 


0.017626 




m'=49° 8' 2" COS. com 


0.184228 




Num. .97561 log. 


—1.989278 


N.co..(S+» 


=69° 53' 53" —.34369 




True distance. 


50°48'29"cos.63192 





la the Nautical Almanac, we find that at 6 P. M, 
■wich time, on said day, the true distance between the 
was 49° 59' 26", and at 9 P. M., the distance was 51° 20' 49", si 
ing a change of 1° 21' 23" in three tours of time. But the chi 

• Wheurf is greater than SfP its cosine becomes minus, and ita numi 
value is then (he natural sine of (he excess over 90°. Thus If <j were ]05 
coslue would henninericallyequaltothesineof 15°, and must thenbesubtr! 
from the cosine of the sum of apparent altiludes. The result (cos. x) b 
then be the Bine of the excess over 90°. 

fLess SO because the table of natural 
COS. S and cos. m to the radius of lO, maki 



;an Green - 
and moon 



radius unity, and we used 
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from 49° 59' 26" to 50° 48' 29" is 49' 3" ; and now on tte suppo- 
Bition that the change is in proportion to the time ( and it is very 
nearly ), we have the following analogy 

1° 21' 23" : 49' 3" : : 3L : t 
Or, 4883 : 2943 : : 3 ; U. 48m. 29s. 

That is, the time that this observation was taken Jh 48m 293 after 
6 at Greenwich. Or, 7h 48m 293 mean Greenwich time. 

With the true altitude of the snn 20° 10' 38", the latitude 34° 
12', and the polar distance 109° 0' 48", we find the apparent time 
at ship 3h 10m 5s, to which we would add the equation of time, 
12m 34, making the mean time 3h 22m 39s. 

From the Greenwich time 7A. 48ni. 29s. 

Sub. time at ship - - 3 22 39 

Giving Ion. in time - 4 25 60=66° 27' 38" W. 

West, because the time at Greenwich was later in the day. 

If a lunar is taken with a star, or with the sun, when the sun is not 

in a proper position to depend upon its altitude for local time, the 

time must be noted by a watch, andthedifferencebetwecn the watch 

and true time made known, by a previous or subsequent observation 

on the sun, or some star which is nearly east or west of the observer. 

The most material part of working a lunar is that of clearing the 

distance. We, therefore, give the following examples, without the 

little incidental details. 

We show the working of one in which the distance is greater 
than 90°. 

The apparent distance between the center of the sun and moon 
on a certain occasion, was 98° 12' ; the apparent altitude of the 
sun's center was 74° 10', and of the moon's 20° 37' ; the moon's 
horizontal parallax at the same lime was 57' 12". What was the 
true distance ? Ans. 97° 34' 27" 

Horizontal par. 57' ]2"=3432 log. 3.532647 
3 Aft. 20° 37' cos. 9.971256 

Parallax in alt. 53° 31'=3211 log. 
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Effraction 
PaTa]Ia:c 



20° 3T O app. alt. 74° 10' 0" 

—2 31 Refraction 16 

-1-53 31 



O's true alt. 74° 9' '■. 



3 's True alt. 21° 2 

(,S'^m')=94° 47' {S+m)=^b'' 37' 44" 
94° 47' Nat. COS.— 0.0G339 
d=98° 12' Nat. coa.— 0.14263 

—0.22602 log.— 1.356160* 

S =74° 9' 44" COS. - - 9.436021 

m =21° 28' 00" COS. - - 9.968777 

5"=74° 10' 00" COS. complement 0.364092 

m'=20° 37' 00" cos. complement 0.02S744 

—0.23007 log. —1.361784 

i. (S-|-m) = 96° 37' 66"-|-0.09826f 

dis. 97" 34' 27" iV. cos.— 0.13181 



I 






^issr^r- 


Moon's 


Tcue 




sItltiKle, 


bor. p«. 




O 86 3 


39 18 


4'6 45 


53 51 


4°6 4 25 


2 


Hf. 29 47 


67 22 


27 35 


60 3 


28 8 24 


^ 


31 14 


28 7 


14 21 30 


63 29 


14 9 24 


4 


O 60 5 


63 12 


51 3 21 


58 30 


60 41 15 


fi 


* 34 28 


10 42 


49 18 38 


61 11 


48 45 39 


K 


©8 26 


19 24 


120 18 46 


57 14 


120 I 46 


7 


* 43 27 


40 9 


18 21 36 


60 20 


18 8 12 


it 


* fi3 13 


57 32 


60 13 49 


60 62 


59 48 12 


9 


O 72 26 


18 30 


81 2 28 


60 58 


80 9 33 


10 


O 60 33 


9 26 


70 36 16 


59 57 


69 49 12 



• The faotoc 0.22603 being minus renJers the product ininna. 

t The COS. {SAr'"^) in the equation is minna, but where the value of ( S-l"™ ) 
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It is comparatively an easy matter, to conduct a survey, or navigate 
a vessel, when tJiere are no important dilKculties to be overcome ; but 
the true test of knowledge or skill in any pursuit, is to be found only in 
real adversity. The mariner who successfully manages his ship, when 
every thing is provided, when all is in order, and the weather favorable, 
is deserving of little credit ; but let the ship become disabled, and the 
storm terrific, and then there is scope for the exercise of every neces- 
sary acquirement, and its kindred talent. 

So it is with the man of science ; when every instrument is at hand, 
and all in order, it requires little skill, and but common knowledge, lo 
make observations and experiments ; but when we reverse the case; the 
tact, knowledge, and ingenuity of the man, may oft times more or less 
e the difficulties. 



For instance, suppose it were necessary to End the altitude of the sun, 
for the purpose of finding the latitude of the place (on shore), or for the 
purpose of finding the time ; and we had no sextant or quadrant, and in 
fact, no instrument to measure angles. It could be done approximately 
as follows : 

Let a plumb line be suspended in water ; have a knot in the line, and 
let the knot be at a known distance above the water. The knot will 
cast a shadow on the water ; measure the distance of this shadow from 
the plumb line. The knot and its shadow, with the plumb line and 
water, will form a right angled triangle, and the angle at the base, com- 
puted by plane trigonometry, will be the altitude of the sun's vpper limb, 
and this altitude may be used for any purpose, the same as if it were 
measured by a sextant, but the accuracy Is not to be depended upon, for 
the want of delicacy in the instrument. 

A person on shore having a good watch, and knowing his latitude, 

can regulate his watch, or at least determine its rate and error for a 

short period of time. Then, if he have a nautical almanac, the ci 

tables of logarithms, and a knowledge of spherical trigonometry, i 

(228) 
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corresponding knowledge of ttstronomy, he can find the longLtude by i. 
lunar observation, without a sextant, as follows: 

By the means of his watch and a plumb line, he will be able to range 
off an approximate meridian line. He will then observe the transits of 
litars, and of the moon across that meridian, taking those stars which 
are at that time near the moon's meridian, some to the east and some to 
the west of the moon, and some more north, and others more south 
than the moon. 

He will note the difference in time, between the transit of each star 
and the moon, across his approximate meridian, and by a combination, 
or rather comparison of these observations, he will be able to determine 
the moon's right ascension very nearly. By the moon's right aacen- 
sion, and the aid of the nautical almanaCfhe can find the Greenwich 

The Greenwich time, compared with the local time, will give the 
longitude. 

When we can find the moon in a vertical plane with any two fixed 
stars, and it be at the time the moon changes her declination very 
slowly, so that we can depend upon a declination taken from the nauti- 
cal almanac for the supposed time, we can then determine the moon's 
right ascension, and from thence the longitude as before, whether we 
are on land or sea. 

Ship-wrecked mariners, and travelers similarly situated, have fre- 
quently resorted to these artifices to obtain their approximate localities. 

We have frequently remaTked in the course of this work, that the 
best position of a celestial object, at the time of taking its altitude, for 
the purpose of more exactly defining the time, is when the object is 
nearly east or west j we now propose to show this conclusively, and 
therefore give the following 

IKVESTIGATION. 
To find WTWfer whal cirewmslancEs, in a given latitude, a smaU mistake in 

oiserving or correcting the altitvJe of a c^estial object, wiU produce tlu 

smallest error in the time computed from it. 

Let Z be the zenith, P the pole, r the supposed place, and m the true 
place of the object. Let ms be a parallel of altitude, join the points m 
and r, and let^ be the arc of the equator 
contained between the meridians Fm and | 
Pr. 

Then as Pm and Pr are equal, ra 
be considered as a small portioi 
allel of declination rs will be the e 
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altitude, and pq the measure of the required error in time. And as the 
Bides of the triangle msr will neceBearily be email, that triangle may be 
considered as a rectilinear one,right angled at s ; and because the angle 
Prm is also a right angle, the angles smr and PrZ, being each the com- 
plement of tnrs, are equal to each other 
We now have, 

M : mr : : sin. smr {ZrP) : rad. (1) 

Also, mr -.pq : : cos. qr ; rad. (2) 

Multiplying these two proportions together, omiting the common 
factor mr, gives, 

rs -.pq : : cos. qr sin. i^ZrP) : (rad.)* (a) 

But, sin. rP or cos. qr : sin. rZP : sin. ZP : sin, (.ZrP) (4) 
Whence, cos. qr sin. ZrP=sin. rZP sin. ZP (5) 

The first member of equation (5), is the same as the third term in 
proportion (3) ; therefore, proportion (3) may be changed to the 
following, 

n:pq:: sin. rZPsra. ZP : (x&A.y 

Whence, pq= ( :i^l^' ] I 

^ \ sin. ZP I Bin. rZP 

Now, aa the quantities in parentheses are supposed to be constant the 

value of pq, the error in time must vary as ~^—. varies ; and it is 

obvious thai pjwill be feas(, when sin, j-ZP ie^eafesl, that is, when 
rZP=90°, or the object due east or west 
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LOGAEITHMS OF NUMBERS 



1 TO 10000. 



301030 
477131 
602060 



1 4771Q1 
1 491362 



1 B9762T 

1 908485 

1 919(nS 
1 934279 



I 613784 

1 633468 
1 643453 



. B. In the following table, la the last nine tolumna of each page, when 
(lie first or leading figures change from 9'8 to O'e, points or dots are iion 
iutroduced Instead of the O's through the rest of tile line, to catch llie eye 
and to indicate that from thence the correspoiuling natural numbers li 
the first column stands in the next laieer line, and its annexed first two 
figures of the Logarithms in the second colunui. 



"^■y 





LOGARIT 


HMS OF NUMB 


ERS. 3 


-^ 


000000 


0434 


0868 


1301 


™ 


2166 


2598 


i" 


3461 


3891 


101 


4321 


4760 


5181 


5609 


6038 


6466 




7321 


7748 




IDS 




9028 






.300 


.734 




1570 


1993 


2415 


103 


012837 






4100 




4940 




6779 


6197 


6616 


104 


7033 


7451 


7868 


8284 


8700 


9116 


9633 




.361 




105 


021189 


1603 


2016 


2423 


2841 


3352 


3664 


4075 


4486 


4896 


108 








6633 








8164 






107 








.600 


1004 




1813 


2216 




3031 


108 










5029 


6430 




6230 




7028 


109 


7426 


7825 


8233 


8620 




9414 


9811 




.602 


.998 


no 


041393 


1787 


2182 


2576 


2969 


3363 


3765 


4148 


4540 


4932 


Jll 


5323 










7275 


7664 


8053 


8442 




112 


9218 








.766 




1538 








113 


053078 






4230 


4613 






5760 




6524 


114 


6906 


7286 


7666 


8046 


8426 


8805 


9185 




9942 




116 


080698 


1076 


1453 


1829 


2206 


2683 


2958 


3333 


3709 


4083 


1I7 


818fi 


8667 


5206 




6953 


6336 


.407 


7071 
.776 




7816 
1614 


118 


071882 








3362 


3718 


4085 


4461 




6182 


119 


6547 


5913 


6376 


6640 


7004 


7368 


7731 


8094 


8457 


6819 


120 


0181 


9543 


9904 


.366 


.626 


.987 


1347 


1707 


2067 


2436 






3144 


3603 


386! 




4578 


4934 




5647 




123 


6360 


6716 


7071 


7426 


7781 


8136 


8490 


8845 


9198 


9652 


133 


9905 


.268 






1316 




2018 


3370 




3071 


124 


093422 


3772 


4123 


4471 


4820 


6169 


5518 


5866 


6215 




126 


6910 


7267 


7604 


7951 


8288 


8644 


8990 


9335 


9681 


1026 




100371 


0716 










2434 










3804 


4146 


4487 




5169 




5861 


6191 






128 


7210 


7649 


7888 








9341 


9579 






129 


110590 


0926 


1363 


1699 


1934 


3370 


3605 


3940 


3376 


3609 


130 


3943 


4377 


4611 


4944 


6278 


6611 


6943 


6376 


6608 


6940 


131 






7934 


8265 


8596 




9256 




9915 




132 


120574 


0903 








2216 


2544 




3198 




133 




4178 






5156 




6806 


6131 




6781 


134 


7105 


7429 


7753 


8076 




8733 


9045 




9690 


..13 


135 


130334 


0655 


0977 


1298 


1619 


1939 


2260 


2680 


2900 


3219 


136 


3639 












6461 


6769 


6086 


6403 




6721 


7037 






7987 




8618 






9664 


138 










1136 


1450 




2076 




2703 


139 


143015 


3337 


3630 


3951 


4263 


4674 


4886 




5607 


5818 


140 


6128 


6438 


6748 


7058 


7387 


7676 


7985 


8294 


8603 


8911 




0219 


9627 










1063 








142 


152288 












4130 










6336 


5640 






6549 






7467 






114 


8362 


8664 


8965 


9266 


9567 


9868 


.168 




.769 


1068 


145 


161368 


1667 


1967 


2366 


2564 


9863 


3161 


3460 


3768 


4055 


148 


4353 


4650 




5244 




6838 


6134 




6726 


7033 




7317 










8792 


9086 






9968 


148 


170262 






1141 


1434 












149 


31S6 


3478 


3769 


4060 


4351 


4641 


4932 


5232 


6613 


6803 



>o^\c 



4 


LOGARITHMS 


N. 





1 


2 


3 


4 


6 


6 


7 


8 


9 


150 


176091 


6381 


6670 


6969 


7248 


Tese^ 


^ra2B 


8113 


"840r 


8689 






9264 


9562 


9839 










1273 


1558 


163 


181fi44 


2129 




2700 




3270 




3839 




4407 


163 


4691 






6642 




6108 




6674 




7339 


164 


7621 


7803 


8084 


8366 


8647 




931S 


9490 


9771 




155 


190332 


0813 


0892 


1171 


1461 


1730 


3010 


2389 


2567 


2846 


168 


3!li5 










4B14 




6069 






1ST 










700B 


7381 




7832 


8107 


8383 


158 


8657 




9206 


9481 


9756 


..29 


,303 


.677 


.860 


U24 


169 


201397 


1670 


1943 


3216 




3761 


3033 


3306 




3848 


!60 


41S0 


4391 


4663 


4934 


6204 


6476 


6746 


6016 


6286 


6656 


161 




7096 










8441 


8110 


8979 




162 


9B16 


9783 














16B4 


1921 




213188 




2720 






3518 




4049 






164 


4844 


6109 


6373 


6638 


6903 


6166 


6430 


6694 


6967 


7221 


165 


7484 
220108 


7747 
0370 


8010 


8273 


8636 


T4 


9060 


9323 


B585 
2196 


9846 




3716 


2976 








4016 






4793 






6309 










6600 






7373 




169 


7887 


8144 


8400 


8667 


8913 


8170 


9436 


9683 


9938 


,193 


170 


330449 


0704 


0960 


!216 


1470 


1734 


1979 


2234 


2488 


2742 


171 


2996 




3504 


37S7 


4011 


4264 


4517 


4770 




5376 


173 


6528 
8046 


6781 


6033 








7041 


7292 


.,50 


7795 


174 


240549 


0799 


1048 


1297 


1646 


1795 


3044 


2393 


2541 


3790 


175 


3038 


3286 


3634 


3782 


4030 


4277 


4536 


4772 


B019 


5266 










6262 






6991 


7337 




7738 


177 








8709 


8954 










,176 


178 














1881 


212B 




2610 


179 


S863 


5614 


57B5 


z 


6237 


4004 
6477 


6718 


4648 


7198 


6031 






7918 








8877 


9116 




9B94 




1B3 


260071 
3451 




0548 
2926 


0787 


3399 




1601 
3873 


1739 
4109 




2214 
4583 


184 


481B 


5064 


B290 


6626 


6761 


B9SW 


6333 


6467 


6703 


6937 


18B 


7172 


7406 


7641 


7875 


8110 


8344 


8678 


8812 


9046 


9379 




9B13 














1144 




1609 


1B7 


271843 


2074 








3001 




3464 




3927 




4168 


4389 


4630 


4850 


6081 






B772 






189 




6692 




7151 


7380 


7609 


7838 


8057 


8296 


8625 


190 


8764 


S9S3 


9211 


9439 


9667 


9895 


.123 


.361 


.578 


B06 


191 


281038 


1261 


1488 








2396 




2849 


3075 


193 


3301 


3537 


3763 




4205 






4882 










6783 


6O07 




6466 










7518 


194 


7802 


8026 


8249 


8473 




8920 


9143 


9366 


9589 


0813 


195 


290035 


0257 


0480 


0702 


092B 


1147 


1369 


1591 


1813 


3034 


196 


2266 




2699 








3684 


3804 


4025 


434S 






4687 


4907 
7104 


5127 
7333 


6347 
7542 


7761 


6787 
7979 


6007 
8198 


8416 


t^ 


J99 


8863 


!"!!_ 




9607 


9735 


9943 


.161 


.378 


— , 
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)Ogle 










F N 


J M B E R E 


5 


-^ 


301030 


1247 


1464 


1681 


•^^ 


2114 


2331 


2547 


2764 


2980 


eoi 








3844 




4275 


4491 


4706 




5136 


S02 


63B1 


5566 


5781 








6639 


6864 


70(i8 




ao3 


7490 


7710 


7924 


8137 


8351 


8564 


8778 










9630 


9843 


..66 




.481 


.693 


.906 


1118 


1330 


1642 


205 


311764 


1966 


2177 


2389 


9600 


2812 


S023 


3234 


344B 


3656 


ao6 


33G7 














6340 






207 


6970 


6180 






B809 








7646 


7854 


SOS 


8063 
3201 4e 


8272 


8481 
0662 


^0?^ 


0977 


9106 
1184 


1391 


1698 


9730 




210 


2219 


2426 


2633 


2839 


3046 


3263 


3458 


3655 


3871 


4077 


211 
S12 


6336 


6541 


6745 


6960 


6105 
7165 


7369 


7563 


7767 


7972 


6131 
8176 


213 


8380 


8583 


87B7 


8991 




9398 


9B01 


9805 




.211 




330414 




0S19 


1022 


1225 




1630 


1833 


2034 




215 


2438 


2640 


2842 


3044 


3246 


3447 


3649 


3350 


4061 


4253 


21G 




4655 


4856 


5057 


5257 


6458 






6059 












7060 


7260 


7469 


763 


7858 


8068 


8257 


218 








9054 






9650 


9849 








3404M 


0642 


0341 


1039 


1237 


1436 




1830 


2028 


2225 


220 


2423 


2620 


2817 


3014 


3212 


3409 


S606 


3802 


3999 


4196 


231 




4389 


4785 


4981 


B17S 


6374 


6570 


6760 






222 


6353 


6549 


6744 




7135 


7330 


7525 


7720 




8110 




8305 


8500 














9860 


..54 


224 


350248 


0442 


0636 


IB2y 


1033 


1216 


1410 


1603 


1796 




225 


2183 


2375 


2668 


2761 


2954 


3147 


3339 


3532 


3724 


3916 


226 


4108 






4885 




B068 


5260 


6452 


5643 


6834 




6026 




6408 






6981 




7363 


7554 






7935 


8125 




8506 






9076 








229 


9835' 




.316 


.404 


.693 


.783 




1161 


1350 


1639 


230 


361728 


19i7 


2106 


2294 


2482 


2671 


2859 


3048 


3236 


3424 




3612 


3800 




4176 




4651 




4926 


5113 






5488 






6049 




6423 


6610 






7169 






7542 






810! 


8287 


8473 




8845 




234 


9216 


9401 


9587 


9772 


9968 






.513 


.698 


.883 


235 


371058 


1263 


1437 


1622 


1806 


1991 


2175 


2360 


3544 


2728 






3096 


3280 




3647 




4015 


4198 


4382 


4565 


S3T 




4932 


6116 




5481 




5846 


6029 


6312 




23S 








7124 










8034 


8316 


239 


8398 


8680 


8761 


8943 


9124 


9305 


9487 


9668 






240 


381^11 


0393 


0573 


0764 


0934 


1115 


1296 


1476 


1656 


1837 


241 




2197 


2377 




2737 


2917 




3277 


3466 


3636 


243 






4174 


4363 




4713 




5070 


6249 5428 [[ 










6143 


6321 




6677 






244 


7390 


7668 


7746 


7923 


8J01 


8379 


8456 


8634 


8811 8989 


245 


9166 


9343 


9520 


9698 


9875 


51 


.228 


.405 


.583 ■ .759 


246 




1112 


1288 


1464 




1817 


1993 


2169 


2345 2631 


247 








3224 


34O0 


3575 


3751 


3920 




248 


4452 








6162 


6326 


5501 




6850 6026 


» 


"^^ 


6374 


6648 


6722 








7419 
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OF NUMBERS. 7 


K. 





1 


3 


3 


4 


5 


6 


7 


8 


9 


300 


477121 


7266 


7411 


7656 


7700 


7844 


7989 


8133 


"8378 


8422 


301 




8711 








9287 


94B1 




9719 




302 


480007 


0151 




0438 


0582 


0735 


0869 




1166 


1399 




1443 


1686 




1873 


3016 








2588 


2731 


301 


2874 


3016 


3169 


3302 


3445 


3687 


3730 


3872 


4015 


4167 


305 


4300 


4442 


45S5 


4727 


4869 


5011 


6163 


6295 


6437 


6579 


30S 






6005 






6430 


6672 




6866 




307 










7704 


7845 








8410 


3U3 


8551 


8692 


8833 


8974 


9114 




9396 




9667 


9818 


3U9 


9959 


..99 


.239 


.380 


.530 


.661 


.801 


.941 


1081 


1233 


310 


491363 


!503 


1643 


1782 


1923 


2062 


2201 


3341 


2481 


3631 


1 311 


2760 


2300 


3040 




3319 




3697 


3737 


3876 


4016 






4294 


4433 










5128 


6367 


6406 


313 


















6663 


6791 


314 


6930 


7068 


7206 


7344 


7483 


7631 


7769 


7897 


8036 


8173 


315 


8311 


S44S 


8686 


8734 


S86S 


8999 


9137 


9375 


9412 


9650 






9824 


9963 


..99 






,611 


.648 




.933 




501059 




1333 




1607 




18S0 


3017 


2154 


3291 








3700 




3973 




3346 


3382 


3518 


3666 


313 


3791 


3927 


4063 


4199 




4471 






1878 


6014 


330 


6,50 


6286 


6421 


5657 


5693 


5828 


5964 


6099 


6234 


6370 




6505 


6640 




6911 


7046 


7181 








7721 






7991 


S126 


8260 


8396 


8530 


8664 


8799 


8934 


9008 








9471 




9740 






.143 


,377 


.411 


324 


610545 


0G79 


0813 


0947 


1081 


121B 


1349 


1483 


1616 




325 


1883 


2017 


2151 


2284 


3418 


3661 


2684 


2818 
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6193 




6338 


6411 


6483 


655b 






67W. 


6774 


6846 


6910 


6992 


7064 




7309 




7354 


^ 


7437 


7499 


7572 








.^ 




800G 





""'6" 







OF Nl 


MB 


ERS. 


,.,"l 


eoo 


"ttsibT 


^sT 


t^ 


8368 


"8447 


8613 


~ 




8730 


8802 


601 


8874 


8947 


X 


9091 






9308 


9380 


9452 


9524 


603 




6669 


9B13 


9885 


9957 


.,29 






.245 




7803n 




0461 


0533 


0605 


0877 


0749 


0831 




0965 


604 


1037 


1109 


1181 


13B3 


1334 


1396 


1468 


1640 


1613 


1684 


605 


1755 


1827 


1899 


1971 


3042 


3114 


2186 


2268 


2329 


3401 


606 














3002 




3046 


3117 


607 




3260 




3403 










3761 




608 


3904 


3975 


4046 


4118 




4261 




4403 


4475 






4617 


4689 


4760 


4831 


4902 


4974 


8045 


5116 


6187 


6259 


610 


B330 


5401 


8473 


5643 


E616 


6688 


8767 


6838 


6899 


6970 








61S3 


6254 


6325 


6396 


6467 






6680 








6893 




7035 


7106 


7177 


7248 




7390 




7460 










78lfl 






8027 


8098 


614 


8108 


8339 


8310 


8381 


8451 


8623 


8693 


8663 


8734 


8804 


616 


B875 


S946 


9916 


9037 


9157 


9328 


9299 


9369 


9440 


9510 




9681 


9661 


9732 










-.74 








790285 


0356 


0426 


0496 


0567 


0637 


0707 


0778 


0848 






09SS 




1139 




1369 


1340 


1410 


1480 




1620 


619 




1781 


1831 


1901 


1971 


3041 


QUI 


3181 


3263 


3333 


620 


3392 


2462 


3B32 


2602 


2672 


3743 


3812 


2882 


2962 


3022 




3093 


3163 




3301 


3371 






3681 


3651 




622 


3790 






4000 




4139 






4349 








4568 


4627 








4906 


4916 




5115 


624 


6185 






6893 


546B 


6633 


8603 


B673 


5741 


6811 


623 


6880 


5949 


6019 


6088 


6158 


6337 


6297 


6366 


B436 


6605 


626 


6574 


6644 


6713 




6863 


6921 


6990 


7060 




7193 


627 




7337 


7406 


7476 


7546 


7614 




7763 




7890 






8029 




8167 


8236 


8305 


8374 


8443 


8613 


8583 


629 


8661 


8720 


8789 


8868 


8937 


8996 


9065 


6134 


9203 




630 


9341 


9409 


9478 


9547 


9610 


9686 


9764 


9833 


0893 


9961 




800036 


0098 


0167 






0373 






0680 


0S48 


632 


0717 




08B4 


0933 


0992 


1061 


1139 


1198 




1335 


633 




1472 


1B4I 


1609 


1678 




1815 


1884 




2031 


... 


3089 


2166 
3843 


2236 
2910 


2079 


3363 
3047 


2433 
3116 


S500 


2668 


2637 


2705 




3457 


3628 




3662 


3730 


3798 


S867 






40;l 


637 


4139 


4208 






4413 


4480 


4648 






4753 




4821 


4889 






6093 










6433 


639 






B687 


6705 


5T73 


5841 


5908 


6976 


6044 


6113 


640 


6180 


6248 


6316 


6384 


6461 


6519 


6587 


6655 


6723 


6790 


641 










7129 


7157 










842 


7535 


7603 




7738 


7806 


7873 


7941 








643 




8279 


9021 


8414 


8481 
9156 


8549 


8616 
9290 


9358 


9425 


94^ i 


646 


9560 


9637 


9694 


9763 


9929 


9896 


9964 


..81 


98 


,165 






0300 


0367 


0434 


0501 






0703 


0770 


0837 


647 


0904 


0971 


1039 


1106 


1173 


1240 


1307 




1441 


1608 




1575 


1643 


1709 


1776 


1843 


1910 


1977 




2111 


2178 


|l "^ 


2243 








2513 1 2679 


2640 


2713 


3780 


3847 



m^\c 



u 


L 


3GA 


RIT 


HMS 




^ 


813913 


-^ 


3047 


3114 


3181 


"3347" 


^14" 


sssT 


3448 


3614 




3631 


3648 


3J14 


3781 




3914 


3981 


4048 












4381 




4514 


4581 


4*47 


4714 


4780 


4847 


663 




4980 




6li3 


5i79 


5246 


5313 


5378 


5445 


6511 


664 


5678 


6644 


6711 


6777 


6843 


6910 




6043 


6109 


6175 


655 


6341 


6303 


6374 


6440 


6606 


6673 


6639 


6706 


6771 


6838 








7036 


7102 




7233 


7301 


7367 






658 


sm 


8^3 




8434 


3490 


T896 
8666 


7962 


8028 


8764 


8160 


659 


9544 


9610 


9017 
9676 




9149 


9215 
9873 


9281 


9^ 


9412 
..70 


9478 




820301 




0333 




0464 




0695 




0737 






0858 


0934 




1055 


1120 














1514 


1579 


1646 


1710 




1841 






2037 


2103 


664 






3399 


2364 


3430 


3496 


3660 


2636 


3691 


2756 


6G6 


'^l 


Zl 


S 


3^70 


3083 
3735 


S148 


^ 


3379 
3930 


3344 
3996 


4061 


667 










4336 






458 1 




4711 






4841 


490S 




6036 


BlOl 






6296 




669 


5436 


6491 


6556 


5621 




6751 


5816 


5880 


5946 


601O 


670 


6075 


6140 


6204 


6269 


6334 


6399 


6464 


6528 


6593 


6668 


671 


6TS3 


6787 




6917 




7046 


7111 






7305 










7663 












7961 


674 


8016 


8724 


wm 




3273 
8918 


S 


Im 


8467 
9111 


8531 




67B 


9304 


9368 


9433 


9497 


9661 


9626 


9690 


9754 


9318 


9883 


676 


9947 


..11 


..75 






.268 


.333 


.396 




.625 




830589 




0717 


0781 


0845 




0973 


1037 


1102 




676 


1330 


1394 


1358 




1436 






1678 


1742 






1870 




1998 


2063 




3189 


3363 


3317 


3381 


2446 


680 


2609 


2673 


2637 


2700 


3764 


3838 


2892 


2956 


3030 


3083 






3211 


3275 


3338 


3403 


3466 


3530 






3721 


6B2 






3913 




4039 


4103 




4330 




4367 


683 




44S4 


4643 


4611 






4803 








6S5 


6056 


6120 
5754 


5183 
6817 




6944 


6001 


6071 


66O0 


5664 


5627 






6387 


6451 


6514 


65^7 




6704 


6767 




6894 


637 




7020 


7083 




7310 








7462 


7538 




T588 




7715 




7841 


7904 




8030 




8166 


689 




8383 


8345 


8408 


847! 


8654 


8697 


8660 


87S3 




690 


3849 


8912 


8976 


9038 


9109 


9164 


9327 


9289 


9353 


9415 




9478 


9541 


9604 


9667 


9729 


9793' 


9855 






..43 




8401 OS 


0169 


0333 


0394 


0357 




0483 


0545 


0608 


0671 


693 




0796 




0921 


0934 


1046 


1109 


1172 


1334 


1297 




1369 


1423 1 I486 




1610 


1673 


1T35 


1797 


1860 




695 


1986 


2047 2110 


3173 


3235 


22B7 


3360 


3422 


3484 


2647 




2609 


0673 2734 


2796 










3103 


3170 






3295 , 3357 


3420 


3483 




3B06 




3731 






3866 


3918 ■ 39B0 


4043 


4104 


4166 




4391 






1 699 


4477 


4639 4601 




4726 


4788 


4850 


49J3 


4974^ 


6036 



)Ogle 



OF NUMBERS. 15 


N. 





1 


3 


3 


4 


6 


6 


7 


8 


9 


700 


845098 


51B0 


K32" 


5284 


5346 


6408 


5470 


6533 


6594 


6666 


701 




6780 


5842 


5904 


5966 




6090 


6161 


6313 


6375 




6337 


6399 


6461 


6523 






6708 






6894 






?017 


7079 


7141 


7203 


7264 










104 


7573 






7768 


7819 


7831 


7943 


)i004 


8066 


8128 


706 


8189 


8251 


8313 


8374 


8436 


8497 


8669 


8630 


8683 


8743 


706 


8805 
















9287 


9358 


707 


9419 


9481 


9543 


9604 


9665 




9788 


9849 


9911 


9973 




850033 




0156 




0279 


0340 


0401 




0534 


0685 


709 


06*6 


0707 


0769 


0830 






1014 


1076 


1136 


1197 


710 


1258 


1330 


1381 


1442 


1503 


1664 


1625 


1686 


1747 


1809 


711 


1870 


1931 






3114 


3176 




2297 






712 




2541 


2602 




2724 


2785 




2907 








3090 


3150 


3211 


3273 






3455 


3516 


3577 


3637 


714 






3820 


3881 


3941 


4003 


4063 


4124 


4185 


4245 


7 a 


4306 


4367 


4428 


4488 


4549 


4610 


4670 


4731 


4792 


4852 


76 




4974 




6096 


6156 




5277 








7 7 








6701 


6761 


6822 




5943 






7 8 




6185 




6306 




6427 




6548 






719 


6729 




6860 


6910 


6970 


7031 


7091 


7163 


7312 


7372 


720 


7332 


7393 


7463 


7513 


7674 


7634 


7694 


7766 


7815 


7876 




7935 




8056 


8116 


8176 


8236 


8397 


8367 


8417 


8477 


733 


8537 


8697 
9198 


8657 
9268 


8718 
9318 


8778 
9379 


8838 
9489 




8968 


9018 
9619 


9078 
9679 


724 


9739 


9799 


9859 


9918 






..98 


.168 


.318 




726 


tt60338 


0398 


0468 


0618 


0578 


0637 


0697 


0757 


0817 


0877 


726 


0937 


0996 






II76 




1295 






1476 






1594 










1893 






2073 


728 




2191 




3310 


2370 




3489 






2668 


729 


2728 


2787 


2847 


3906 




3(B5 


3085 


3144 


3204 


3263 


730 


3333 


3382 


8443 


3501 


3561 


3620 


3680 


3739 


3799 


3858 


731 






4036 


4096 


4165 


4314 




4333 




4453 


732 








4689 


4148 


4808 




4926 


4985 


5045 


733 




6163 






6341 




5469 




E57S 


5637 




B696 


5755 


5814 


6874 




5993 


6061 


6110 


6169 


6338 


735 


6287 


6846 


6405 


6465 


6524 


6583 


6642 


6701 


6760 


6819 




6878 


6937 






7114 






7291 










7526 


7585 




7703 




7821 


7880 










8115 




8333 






8409 


8468 


8627 




739 


8644 


8703 


8763 


8821 


8879 


8938 


8997 


9056 


9114 


9173 


740 


9232 


9290 


9349 


9408 


9466 


9535 


9584 


9642 


9701 


9760 




9818 








..63 




.170 




.387 


.346 


743 


870404 


0463 


0631 




0638 






0813 


0873 


0930 


743 




1047 




1164 


1223 


1281 


1339 










1573 


1631 


1B90 


1748 






1933 


1981 


3040 


2098 


746 


2166 


3215 


2273 


3331 


2389 


3448 


2606 


2564 


3622 


2681 


746 


2739 


2797 


3865 


2913 








3146 


3304 




747 








3496 


3653 






3737 


3785 


3844 


748 






4018 




4134 






4308 


4360 


4434 




4483 


4540 




^ 




4772 


4S30 


^ 


4946 


5003 



m^\c 



16 


LOGARITHMS 


N. 





. 1 


2 


3 


4 


5 


6 




8 


9 


760 


875081 


6!I9 


6177 


E 


5593 


6351 


6409 


5466 


6624 


6583 


761 


6640 




6766 


6871 




5987 


6046 


6103 


6160 




6218 


6276 
















6737 


753 












7083 










754 


7371 


7439 


7487 


7644 


7603 


7669 


7717 


7774 


7832 


7889 


765 


7947 


8004 


8063 


8119 


8177 


8234 


8293 


S349 


8407 


8404 






8579 


8637 


8694 


8762 




8866 






9039 




9096 












9440 








758 


96ti9 








9898 












759 


880242 


(fi99 


0356 


0413 


0471 


0638 


0580 


0G42 


0699 


0756 


760 


0814 


0871 


0923 


0985 


1043 


1099 


1I5B 


1213 


1271 


1328 












1613 


1670 


1737 


1784 


1841 




763 


1955 
2535 


2581 


3069 


2696 


2183 




3397 
2866 


2354 




3037 


764 


3093 


3160 


3307 


8264 


3321 


3377 


3434 


3491 


3648 


3606 


76H 


3661 


3718 


3775 


3832 


3SB8 


3946 


4002 


4059 


4116 


4173 










4399 






4669 


4626 








4796 


4862 










6135 


6192 








5361 


5418 


6474 


6631 






67O0 








769 


5926 




6039 


6096 


6163 


6209 


6366 


6321 


6378 


6434 


770 


6491 


6647 


6604 


6660 


6716 


6773 


6839 


6886 


6943 


6998 


771 


7054 






7333 




7336 


7393 


7449 


7505 


7561 




7617 


7674 


7730 


7786 


7842 


7898 


7966 


80U 


8067 


8133 


773 




8236 


8393 


8348 


8404 


8460 










774 


8741 


B797 




8909 


8965 


9021 


9077 


9134 


9190 


9246 


77B 


9303 


9368 


9414 


9470 


9536 


9683 


0638 


9694 


9750 


9806 


770 






0974 


..30 




.141 










777 




1M77 


0633 




0646 


O70O 


0766 




0868 




778 




1035 


1091 




1303 












779 


1537 


1593 


1619 


1705 


1760 


1816 


1872 


1928 


1983 


3039 


780 


2096 


3160 


3306 


3362 


2317 


2373 


2429 


2484 


3540 


2595 


781 








2818 




3929 






3096 




783 


3307 


3262 


3318 






3484 


3540 








783 




3817 


3813 




398* 




4094 


4160 


4205 




784 


4316 






4483 


4538 


4593 


4648 


4704 


4769 


4814 


7B5 


4870 


4926 


4980 


6036 


509J 


5146 


S201 


6257 


6313 


6367 


786 




5478 


6633 




5644 








6864 


5920 


787 


6975 
6626 


6030 
6581 


6086 
66S6 


6140 


6195 
6747 


S 


^ 


6361 
6912 


6416 


6471 
7022 


789 


7077 


7133 


7187 


7342 


7297 


7362 


7407 


7463 


7517 


7573 


790 


7627 


7683 


7737 


7793 


7847 


7902 


7967 


8012 


8067 


8122 


791 


8176 


8381 




8S41 


8396 


8451 


8606 


6S6! 






792 


8736 


8780 




8B90 


8944 




9054 


9109 




9218 




9273 


0328 


9383 


8437 


9492 




9im 


9666 


S711 


9766 


794 


9831 


9876 


9930 


9986 


..39 


..94 


.149 


.303 




.312 


795 


900367 


0422 


0476 


0531 


0686 


0640 


0695 


0749 


0804 


0859 


79S 


0913 




1033 


1077 


1131 


1186 


1340 


1396 


1349 


1401 


707 


1468 




1667 


1623 


1676 


1736 


1785 


1840 




1948 


798 


2003 




2113 


3166 








3384 


3438 




799 


3547 


3601 


^ 


3710 


m*^ 


^ 


2873 


2927 


3081 


^^ \ 



)Ogle 



OF HUMBEES. 17 


N. 





1 


3 


3 


4 


fi 


* 


7 


8 


9 


800 


0S309O 


3144 


3igg 


3353 


3307 


336L 


3416 


3478 


3634 


3578 


801 


3633 












3963 










4174 






4337 


4391 


4445 


4499 


4543 


4607 


4661 


803 


«16 


477U 


4824 


4878 


4932 


4986 


5040 


6094 


6148 


B202 


80* 




5310 


6364 


6418 


6472 




6680 








ROS 


6796 


5860 


5984 


6988 


6013 


6066 


6119 


6173 


6217 


£261 




6335 






6497 


6661 


6604: 




6712 


6766 


fi820 


807 


6874 






7036 


7089 


7143 


7196 


7260 


'^4 


7358 


808 




7465 


7519 




7626 




7734 


7787 


7841 


7896 


809 


7949 


8002 


8056 


8110 


8163 


8217 


8270 


S324 


8318 


fi431 


Sl« 


8486 


S539 


8iS3 


.Se4S 


8699 


8763 


8807 


8868 


SOU 


S»ST 


81 1 


9«1 




9128 


9181 


9236 


9289 


9342 






9583 


813 


9566 




9663 


K16 


977« 


9823 


9877 


9330 






813 


910091 


0144 


0197 




D304 


0368 


Mil 


8464 


0618 


8671 


814 




#678 




J384 


0838 


•891 


0944 


«9«8 


1061 


1184 


eae 


1168 


laij 


1264 


1317 


I3TI 


1424 


1477 


1530 


1684 


[637 




169* 




1797 


)S6S 




1966 


20*9 


2063 


31 IB 


3169 


817 






3323 


2381 










2645 


3708 


81S 


2763 




2869 






3019 


3*73 


3125 


3178 


3231 


819 


3284 


3337 




3443 


8496 


3649 




3665 




3761 


82« 


M14 


3867 


3920 


a973 


4026 


4079 


4132 


4184 


42J7 


A3S0 


831 


4343 




4449 


4502 


4566 


4608 


4668 




4766 






487-2 




4977 


1030 


6083 


6136 






6694 


634? 




6400 




6505 


6568 




6664 


6716 




6823 


S87S 


824 




S98« 




£086 


6138 


6191 


6243 


6396 


6349 


6401 


825 


«4E4 


6607 


8559 


,£612 


6664 


6717 


6370 


6823 


687S 


6927 




-6980 




708S 


7138 


7190 


7243 


7295 






7453 




7506 




7611 






7768 


7820 






7S78 




8033 




8186 






8293 


8345 


8397 




5602 


829 


seas 


860J 


8669 


8712 


8764 


8816 




8921 


8973 


9826 


830 


se78 


9138 


9183 


923B 


9287 


9340 


S392 


9444 


9496 


9649 


S31 








8758 


9810 










..71 




92B123 






0280 


0332 


0384 


0436 


8489 


0541 


0693 




6645 


0S97 


0749 


0301 




0906 


8958 


1010 






834 




1318 


1370 


1328 


13J4 




1478 


1630 


1682 


1634 


835 


1686 


1733 


1790 


1842 


1894 


1946 


1998 


3050 


2102 


3154 




saos 




3310 






3466 


2518 


3570 




2674 




3725 


2777 


2829 






2985 


3037 


3089 




3192 




3244 








3461 


3603 


3655 


3607 




3710 


83M 


3763 


3814 


3865 


aflI7 


3969 


4021 


4072 


4124 


4147 


4228 


840 


4279 


4331 


4383 


4434 


4486 


4538 


4589 


4641 


4693 


4744 




4796 


4848 


4899 






6054 


5106 


5157 


5209 






6313 


5364 










6621 


6673 








H828 


6874 




6982 


6034 




6137 


6188 






844 
845 


z 


6^4 
6903 


r. 


6497 
7011 


6548 
7863 


6600 


6651 


6703 


7368 


6806 
7319 


84e 


7378 


7422 




7634 


7576 


7637 




7730 


7783 


7833 


847 


7883 






8037 


8033 


8140 


8191 


8243 




8345 






8447 


8498 


B649 


8601 




8703 


8754 


8805 




84S 


891*3 


8969 


9010 


9061 


9112 


9163 


^ 


^^ 


== 
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LOGARITHMS 


N. 





1 ! 2 


3 


4 


6 


6 


7 


8 


9 


8eo 


929419 


9473 


9531 


9673 


9623 


9674 


9736 


9776 


9827 


9879 


851 




9981 








.185 


.236 


.287 






853 


930440 




0542 


0693 


0643 


0694 




0796 




0898 




0949 


1000 


1061 


UOS 


1163 


1304 


1264 


1305 


1356 


1407 


864 


1458 


1509 


1560 


1610 


1661 


1712 


1763 


1814 


1866 




85S 


1966 


6017 


306S 


2118 


3160 


2220 


2271 


3322 


3373 


2423 


866 












9737 




9829 




2930 








3083 


3133 




3234 








3437 




3487 








3690 


3740 


3791 


3841 


3893 


3943 


859 




4044 


4094 


4145 


4195 






4347 




4448 


860 


4498 


4649 


4K99 


4650 


4700 


4751 


4801 


4852 


4902 


4963 


861 


5003 






6154 




6265 






5406 




862 


5507 
6011 


6061 


6608 
6111 


6658 
6162 


6212 




6313 


6363 


6910 
6413 


5960 


864 


6514 


6664 


6614 




6718 


6766 


6315 


6865 




6966 


865 


7016 


7066 


7117 


7167 


7217 


7367 


7317 


7367 


7418 


7463 


S6S 


7618 


7668 




7668 


7718 


7769 


7819 




7919 


7969 




8019 


8069 


8119 


8169 


8319 




8320 




8420 


8470 




8630 


8670 


8630 


8670 


8720 


8770 


8820 




8319 


8970 


869 


S020 


9070 


9120 


9170 


9220 




9320 


9369 


941M 




870 


9519 


9569 


961G 


9669 


ma 


9769 


9819 


9B69 


9918 


9968 


871 


940018 




0118 


0168 


0218 


0267 




0367 




0467 


872 


0616 


0666 


0616 


0666 


0716 


0765 




0866 


0616 


0964 


873 


1014 


1064 


1114 




1213 




1313 




1413 




874 


1611 


1661 


1611 


X^O 


nio 


1760 


1809 


1859 


1909 


1968 


87& 


3008 


2058 


2107 


31B7 


3207 


2266 


3306 


3355 


2405 


2465 




S504 


2664 


2603 


2653 


3703 


3763 


2801 




3901 


2950 


877 


3000 


3049 




3148 


3198 




3297 


3346 


339H 




878 














3791 


3841 


3890 




879 


3989 


4038 


4088 


4137 


4186 


4236 


4385 


4336 


4384 


4433 


880 


4483 


4632 


4581 


4631 


4680 


4739 


4779 


4838 


4877 


4927 




4976 


6036 




6124 


6173 


6222 






5370 


5419 




6469 


5618 


6567 


6616 


6666 










5912 




5961 




6059 


6108 








6305 


6354 


6403 


B84 




6501 




6600 


6649 


6698 


6747 


6796 


6846 




886 


6943 


6992 


7041 


7090 


7140 


7189 


7238 


7287 


7336 


7385 








7533 








7738 


7777 






8B7 






8022 


8070 






8217 


8366 


8315 






8413 


8462 




8560 




8667 


8708 








889 


8903 




8999 


9048 


9097 




9195 


9344 


9293 


9341 


890 


9390 


9439 


9468 


9636 


9585 


9634 


9683 


9731 


9:80 


9829 


891 




9936 




..24 




.121 




.319 






S92 


950365 


0414 




0611 


0560 


0608 




0706 




0803 




0861 


09O0 


0949 


0997 


1046 


1096 




1192 




1289 


894 


1338 




1435 




1533 




1639 


1677 


1726 


1715 


895 


ISliS 


1872 


1920 


1969 


3017 


2066 


2114 


2163 


2211 


2260 




2308 


2356 




3453 




3560 




3647 








2793 


2841 








3034 


3083 




3180 


3328 








3373 




3470 




3666 




3663 


3711 





3760 


3808 


^ 


3905 




400i 


4019 


4098 


4146 
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19 


900 


9B4343 


4291 


4339 


4387 


4435 


4484 


4532" 


4580 


"4^ 


4677 






4773 


4831 


4869 


4918 


4966 


6014 


5063 


5110 


6168 


909 


6207 
















5692 


5640 


903 


6li83 


5736 














6073 








6316 


6365 


6313 


6361 


6409 


6467 


66IB 


6563 


6601 


905 


6049 


6697 


6746 


6793 


6840 


6888 


6936 


6984 


7033 


7080 


905 








7272 




7368 


7416 


7464 


7613 




901 


7607 


7665 








7847 


7894 


7943 


7990 




9oa 




8134 


8181 




8277 






8421 


8468 


8616 




8&34 


8613 


8669 


8707 


875B 


8803 


8860 


8898 


8946 


8994 


910 


90« 


9089 


9137 


9186 


9332 


9280 


9328 


9375 


9433 


9471 


911 




9566 


9614 


9661 


9709 




9804 


9863 


9900 


9947 


9ia 




.,42 


-.90 




.186 




.280 


.328 


,376 






960471 


0518 


0566 


0613 


0661 






0804 


0851 


0699 


914 


0946 


0994 


1041 


1089 


1136 


1184 


1231 


1279 


1326 


1374 


916 


1431 


1469 


1516 


1563 


1611 


1658 


1706 


1763 


1801 


1848 


S16 




1943 


1990 




















3417 


2464 


2511 


2569 










2796 




2843 




2937 




3033 


3079 


3126 






3268 


919 


331S 


3363 




3457 


3604 


35B2 


3699 


3646 


3693 


3741 


920 


3788 


3835 


SSB2 


3929 


3977 


4024 


4071 


41)8 


4166 


4213 


921 




4307 


4364 


4401 


4448 










4684 


922 


4731 


4778 


4825 


4873 


4919 






5061 


6108 
















6437 


5484 


B531 


5578 




^ 


5573 


6719 


6766 


5813 


6860 


6907 


5964 


6001 


6048 


6096 


925 


6142 


6189 


6236 


6383 


6329 


6376 


6423 


6470 


6B17 


6564 






6653 


6705 


6763 




G846 






6986 






7080 






7320 




7314 


7361 


7408 


7464 






7548 






7688 




7783 




7875 


7922 


7969 


929 


8016 


8062 


8109 


8166 


8203 


8249 


8296 


8343 


8390 


8436 


930 


8483 


SE30 


8676 


8633 


8670 


8716 


8763 


gftiq 


8866 


8903 


93) 


8960 






9090 




9183 










933 






9609 




9602 


9649 








9836 






9938 


9976 










.207 




.300 


934 


970347 


0393 


<mo 


0486 


0533 


0679 


0636 


0613 


0719 


0765 


935 


0S13 


0858 


0904 


0961 


0997 


1044 


1090 


1137 


1183 


1229 






1323 


1369 


1415 


1461 


15U8 




1601 








1740 


1786 


1833 


1879 


1936 






3064 


2110 








2249 




2342 






2481 


3627 


3573 






2666 




3768 


2804 


2861 


2897 


2943 


2989 


3035 


308S 


940 


3128 


3174 


3220 


3266 


3313 


3369 


3405 


3461 


3497 


3543 






3636 


3682 


3738 


3774 


3820 




3913 




4006 










4189 


4235 








4430 




943 








4650 




4742 


4788 




4880 


4926 


944 


4973 


BOiS 


5064 


5110 


5166 


6203 


6248 


6294 


6340 




945 


5433 


6478 


5534 


6570 


6616 


5663 


5707 


6753 


5799 


5845 








6983 


6039 


6076 






6312 


6258 


6304 


947 








6488 


6533 


6579 




6671 


6717 


6763 


948 






6900 


6946 


6992 


7037 








7320 


949 


7266 


7313 


7368 


7403 


'^^ 


Z^ 


7541 


7586 


7632 
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,„ 





I 


3 


3 


4 


6 


6 


7 


8 


9 1 


B50 


977724 


7769 


7815 


7861 


7906 


^963^ 


7998 


8043 


S0S9 


8135 




8181 


8S3B 




8317 




8409 




8500 


8546 


8591 


959 


8637 




8728 


8774 


8819 




8911 




9002 




953 


9093 


9138 


9184 




9275 






9413 


9467 


9503 




9548 


9694 




9635 




9776 


9831 


9867 


9913 


9958 


955 


980003 


5049 


0094 


0140 


01S6 


0231 


0376 


0323 


0367 


0413 


9E6 




0503 


0649 


0594 


0640 




0730 










091'^ 
1366 


0967 
1411 


1003 


1048 


1093 


1139 


1184 


1229 
1683 


1275 
1728 


1320 
1773 


9o9 


1819 


1864 


1909 


1954 


3000 


3045 


3090 


2136 


3181 


3326 


9G0 


2271 


2316 


2363 


2407 


2452 


3497 


3543 


268S 


3633 


2678 








3814 




3904 


3949 


2994 


3040 


3085 




9G3 


3628 


3671 


3266 


3310 
3763 


3366 
3807 


3401 


3446 


3491 
3943 


3636 
3987 


3581 
4033 


904 


4077 


4133 


4167 


4213 




4302 


4347 






4482 


965 


4537 


4573 


4617 


4682 


4707 


4753 


479T 


4843 


4887 


4932 




4977 






5113 












6383 






5471 












6741 


5786 




968 


5875 


5920 




601 




6100 






6334 




969 


6324 


6369 


6413 


6458 


650S 


6548 


6693 


6637 


6682 


6727 


970 


8773 


6817 


6861 


6906 


6951 


8996 


7040 


7085 


7130 


7175 


971 


7219 




7309 


7363 






748B 


7533 




7633 


973 


7G66 


7711 




7800 


7846 


7890 


7934 


7979 






973 


8113 


8157 


8303 












8470 






8669 


8604 


8648 


8693 


8737 


8783 


8838 


8871 


8916 


8960 


975 


900.5 


9049 


9093 


9138 


9183 


9227 


9272 


9S16 


9361 


9405 


976 


^5 


9494 


9639 


..28 


^n 


9873 
.117 


^161 


9761 
.206 


9806 


9860 




990339 




0438 




0616 


0661 




0650 


0694 




979 


0783 


0837 


0871 


0916 


0960 


1004 


1049 


1093 


1137 


1182 


9S0 


1226 


1370 


1316 


1359 


1403 


1448 


1492 


1536 


1680 


1625 






1713 




1803 


1846 


1890 










982 


2111 




3300 


3244 
















3654 




2643 




3730 


3774 










984 


2995 


3039 


3083 


3127 


3172 


3216 


3360 


3304 


3348 


3393 


0R5 


3438 


3480 


3534 


3568 


3613 


3657 


3701 


3745 


3789 


3833 




3S77 




3966 


4009 


4063 


4097 




4185 










4361 


4405 


4449 


4493 




4681 












4801 






4933 




6021 


5065 


6108 


G152 


989 


6196 


5240 


5384 


6338 


5373 


5416 


6460 


5504 


6547 


5691 


990 


663S 


6679 
6117 


6723 


5767 
6205 


6811 


5854 


B893 


5942 
6380 


6434 


s 






655S 






6687 






8818 




6906 








7037 


7080 




7168 






7299 


7348 


994 


7S86 


7430 


7474 


7517 


7661 


7605 


7648 


7693 


7736 


7779 


996 


7833 


7867 


T910 


7964 


7998 


8041 


8086 


8129 


8172 


8216 






8303 


8347 


8390 








8584 


8608 


8663 


997 




8739 


8792 






S913 




9000 


9043 


9087 






9174 






9306 


9348 


9392 


9435 


9479 




999 


956S 




9652 


9696 








9870 


9913 


9967 



)Ogle 
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.241855 
356094 



408161 
41 3063 
417019 



441394 
445041 
450440 



748836 
T3638E 
730044 



B86787 
68 1932 
.677131 



644930 
540B19 
636151 



G1083U 
506750 
502707 
498702 
494733 
..49U300 
486902 
483039 
479210 

471651 



99953 
03112 99aS2 

03141 :::.: 

03170 :)995U 



)Ogle 




,Goo<^le 



767955 
760151 
163337 



777333 
773434 
781534 



3.719396 
721806 
734aM 



735996 
738317 
740636 



7B6453 
758668 
760673 



.767417 
769678 
771737 



794701 
796731 
798753 



,837993 
838874 
83l748 



215693 

213514 

11.311446 



)Ogle 



077381 
07B864 
074361 
0TS844 
((.071343 
06984^ 



07005 
07034 

07063199760 
07082 

oviai 

07179 



07817 
07S46 
07876 --- 

gmtufiBsi 



)0»^lc 



045144 
11.043326 



031234 
029867 
,028604 
027145 



991943 
993332 
994497 



)o»^lc 




>o^\c 




^'"'6" 



.B96763 
936717 



995464 
995446 
9954Q7 



.9961S4 

995146 
996137 



96014 
96910 



10.807706 
806878 
800047 



803747 
801926 
801106 



)o»^lc 



M145J 
302334 
9,30301', 
303797 
30teT: 
306384 
306131 
3069Uii 
S07679 



330618 
321367 
2331 16 



306207 
307013 
207817 



330639 

231302 

3.232066 



236614 
231368 
238120 



10.776618 
774844 
774071 



761880 

761128 

10.760378 



764421 I 17336 98486 



""'6" 




>o^\c 



10.711346 



701338 
700078 
70U020 



t»&433 
694131 



679408 
67^778 
). 678 149 



676267 
6766« 
676017 



.ogle 



333607 
333191 
333780 
.334366 
324960 



9.330176 
330753 
331329 
331903 
3S3478 
333051 
333634 
33419& 
334766 
335337 

9.335906 
336475 
337043 
337610 



340434 
340996 
).S41B5S 



345469 
346034 
346679 
1.347134 

348240 
343793 
349343 
349S93 



99ni81 

990134 

9.990107 

990079 



.337474 
32S715 



343358 
343958 
S4465S 
345167 
345765 



347545 
348735 



2087797797 
3090597791 

.97784 
30962,97778 

I9T773 



10.666741 
665139 
664518 



650671 
650078 
649486 



10.647713 
647134 
646535 
645947 
645360 
644773 
644187 



.446 97673 
.474 97667 
:603|876G1 
1530197656 
155997648 
i587OT643 
I61G97636 
164497630 
167997633 
170197617 
17S9mell 
176e«76IM 
1 78687698 
i814»7592 
.843^7 "' 



33013197547 
2204197541 
23070 97534 
S209897E38 
32126B7631 
23166 97516 

32183 msoa 



22382 |9!46S 
22410 97457 
23438 97450 
2246797444 
33496 97437 
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„ 






Co Bine. 


07W 


' ■J'"B. 


dT 


W CflUng. 


pnr 








9.383675 


84.' 

84;i 


9.986904 


" 


5,39677 


89 


. 10.603339 


13419' 


^m 


60 




384182 










I 603691 


94331 




69 


S 


384687 


986841 








8: 


I 603IM 


3^24! 




68 


! 




988809 










9437 




67 






8i;( 

83!; 
83. t 


986778 






39891: 




i 601C61 










386301 


986746 






3994& 


i 


I 60U648 


3433 




66 




386704 


986714 








f 600010 


9486! 




61 




387207 


986683 










i 6^476 


94391 




63 


8 


387709 








401061 




S G98t>43 


out 




69 


9 


388210 


986619 






401591 




; 596409 


34441 




51 


10 


388711 


83![ 
82.6 


986687 






402134 




! 507876 


9447 




60 




».3effiZll 


9.986556 






9.4036S6 




I 10.597344 




96963 






389711 


986633 






40318' 




I 696813 


3463 


96946 


48 






986491 












34651 


96937 


47 




3m08 












I 695761 


3458 


96931 


46 


16 


3913«6 


986437 




404771 




^ 696339 


3461 




46 


It 


891703 


986398 




406308 






9464' 


mu 


44 




393199 


986363 




405836 




i 694164 


9467i 




48 




39S696 


986331 






406364 




^ 69am 


S470( 




ti 


19 


393191 


89^ 


986299 






406892 


i 


I 693108 


9479( 




41 


ai) 


393686 
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41 


1. 612 783 846 730 


7 


0. 845 093 040 014 


42 


1. 623 249 290 398 


S 


0. 903 089 986 992 


43 


1. 633 468 455 579 


9 


0. 954 242 509 440 


44 


1. 643 452 676 4S6 


10 


1. 000 000 000 000 


45 


1. 653 212 513 775 


11 


1. 041 393 685 168 


46 


1. 662 757 831 682 


13 


1. 079 181 246 048 


47 


1. 672 097 857 936 


13 


1. 113 943 352 309 


48 


1. 681 341 237 376 


14 


1. 146 128 035 678 


49 


1. 690 196 080 028 


15 


I. 176 091 259 059 


50 


1. 698 970 004 336 


16 


1. 204 119 982 656 


51 


1. 707 570 176 098 


n 


1. 230 443 921 373 


52 


1. 716 003 243 635 


IS 


1. 255 272 505 103 


53 


1. 724 275 869 601 


19 


1. 378 753 600 953 


54 


1. 732 393 759 833 


20 


1. 301 029 995 664 


65 


1. 740 362 689 494 


ill 


1. 332 219 294 734 


56 


1 748 188 037 006 


aa 


1. 342 422 680 823 


57 


1. 755 874 855 672 


S3 


1. 361 727 836 076 


58 


1. 763 427 993 563 


34 


1. 380 211 241 713 


59 


1. 770 852 Oil 642 


2£ 


1. 397 940 008 673 


60 


1. 778 161 250 384 


26 


1. 414 973 347 971 


61 


1. 785 339 835 Oil 


27 


1. 431 363 764 159 




1. 793 391 689 492 


33 


1. 447 158 031 343 


63 


1. 799 340 549 454 


29 


1. 462 397 997 899 


64 


I. 806 179 973 984 


30 


1. 477 121 254 720 


65 


1. 812 913 356 643 


31 


1. 491 361 693 834 


66 


1. 819 543 935 542 


32 


1. 505 149 978 320 


67 


1. 836 074 302 701 


33 


1. 518 513 939 878 


68 


I. 833 508 9J3 706 


34 


1. 531 478 917 042 


69 


I. 838 849 090 737 


35 


1. 644 068 044 350 


70 


1. 845 098 040 014 



,Goo<^le 





OF NaMBERS. 


67 1 


N. 


Log. 


N. 


II 


71 


1. 851 258 348 719 


91 




959 041 392 321 


73 


1. 857 332 496 431 


92 




963 787 827 346 


73 


1. 863 322 860 120 


93 




968 483 948 564 


74 


1. 869 231 719 731 


94 




973 127 853 600 


75 


1. 875 061 263 392 


95 




977 733 605 389 


76 


1. 880 813 692 281 


96 




982 371 233 040 


77 


1. 886 490 725 172 


97 




986 771 734 266 


78 


I. 892 094 602 690 


98 




991 336 075 692 


79 


1. 897 637 091 290 


99 




995 635 194 698 


80 


1. 903 089 986 992 


100 


2.' 


000 000 000 000 


SI 


1. 908 485 018 879 


101 


2. 


004 331 373 783 


8a 


1. 913 813 863 384 


102 


2. 


008 600 171 763 




1. 919 078 092 376 


103 


2. 


012 837 234 705 


84 


I. 934 279 286 062 


104 


2. 


017 033 339 299 


85 


1. 929 418 925 714 


105 


2. 


031 189 299 070 


m 


1. 934 498 451 244 


106 


2. 


035 305 865 265 


87 


1. 939 519 252 619 


107 


2. 


029 383 777 686 


88 


1. 944 482 672 150 


108 


2. 


033 423 755 487 


89 


1. 949 390 006 645 


109 


2. 


037 426 497 941 


90 


1. 964 242 609 439 


110 


2. 


041 392 685 15S 


LOGARITHMS OF THE PRIME NUMBERS|| 




FROM 11 


) TO 


129. 




I 


NCLUDING TWELV 


E DE 


CIMAL PLACES. 


~ 


Lc«. 


N. 


I-.g. 


113 


a. 063 078 443 483 


197 


2. 


294 466 266 162 


127 


2. 103 803 730 956 


199 


2. 


298 853 076 410 


131 


2. in 271 295 656 


211 


2. 


334 282 455 298 


137 


3. 136 720 567 156 


223 


2. 


348 304 863 233 


139 


3. 143 014 800 254 


227 


2. 


356 035 857 189 


149 


3. 173 186 268 412 


229 


2. 


359 835 482 343 


151 


2. 178 976 947 293 


233 


3. 


367 355 922 471 


157 


2. 195 899 653 409 


239 


2. 


378 397 903 363 


163 


a. 212 187 604 404 


341 


2. 


382 017 043 576 


167 


2. 223 716 471 148 


251 


2. 


399 673 731 609 


173 


3. 238 046 103 129 


257 


2 


409 933 123 332 


m 


2. 252 853 030 980 


363 




419 955 748 490 


181 


2. 257 678 574 869 


369 


3. 


439 753 361 993 


191 


2. 281 033 367 248 


271 


2. 


432 969 290 877 


193 


2. 285 557 309 008 


277 


2. 


442 479 768 999 
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LOGARITHMS 


, 






=^ 


N. 


Log. 


N. 






log. 






283 


2. 448 
a. 461 


70S 
786 


319 


906 
633 


601 
607 


2 


778 


874 

isa 


471 


998 
074 




a. 466 


867 




663 




3 


787 


460 


566 








13S 


375 


477 


617 


a 


790 


285 


164 


033 


311 


2. 493 








619 








648 


987 


813 


a. 495 


544 


3ST 


BEO 


631 


3 


800 


039 


369 


233 




2. 501 


069 


367 




641 


2 


S06 


868 


879 




331 


2. 519 


827 




783 


64S 


3 




310 






337 


a. 627 






034 






810 


904 






347 


3. 540 


329 


475 


0T9 


663 


3 


814 


913 


981 


274 


349 


a. 643 


836 


426 


673 


659 


3 


813 


886 


490 


409 


363 


2. B« 




138 


015 






820 


301 


459 




seg 


a, B55 


094 


447 


678 








015 


064 


335 


367 








264 


677 










946 


373 


2. 671 


708 


831 


809 


683 


3 


B34 


430 


703 


630 


379 


2 5TB 


639 


309 


967 


691 


a 


839 


477 


903 


551 




Q. 583 






B80 


701 




845 


718 


OIT 






2. 689 




601 




709 


2 


860 


646 


335 


113 




S. 598 


790 


606 




719 


2 


866 


7B8 


890 


383 


401 


2. 603 


144 


372 


687 


727 




861 


534 


410 


855 


409 


2. 611 


733 


ass 


019 


733 


3 


866 


103 


970 


639 


419 




214 


oaa 


971 


739 


3 






643 


162 


421 




282 


095 


836 






870 




813 


759 


431 


2. 634 






999 


751 


3 


876 




937 


004 


433 


3. 636 


488 


015 


871 


767 




879 


096 


879 


497 


439 


a. 642 


464 


620 


243 


761 


3 


891 


394 


656 


769 


443 


a. 646 


403 


736 


235 


769 


3 








800 


449 




246 


388 










179 


493 




467 


3. 6B9 






054 


787 






974 


732 


358 


4G1 


2. 6G3 


700 


936 




797 


2 


901 


458 


331 


400 


463 


3. 665 


ESO 


991 


013 


809 


2 


977 


948 


459 


773 


467 




317 


sei 


008 


811 


2 


909 


oao 


864 


210 


479 


2. eeu 




613 


415 






914 






120 


487 




628 


961 








915 


399 


83B 




491 


2. 691 


081 


487 


026 


827 


3 


917 


605 


509 


487 


499 


2. 698 


100 


545 


623 


829 


S 


918 


■664 


530 


668 


B03 


a. 701 


667 


986 






2. 


933 


761 




830 




2, 706 


717 


783 


346 


853 








031 




621 




837 






857 






980 


821 


917 


623 


e. 718 


603 


688 


873 


859 


3 


933 


993 






641 


2. 733 


197 


26B 


134 


863 


3 


936 


010 


794 


B46 


547 


3. 737 






368 


877 


3 


943 


999 


593 


360 






866 


195 


193 


831 




944 






413 




2. 750 


508 


395 


940 


883 






960 


703 


512 


669 


2. 765 


113 


178 


598 


837 


3. 


B47 


933 


619 


839 


671 


2 766 


636 


108 


333 


em 


3 


957 


607 


287 


059 


587 


si 761 


175 
638 


813 
004 


171 

465 


911 
919 


3! 


959 


518 
316 


376 


973 
609 




2! 773 


054 




364 


939 




968 


015 


713 


997 


flsy 


2. 777 


427 


2, 


357 


937 


^ 


971 


739 




780 
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N. 


U,s. 




Log. 


941 


2. 973 589 620 234 


1039 


3. 016 615 547 558 


947 


2. 976 349 979 055 


1049 


3. 020 775 488 195 


953 


2. 979 092 900 639 


1051 


3. 021 602 716 026 


967 


2. 986 426 474 084 


1061 


3. 036 715 383 898 


971 


3. 987 219 329 907 


1063 


3. 026 633 264 523 


977 


3. 989 894 559 717 


1069 


3. 038 977 705 306 


983 


2. 992 553 512 733 


1087 


3. 036 329 513 712 


991 


2. 996 073 604 003 


1091 


3. 037 824 749 671 


997 


2. 998 695 158 313 


1093 


3. 038 620 157 372 


1009 


3. 003 891 170 303 


1097 


3. 040 206 627 671 


1013 


3. O05 609 445 427 


1103 


3. 042 575 612 437 


1019 


3. 008 174 244 007 


1109 


3. 044 931 546 149 


1021 


3. 009 025 742 086 


1117 


3. 048 053 173 103 


1031 


3. 013 258 660 430 


1123 


3. 050 379 756 239 


1033 


3. 014 100 321 618 


1129 


3. 053 693 943 370 


It is not necessary to extend this table, as the logarithm of any 


one of the higher numbers can be readily computed by the fol- 


lowing fonnula, which may bo found in any of the standard works 


on algebra, namely : 


Log. (2:+l)=:]og. ?+0.8685S89638 ( -i— J 


The result will be true to ten decimal places for all numbers 


over 1000, and true to twelve decimala for all numbers over 2000. 


The logarithms of composite numbers can be determined by 


the combination of logarithms already in the table, and the prime 


numbers from the formula. 


Thus, the number 3083 is a prime number, find its logarithm, 


true to ten places of decimals. 


We first find the logarithm of 3083. By factoring this num- 


into 67. 

Log. 46 1. 6631578316 


Log. 67 1. 836 074 3027 


Log. 3083 3, 488 833 1343 


Now, Log. 3083 = 3,4888321343+e:.5-MMMiM 




1151 1223 1291 1373 1451 1511 


1153 1229 1297 1381 1453 1523 


1163 1231 1301 1399 1459 1531 


1171 1237 1303 1409 1471 1543 


1181 1249 1307 1423 1481 1649 


1187 1259 1319 1427 1483 1553 


1193 1277 1321 1429 1487 1659 


1201 1379 1327 1433 1489 1667 


1213 1383 1361 1439 1493 1571 


1317 1389 1367 1447 1499 1579 
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AUXILIARY LOGARITHMS. 


K. 


•.,. 


H. 


II 


1. 009 


0. 003 891 170 203") 




1. 0009 


0. 000 390 576 3041 




1. 008 


0. 003 461 627 188 




1. 0008 


0. 000 347 233 698 




1. 007 


0, 003 030 465 635 




1. 0007 


0. 000 303 836 798 




1, 006 


0. 002 697 985 739 




1. 0006 


0. 000 260 435 661 




1. 005 


0. 002 166 071 750 


A 


I. 0005 


0. 000 217 099 966 


1! 


1. 004 


0. 001 733 722 804 




1. 0004 


0. 000 173 690 053 




1. 003 


0. 001 300 943 017 




1. 0003 


0. 000 130 268 803 




1. 003 


0. 000 867 721 529 




1. 0002 


0. 000 086 850 213 




1. 001 


0. 000 434 077 479J 




1. 0001 


0. 000 043 427 277J 


- 


1. 00009 





Lag. 
000 039 084 741 "1 




1. 00008 





000 034 742 IfiS 




1. 00007 


11 


000 030 399 546 




1. OOOOS 





000 026 056 834 




1. 00005 




000 021 714 178 




1. 00004 





000 017 371 430 




1. 00003 





000 013 028 638 


C 


1. 00003 


II 


000 008 685 802 


1. 00001 





000 004 342 923 (a) 




1. 000001 





000 000 434 294 (b) 




1. 0000001 





000 000 043 429 (c) 




1. 00000001 





000 OOO 004 343 (d) 




1. 000000001 


H 


000 000 000 434 (e) 




1. 0000000001 





000 000 000 043 {f)J 




S.a.^r. 


LoK. 


0, 4342944819 


—1. 637 784 298 


This decimal number is the modulua of our syBtera of logarithms. || 


Its logarithm is very useful i 


n correcting other logarithms, as may 1 


be seen in the Chapter on LogBtithma. 
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TRAVERSE 


TABLE. 71 


T 


HD-e- 


n>^g- \ 


VA USB. 


™,. II 


Lit 


Dep, 


I*t. 


rep. 


i*t. 


Itep, 


Lat. 


Dep. 


1 


1.00 


0.01 


1. 00 


0. 02 


1. 00 


0. 03 


1. 00 


0. 03 


2 


a. 00 


0. 02 


2,00 


0. 03 


2. 00 


0. 05 


3,00 


0. 07 


3 


3. 00 


0. 03 


3. 00 


0. 05 


3.00 


0.08 


3.00 


0, 10 




4.00 


0. 03 


4, 00 


0. 07 


4.00 


0. 10 


4. 00 


0. 14 


5 


5. 00 


0. 04 


5. 00 


0.09 


6. 00 


0. 13 


6. 00 


0. 17 


6 


6. 00 


0. 05 


6.90 


0. 10 


6.00 


0. 16 


6. 00 


0. 21 


7 


7. 00 


0.06 


7.00 


0. 12 


7. 00 


0. 18 


7.00 


0, 24 


8 


8. 00 


0. 07 


8.00 


0. 14 


8. 00 


0. 31 


7, 99 


0. 28 


9 


9,00 


0. 08 


9. 00 


0. 16 


9. 00 


0. 24 


8, 99 


0. 31 


10 


10.00 


0. 09 


10. 00 


0, 17 


10.00 


0.36 


9. 99 


0. 35 


11 


11. 00 


0. 10 


11. 00 


0. 19 


11.00 


0.28 


10. 99 


0, 38 


13 


12. 00 


0. 10 


13,00 


0.21 


12.00 


0. 31 


11.99 


0. 42 


13 


13. 00 


0. 11 


13.00 


0.23 


13. OO 


0. 34 


J2. 99 


0.45 


14 


14. 00 


0. 13 


14.00 


0. 24 


14.00 


0. 37 


13.99 


0. 49 


15 


15. 00 


0. 13 


15. 00 




14.99 


0. 39 


14. 99 


0.52 


16 


16.00 


0. 14 


16. 00 


0. 28 


15.99 


0- 43 


15. 99 


0.56 


17 


17. 00 


0, 16 


n. 00 


0, 30 


16.99 


0. 45 


16.99 


0.59 


18 


18. 00 


0. 16 


18.00 


0. 31 


17.99 


0. 47 


17.99 


0. 63 


19 


19. 00 


0. n 


19.00 


0, 33 


18.99 


0. 50 


18.99 


0. 66 1 


20 


20. 00 


0. 17 


20. 00 


0. 35 


19. 99 


0.62 


19.99 


0.70 


21 


21. 00 


0. 18 


21.00 


0.37 


20. 99 


0. 55 


20. 99 


0.73 


2S 


22.00 


0. 19 


22.00 


0. 38 


21.99 


0. 58 


21.99 


0.77 


23 


23.00 


0.20 


23.00 


0. 40 


22. 99 


0. 60 


33.99 


0- 80 


24 


24.00 


0.21 


24.00 


0.42 


23,99 


0. 63 


23.99 


0. 84 


25 


25. 00 


0.22 


25.00 


0.44 


24.99 


0.65 


24.98 


0.87 


3G 


26. 00 


0. 33 


36. 00 


0.45 


25.99 




25.98 


0.91 


27 


27. 00 


0.24 


27. 00 


0,47 


26.99 


0. 71 


26, 98 


0.94 


28 


28.00 


0.24 


28.00 


0.49 


27. 99 


0. 73 


27.98 


0.98 


29 


29.00 


0. 26 


29.00 


0. 51 


28.99 


0. 76 


38.98 


1,01 


30 


30, 00 


0.26 


30. 00 


0.53 


29. 99 


0,79 


29. 98 


1.06 


35 


36.00 




34, 99 


0. 61 


34. 99 


0.93 


34. 98 


1.22 


40 


40.00 


0. 35 


39.99 


0. 70 


39. 99 


1. 05 




1.40 


45 


45. 00 


0. 39 


44. 90 


0.79 


44, 99 


1. 18 


44. 97 


1,67 


50 


50. 00 


0. 44 


49.99 


0.87 


49.98 


I. 31 


49.97 


1.74 


65 


55.00 


0.48 


54.99 


0.96 


64, 98 


1. 44 


54.97 


1.93 




60. 00 


0.53 


59. 90 


0, 05 


59.98 


1.57 


59. 96 




65 


65, 00 


0.57 


64. 99 




64. 98 


1.70 


64. 96 


2. 27 


70 


70, 00 


0. 61 


69. 99 


1.22 


69.98 


1. 83 


69. 96 


3. 44 


75 


76. 00 


0, 66 


74.99 


1. 31 


74, 97 


1. 96 


74. 95 


2. 63 


80 


80. 00 


0.70 


79.99 


1.40 


79,97 


2. 09 


79.95 


2.79 


85 


85. 00 


0.74 


84. 99 


1.48 


84.97 


2.23 


84. 95 


2.97 


90 


90. 00 


0.79 


89. 99 


1.67 


89.97 


2. 36 


89. 96 


3. 14 


95 


90.00 


0.83 


94.99 


1.66 


94.97 


2. 49 


94. 94 


3. 32 


100 


100. 00 


0.87 


99.98 


1.76 


99.97 


2. 62 


99.94 


3.49 


Dep. 


Dep. 


Dap. 


Itep. 


Lat, 


mA D.S. 


89ive, 


SS^IXB- " 


...,. II 


i J 
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1 


.JiD^. 


SDeg. 


3^3^. 


'--J 


Lat. ■ 


I).p. 


Ut. 


l)ep. 


Lat. 


Dep. 


Lat. 


Psp. 


1 


1. 00 


0. 04 


1. 00 


0. 05 


1.00 


0.09 


1.00 


0. 07 


2 


a. 00 


0, 09 


3.00 


0. 10 


2. 00 


0. 12 


2.00 


0. 14 


3 


3. 00 


0, la 


3.00 


0. 16 


3.99 


0. 18 


2.99 


0. 31 


4 


4. 00 


0. 17 


3.99 


0.21 


3.99 


U. 24 


3.99 


0. 38 


5 


5. 00 


0.23 


4.99 


0. 3S 


4.99 


0. 31 


4.99 


0. 35 


6 


8.99 


0.26 


6.99 


0.31 


5.99 


0.37 


5.99 


0.43 


7 


d. 99 


0. 31 


6. 99 


0.37 


6. 99 


0.43 


9.98 


0. 49 


8 


1.99 


0. 36 


7.99 


0.42 


7.99 


0. 49 


7. 98 


0.59 


9 


8.99 


0, 39 


8.99 


0.47 


8.98 


0. 65 




0. 63 


10 


9. 93 


0. 44 


9. 99 


0,63 


9.98 


0. 61 


9.98 


0.70 


11 


10. 99 


0. 48 


10. 98 


0. 68 


10.98 


0.67 


10.91 


0.77 


12 


11.99 


0. 63 




0. 63 


11.98 


0.73 


11.97 


0.84 




12.99 


0. 67 


12. 98 


0. 63 


13.99 


0.79 


12.97 


0.91 


14 


1^.99 


0.61 




0.73 


19.97 


0. 85 


13.97 


0. 98 


15 


14.99 


0.05 


14.98 


0.79 


14. 97 


0. 92 


14.96 


1. 05 


16 


15.99 


0.70 


15. &8 


0.84 


15.97 


0. 98 


id. 90 


1. 13 


17 


16. 98 


0.74 


16.98 


0.89 


16.97 


1. 04 


16.99 


1. 19 


IS 


17.93 


0.79 


17.98 


0.94 


17.97 


1. 10 


17.99 


I.fle 


19 


18.93 


0. 83 


18.98 




18.96 


1. 19 


18.85 


1.33 


ao 


19.98 


0.87 


19.97 


l!05 


19.96 




19.95 


1. 40 


31 


20.98 


0.92 


20.97 


1. 10 
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